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Abstract 

A new method for analyzing the rate of mechanochemical reactions using the 

kinetic energy and collision frequency of the reactive particles has been proposed based 

on the theoretical analysis of thermal chemical reactions. The rate constant of a 

mechanochemical reaction to form zinc ferrite through high-energy ball milling of a 

mixture of zinc oxide and gamma ferric oxide (maghemite) as the model 

mechanochemical reaction system was experimentally determined at several revolution 

speeds in a planetary mill. Based on the kinetic theory of molecules in a thermal chemical 

reaction, the kinetic energy of the particles was numerically determined from the velocity 

distribution of particles, which was obtained by a discrete element method (DEM) 

simulation of the particle and ball motion. The collision frequency of particles was also 

calculated and related to the kinetic energy according to the collision theory for molecules. 

Finally, the reaction rate constant was expressed as a pseudo-Arrhenius equation 

including a frequency factor and an energy factor as an alternative to the Boltzmann factor. 

Our method for analyzing the rate of mechanochemical reactions can contribute to precise 

control of their reaction rates. 
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1. Introduction 

Mechanochemical reactions are induced by mechanical energy derived from 

collisions of reactive particles [1, 2], and have been widely used to synthesize various 

functional nanoparticles [3–8]. Planetary ball mills are often employed to conduct 

mechanochemical reactions. In the planetary mill, the reactive particles violently collide 

with each other, causing the mechanochemical reaction to progress. The degree of 

progress of the reaction can be affected by not only the kinetic energy of the particles, but 

also by the number of the collisions per unit time. Accordingly, the reaction rate depends 

strongly on the kinetic energy and collision frequency of the reactive particles. This may 

be very similar to the way in which the rates of thermal chemical reactions in gas, liquid, 

and solid phases are governed by the kinetic energy and collision frequency of molecules. 

Based on statistical thermodynamics, the reaction rate of thermal chemical 

reactions has been expressed using the Arrhenius equation, which consists of the 

Boltzmann factor and a frequency factor [9−12], which reflect the kinetic energy and the 

collision frequency of molecules, respectively, and determine the reaction rate. The 

kinetic energy of the molecules is expressed in terms of kBT, where kB is the Boltzmann 

constant and T is the temperature [13]. Generally, the kBT term is referred to as thermal 

energy and represents the energy level of the system at a given temperature. kBT depends 

on the velocity distribution of the molecules, which is related to the thermal motion. The 

collision frequency of the molecules is determined according to collision theory in 

thermal chemical reactions [13, 14]. In contrast, in mechanochemical reactions, the 

kinetic energy and collision frequency of particles, which greatly affect the reaction rate, 

have been analyzed experimentally [15–19]. In order to precisely control the rate of 

mechanochemical reactions, theoretical investigations of their kinetics are needed. 
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       In this paper, not only an experimental approach, but also a theoretical one is 

employed to analyze the rate of a mechanochemical reaction. The kinetic energy and the 

collision frequency of the particles were determined by computing the motion of the 

particles. In addition, mechanochemical reaction experiments were performed, and the 

reaction rate was determined. A chemical reaction in which zinc ferrite (ZnFe2O4) was 

formed mechanochemically from zinc oxide (ZnO) and maghemite (γ-Fe2O3) in a high-

energy planetary mill was employed as the model mechanochemical reaction system. 

Based on the theoretical analysis of thermal chemical reactions, we propose a method for 

the semi-theoretical analysis of the rate of mechanochemical reactions using kinetic 

energy and collision frequency. 

 

2. Methods 

2.1. Calculations for the determination of the kinetic energy and collision frequency of 

the particles 

       To obtain the kinetic energy and collision frequency of the particles, the behavior 

of the particles and balls in a planetary mill under dry conditions was simulated using the 

discrete element method (DEM), which is a reliable method for the simulation of solid 

particle behavior [20–24]. The DEM simulation method in this work was based on that 

proposed by Tsuji et al. [25], and the parameters of the simulation were defined in 

accordance with the experimental settings of the planetary mill discussed later, and are 

listed in Table 1 [26−34]. 

In the simulation, zirconia balls were used as the grinding balls, and the particles 

were assumed to form granules composed of reactant (ZnO and γ-Fe2O3) nanoparticles, 
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product (ZnFe2O4) nanoparticles, and voids. For the granule particles, the following 

assumptions were made: (i) the nanoparticles in the granule particles as well as on their 

surfaces were distributed homogeneously with the voids, and (ii) the void fraction was 

0.26, corresponding to the hexagonal closest packing. The molar fractions of the different 

nanoparticles in the granule particles changed depending on the progress of the reaction, 

as shown in Fig. 1a. The density of the granule particles was approximated as the 

arithmetic mean of the true densities of the nanoparticles including the voids, regardless 

of the progress of the reaction, because the true densities of the components were similar: 

being 5606 kg/m3 (ZnO) [27], 5240 kg/m3 (Fe2O3) [28], and 5325 kg/m3 (ZnFe2O4) [29]. 

The Young’s modulus of the granule particles was regarded as one-tenth of the arithmetic 

mean of those of the components [30–34]. Furthermore, the restitution coefficient of 

zirconia-zirconia collisions (i.e., ball-ball/wall collisions) has been measured [35], and 

those of zirconia-granule (i.e., ball/wall-granule particle collisions) and granule-granule 

collisions were also experimentally determined using the balls and walls covered with a 

sufficient amount of granule particles. The zirconia-zirconia, zirconia-granule, and 

granule-granule friction coefficients were determined based on the experimentally 

measured critical rotational speeds of a tumbling pot [36]. 

       The impact energy Ep of a granule particle is defined by Eq. (1) as the mechanical 

energy consumed for the progress of the mechanochemical reaction. 

2
ppp 2

1
vmE =  (1) 

where vp is the relative velocity of a granule particle at a collision and mp is the reduced 

mass of the granule particle and the subject of the collision. 

       The collision frequency of ZnO nanoparticles with Fe2O3 nanoparticles on the 
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surface of the granule particles affects the rate of the mechanochemical reaction ZnO + 

Fe2O3 → ZnFe2O4. In order to obtain the collision frequency of the nanoparticles in the 

simulation, pure ZnO, Fe2O3, and ZnFe2O4 spheres composed of ZnO, Fe2O3 and 

ZnFe2O4 nanoparticles, respectively, and voids, were assumed, as shown in Fig. 1b. 

Assuming that the spheres had the same properties (such as diameter, true density, void 

fraction, Young’s modulus, and Poisson’s ratio) as the granule particles, we simulated the 

behaviors of the spheres rather than those of the granule particles. Additionally, the 

number ratio (which is the same as the true volume ratio) of ZnO, Fe2O3, and ZnFe2O4 

spheres in the mill pot were determined using the true volume ratios of ZnO, Fe2O3, and 

ZnFe2O4 nanoparticles in the granule particles, respectively. The collision frequency Znano 

between ZnO and Fe2O3 nanoparticles is related to that of the spheres, Zsp, as expressed 

by Eq. (2) (see Appendix). 

sp

Fe2O3ZnO
2

total

2
total

nano Z
V

W
Z

ρρ
=  (2) 

where ρZnO and ρFe2O3 are the true densities of the ZnO and Fe2O3 nanoparticles, 

respectively, and Wtotal and Vtotal are the total molar mass and total molar true volume of 

the granule particles at a conversion of x, respectively. In this system, 

Wtotal
2/(Vtotal

2ρZnOρFe2O3) was approximately constant (0.97) regardless of x, due to the 

similar densities of the particles. 

The conversion x is defined as the ratio of the number of reacted ZnO spheres at 

time t to the number of all-ZnO spheres in the mill pot prior to milling, as shown in Fig. 

1c, which illustrates the definition of conversion using x = 0 and 0.5 as examples. The 

number ratio of the spheres varies with the progress of the reaction. 
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Therefore, the collision frequency Zsp between ZnO spheres and Fe2O3 spheres 

at a given x was obtained using the number of collisions αsp between ZnO spheres and 

Fe2O3 spheres for the time period t. 

Zsp = αsp/t (3) 

In the study, Ep and Zsp were calculated at different mill pot revolution speeds N and 

conversions x. 

 

2.2. Experiment for the determination of the reaction rate constant 

       The ZnO nanoparticles and the γ-Fe2O3 nanoparticles used in this work were 

supplied by Sakai Chemical Industry and Wako Pure Chemical Industries, respectively. 

According to the suppliers, the average diameter and purity of ZnO and γ-Fe2O3 

nanoparticles were approximately 20 nm and >96% (ZnO) and 20–40 nm and 97.0% (γ-

Fe2O3), respectively. In the experiments to determine the reaction rate constant, 2.5 g of 

the starting materials were weighed in a molar ratio of 1.0, which coincided with the 

stoichiometric ratio of ZnFe2O4. A planetary mill (Pulverisette-7, Fritsch) with a pair of 

zirconia pots with inner volumes of 45 mL, each containing 180 zirconia (YTZ) balls 5 

mm in diameter, was used to prepare the ZnFe2O4 nanoparticles. The ball-to-particle mass 

ratio (BPR) was 28.3, which was the same as the simulation condition. The powder 

mixture was placed in each mill pot and ground in air at room temperature. The revolution 

speed of the mill pot and the duration of the process were determined considering the 

applicable conditions of the proposed model. Our model can be applied to conditions that 

the mechanochemical reaction smoothly proceeds due to sufficient amounts of unreacted 

particles. Thus, the milling conditions of excessively prolonged times and/or higher 
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revolution speeds should be avoided because the mechanism of reaction process may 

significantly differ from our model due to severe aggregation of particles. Therefore, the 

revolution speed and duration were varied within the ranges of 5.0–10.0 s−1 and 0–

4.32×104 s, respectively. Revolution was suspended for 5 min after every 10 min of 

milling to avoid excess temperature increase inside the mill pots during processing. 

The phase evolution of the samples during milling was evaluated using a powder 

X-ray diffractometer (XRD; RINT-1500, Rigaku, CuKα radiation, 40 kV, 80 mA). The 

morphology of the samples was observed with a field emission scanning electron 

microscope (FE-SEM; JSM-6700F, JEOL, 18.0 kV). The ZnO and γ-Fe2O3 nanoparticles 

before milling were also observed with FE-SEM as shown in Fig. 2, confirming their 

diameter mentioned earlier. Moreover, in order to determine the conversion x, the content 

of unreacted ZnO in the samples was quantified using the following leaching method 

[37]: 0.2 g of the ground powder was soaked in 43 g of 0.1 mol/L H2SO4 solution for 3 h 

at room temperature. A preliminary leaching test confirmed that 0.2 g of ZnO could be 

completely dissolved within 3 h under the same leaching conditions. The undissolved 

particles in the solution were separated by centrifugation. Finally, the zinc concentration 

of the leaching solution was measured using inductively coupled plasma analysis (ICP; 

SPS7800, Hitachi High-Technologies), and the conversion x of ZnO was determined. 

x = 1 – (nt/n0) (4) 

where n0 and nt are the molar amounts of ZnO in the powder mixture before and after 

milling for time t, respectively. 
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3. Results and discussion 

3.1. Velocity distribution and kinetic energy of the granule particles 

       In the analysis of thermal chemical reactions, the velocity distribution of 

molecules is expressed using the Maxwell distribution, and results from the random 

thermal motion of the molecules [13]. The motion of the granule particles in the planetary 

mill is also random in the circumferential-direction due to the orbital motion of the mill 

pot, and the velocities of granule particles can be described using a distribution. In order 

to analyze the velocity distribution of the granule particles, the distribution was assumed 

to be expressed by Eq. (5), which is a formula similar to the Maxwell distribution in 

cylindrical coordinates (r, θ, z). 

zrzrrzrzr vvvvvv
m

vCvvvvvvf ddd)(
2

expddd),,( 222p
pp θθθθ β









++−=  (5) 

where vr, vθ, and vz are the translational velocities of a granule particle in the r-, θ-, and z-

directions, respectively, and βp and Cp are the coefficients. Based on the Maxwell 

distribution, 1/βp can be assumed as the kinetic energy of granule particles, which 

represents the level of mechanical energy. f(vr, vθ, vz) is the probability function, 

(1/2)mp(vr
2 + vθ2 + vz

2) is the kinetic energy of a granule particle, and vrdvrdvθdvz is the 

infinitesimal volume. Moreover, the translational velocity v of a granule particle is given 

by Eq. (6). 

222
zr vvvv ++= θ  (6) 

In the planetary mill, the distribution of the velocity vr of the granule particles in the r-



10 
 

direction may be higher than that of the velocity vz in the z-direction, because the 

acceleration of the granule particles due to the planetary motion of the mill pot is rather 

high compared to the gravity acceleration. Thus, the infinitesimal volume vrdvrdvθdvz of 

velocity is represented by a spheroidal shell of possible velocity vectors, expressed by 

ηπv2dv, where η is the coefficient. Therefore, the translational velocity distribution of the 

granule particles can be rewritten as Eq. (7): 

v
vm

vCvvf d
2

expd)(
2

p
p

2
2p 













−= β  (7) 

where Cp2 is the coefficient and is represented by Eq. (8), because the probability function 

must sum to 1 over the entire range of the velocity as Eq. (9). 

3
pp2p )(

π

2
mC β=  (8) 


∞

=
0

1d)( vvf  (9) 

Therefore, similar to the determination of kBT in thermal chemical reactions, the kinetic 

energy of the granule particles representing the level of mechanical energy can be 

determined by applying Eq. (7) to the velocity distribution of the granule particles 

obtained by the simulation. 

       In order to estimate the kinetic energy of the granule particles, we defined an 

apparent translational velocity of the granule particles as the translational velocity of the 

granule particles having a kinetic energy equivalent to the impact energy. Fig. 3 shows 

the apparent translational velocity distribution of the granule particles. The velocity 

distribution of the granule particles varied greatly with even slight changes in N and 
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shifted to higher velocity with an increase in N. The observed changes were similar to 

those of the velocity distribution of molecules due to temperature in thermal chemical 

reactions [13]. Subsequently, Eq. (7) was applied to the velocity distributions, as shown 

in Fig. 3. The distribution curves obtained from the simulation had a tendency similar to 

Eq. (7). Fig. 4 shows the change in the value of 1/βp in Eq. (7) with N. 1/βp was 

proportional to N, which was similar to the fact that kBT is proportional to the temperature 

T in thermal chemical reactions. The results imply that 1/βp could correspond to the level 

of mechanical energy contributing to the progress of the mechanochemical reaction. 

 

3.2. Collision frequency of the spheres 

       According to the collision theory of molecules [13, 14], the collision frequency 

Zsp of the spheres was assumed to be expressed by Eq. (10). 

t
xx

V

NN
tVvrrZ

∆
−−−∆+=

1
)1)(1)(1()π( 2

vFe2O3ZnO2
p

Fe2O3sp0,ZnOsp0,
prelsp,

2
Fe2O3sp,ZnOsp,sp ε  (10) 

where rsp,ZnO and rsp,Fe2O3 are the radii of the ZnO and Fe2O3 spheres, respectively, and Vp 

is the volume of the mill pot. Nsp0,ZnO and Nsp0,Fe2O3 are the initial numbers of ZnO and 

Fe2O3 spheres, respectively, and xZnO and xFe2O3 are the conversions of the ZnO and Fe2O3 

spheres, respectively. εv is the void fraction of a single sphere, and relsp,v  is the average 

relative velocity of the spheres, which is given as Eq. (11) when the velocity distribution 

of the spheres is expressed by Eq. (7). 

p

p
0relp,s /1

π

4
d)(2 β

m
vvvfv == 

∞

 (11) 
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In this reaction system, the decrease in the number of ZnO spheres was the same as that 

in the number of Fe2O3 spheres, and the conversions of ZnO and Fe2O3 could be written 

in terms of the common conversion x. 

xZnO = xFe2O3 = x (12) 

Additionally, the radii of the ZnO and Fe2O3 spheres were the same in the simulation. 

Therefore, using Eqs. (10), (11), and (12), the collision frequency Zsp between ZnO 

spheres and Fe2O3 spheres can be rewritten as Eq. (13) including 1/βp. 

2
p

pp

2
vFe2O3sp0,ZnOsp0,

2
ZnOsp,

sp )1(/1
π

)1(π16
x

mV

NNr
Z −

−
= β

ε
 (13) 

Fig. 5 shows the relationship between Zsp and (1−x)2 and that between Zsp and ,/1 pβ  

which were obtained from the simulation using different conversions x and revolution 

speeds N. Zsp was proportional to both (1−x)2 and p/1 β . As a result, the Zsp value thus 

obtained was confirmed to be a function of (1−x)2 and ,/1 pβ as expressed by Eq. (13). 

 

3.3. Reaction rate constant 

       Fig. 6 shows the XRD patterns of the samples milled for different durations at N 

= 10.0 s−1 as an example. Before milling, only the ZnO and γ-Fe2O3 phases were observed. 

After milling for 3.60×103 s, the peaks corresponding to the ZnO and γ-Fe2O3 phases 

were obviously weakened and broadened due to amorphization. Furthermore, after 

milling for 3.24×104 s, the samples were found to contain the ZnFe2O4 phase regardless 

of N. The result confirmed that the reaction (ZnO + γ-Fe2O3 → ZnFe2O4) progressed 
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mechanochemically. However, small amounts of the reactive particles remained even in 

long durations at high revolutions because the particles tended to strongly aggregate under 

the conditions, suggesting that the mechanism of reaction process in the final stage 

changed from that in the initial and intermediate stages. On the other hand, as shown in 

Fig. 6, during the initial stage of the reaction, the phase transition from γ-Fe2O3 to α-

Fe2O3 was identified, which was observed regardless of N. 

       Fig. 7 shows the typical SEM image of the sample obtained after milling for 

3.24×104 s at N = 10.0 s−1. At the milling condition, the sample was almost composed of 

ZnFe2O4 as mentioned above and the primary particle diameter was approximately 50–

100 nm, indicating the formation of ZnFe2O4 nanoparticles by the mechanochemical 

reaction. 

Fig. 8 illustrates the conversion x of ZnO as a function of the milling time t at 

different N values. x increased with an increase in t and N, since larger amounts of 

mechanical energy were applied to the reactive particles at longer t and higher N. In order 

to obtain the rate of the mechanochemical reaction from the experimental data, the 

reaction rate dx/dt was expressed in terms of the rate constant k of the overall reaction, 

i.e., ZnO + γ-Fe2O3 → ZnFe2O4, using Eq. (14) except for the final stage of the reaction 

process. 

p
xk

t

x
)1(

d

d
−=  (14) 

where p is the experimental constant and was determined to be 1.4 in this system. Fig. 9 

shows the change in the reaction rate constant k with N. The reaction rate constant k 

increased with an increase in N, i.e., with a higher level of mechanical energy. 

Furthermore, the revolution speed N at k = 0 may be the threshold of N at which the 
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reaction can occur. 

 

3.4. Rate of the mechanochemical reaction 

       Based on the Arrhenius equation for thermal chemical reactions, the rate of 

mechanochemical reactions was assumed to be given by Eq. (15), which includes the 

collision frequency Znano of the nanoparticles in the granule particles and the kinetic 

energy 1/βp of the granule particles, which represents the level of mechanical energy: 














−∝

p

pa
nano /1

exp
β

E
Zk  (15) 

where Epa is the coefficient. The collision frequency Znano of the nanoparticles is 

proportional to the collision frequency Zsp of the spheres. Furthermore, Zsp is also 

proportional to p/1 β and (1–x)2 as mentioned above. Therefore, Eq. (15) can be rewritten 

as Eq. (16) using a coefficient γ. 














−=

p

pa
p /1

exp/1
β

βγ
E

k  (16) 

In order to demonstrate that the rate of the mechanochemical reaction can be expressed 

by Eq. (16), the experimentally determined values of k were semi-logarithmically plotted 

against the (1/βp)−1 values obtained from the DEM simulation. Fig. 10 shows the 

relationship between ln k and (1/βp)−1. Eq. (16) approximated the correlation well, and the 

values of Epa and γ were determined to be 2.3×10−7 J and 0.35 s−1‧J−1/2, respectively. The 

coefficient Epa might correspond to the threshold energy for the mechanochemical 

reaction. The results suggested that the reaction rate constant could be expressed as a 
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pseudo-Arrhenius equation including a frequency factor and an energy factor as an 

alternative to the Boltzmann factor. 

 

4. Conclusion 

       The rate of the mechanochemical reaction to form ZnFe2O4 via high-energy ball 

milling of a mixture of ZnO and γ-Fe2O3 was analyzed based on the kinetic theories for 

thermal chemical reactions. The kinetic energy 1/βp of the granule particles, which 

represents the level of mechanical energy contributing to progress of the 

mechanochemical reaction, was determined by the velocity distribution of the granule 

particles using the DEM simulation. The collision frequency was also obtained by DEM 

and expressed as a function of 1/βp. The reaction rate constant could be expressed in terms 

of the energy factor and frequency factor, similarly to the Arrhenius equation for thermal 

chemical reactions. The results suggest that this method of analyzing the rate of 

mechanochemical reactions could contribute to precise control of the reaction rate. 

 

Nomenclature 

Cp Coefficient [s3/m3] 

Cp2 Coefficient [s3/m3] 

Ep Impact energy of a granule particle [J] 

Epa Coefficient [J] 

k Reaction rate constant [s–1] 

kB Boltzmann constant [J/K] 

MFe2O3 Molecular weight of Fe2O3 [kg/mol] 
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MZnFe2O4 Molecular weight of ZnFe2O4 [kg/mol] 

MZnO Molecular weight of ZnO [kg/mol] 

mp Reduced mass of a granule particle and the subject of the collision [kg] 

N Revolution speed of the mill pot [s–1] 

Nall Total number of granule particles in the mill pot [–] 

NFe2O3 Number of Fe2O3 spheres in the simulation [–] 

Nsp0,Fe2O3 Initial number of Fe2O3 spheres [–] 

Nsp0,ZnO Initial number of ZnO spheres [–] 

NZnFe2O4 Number of ZnFe2O4 spheres in the simulation [–] 

NZnO Number of ZnO spheres in the simulation [–] 

nt Molar amount of ZnO in powder mixture after milling [mol] 

n0 Molar amount of ZnO in powder mixture before milling [mol] 

p Experimental constant [–] 

rsp,Fe2O3 Radius of Fe2O3 sphere [m] 

rsp,ZnO Radius of ZnO sphere [m] 

T Temperature [K] 

t Time [s] 

VFe2O3 True volume of Fe2O3 nanoparticles in a single granule particle [m3] 

Vg Volume of a single granule particle including voids [m3] 

Vp Volume of the mill pot [m3] 

Vtotal Total molar true volume of granule particles [m3/mol] 

VZnFe2O4 True volume of ZnFe2O4 nanoparticles in a single granule particle [m3] 

VZnO True volume of ZnO nanoparticles in a single granule particle [m3] 

v Translational velocity of a granule particle [m/s] 
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vp Relative velocity of a granule particle at a collision [m/s] 

vr Translational velocity of a granule particle in r-direction [m/s] 

relsp,v  Average relative velocity of spheres [m/s] 

vz Translational velocity of a granule particle in z-direction [m/s] 

vθ Translational velocity of a granule particle in θ-direction [m/s] 

Wtotal Total molar mass of granule particles [kg/mol] 

x Conversion [–] 

xFe2O3 Conversion of Fe2O3 spheres [–] 

xZnO Conversion of ZnO spheres [–] 

Znano Collision frequency of ZnO nanoparticles and Fe2O3 nanoparticles [s–1] 

Zsp Collision frequency of ZnO spheres and Fe2O3 spheres [s–1] 

αsp Number of collisions between ZnO spheres and Fe2O3 spheres [–] 

βp Coefficient [J–1] 

γ Coefficient [s−1‧J−1/2] 

εv Void fraction [–] 

η Coefficient [–] 

�̅ True density of a single granule particle [kg/m3] 

ρFe2O3 True density of a Fe2O3 nanoparticle [kg/m3] 

ρZnFe2O4 True density of a ZnFe2O4 nanoparticle [kg/m3] 

ρZnO True density of a ZnO nanoparticle [kg/m3] 

ϕFe2O3 Volume fraction of Fe2O3 nanoparticles in a single granule particle with voids 

[–] 

ϕZnFe2O4 Volume fraction of ZnFe2O4 nanoparticles in a single granule particle with voids 

[–] 



18 
 

ϕZnO Volume fraction of ZnO nanoparticles in a single granule particle with voids [–] 
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Appendix A. Collision frequencies of nanoparticles and spheres 

       Assuming that the ZnO, Fe2O3, and ZnFe2O4 nanoparticles are distributed 

homogeneously with voids in the granule particles, the collision frequency Znano between 

ZnO nanoparticles and Fe2O3 nanoparticles on the surfaces of the granule particles can be 

obtained theoretically as follows. The molar amounts of ZnO, Fe2O3, and ZnFe2O4 

nanoparticles in a single granule particle at a conversion of x are represented by n0(1–

x)/Nall, n0(1–x)/Nall, and n0x/Nall, respectively, where n0 is the molar amount of ZnO 

nanoparticles in the mill pot before milling and Nall is the total number of the granule 

particles in the mill pot. The true volumes VZnO, VFe2O3, and VZnFe2O4 of ZnO, Fe2O3, and 

ZnFe2O4 nanoparticles in a single granule particle at x are expressed by Eqs. (A1), (A2) 

and (A3), respectively, using their molar amounts mentioned above, their molecular 

weights MZnO, MFe2O3, and MZnFe2O4, and their true densities ρZnO, ρFe2O3, and ρZnFe2O4. 









−=

ZnO

ZnO

all

0
ZnO )1(

ρ

M
x

N

n
V  (A1) 









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Fe2O3
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ρ

M
x

N

n
V  (A2) 
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







=

ZnFe2O4

ZnFe2O4

all

0
ZnFe2O4

ρ

M
x

N

n
V  (A3) 

Thus, the volume Vg (including voids) of a single granule particle is given by Eqs. (A4) 

and (A5) using the void fraction εv of a single granule particle. 

total
vall

0

v
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where Vtotal is the total molar true volume of the granule particles at x. Using Eqs. (A1), 

(A2), (A3), (A4), and (A5), the volume fractions ϕZnO, ϕFe2O3, and ϕZnFe2O4 of the 

nanoparticles in a single granule particle including voids are expressed by Eqs. (A6), (A7), 

and (A8), respectively. 
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The nanoparticles and voids can be exposed on the surfaces of the granule particles at the 

same area fractions as ϕZnO, ϕFe2O3, and ϕZnFe2O4, because the nanoparticles are distributed 

homogeneously with the voids in the granule particles as well as on their surfaces. 

Considering the collision pairs of the granule particles and the fraction of ZnO and Fe2O3 
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nanoparticles exposed on the surfaces of the granule particles, the collision frequency 

Znano between ZnO nanoparticles and Fe2O3 nanoparticles on the surfaces of the granule 

particles can be expressed as Eq. (A9) using Eqs. (A6) and (A7), and the total collision 

number Zall of the granule particles per unit time: 
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where aPb indicates the permutation, and a and b are positive integers (a ≥ b). 

Subsequently, the numbers NZnO, NFe2O3, and NZnFe2O4 of the ZnO, Fe2O3, and 

ZnFe2O4 spheres in the simulation are given by Eqs. (A10), (A11), and (A12), 

respectively, using the true density �̅ and the volume Vg (including voids) of a single 

granule particle, because the spheres have the same diameter, true density, and void 

fraction as the granule particles: 
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where n0(1–x)MZnO, n0(1–x)MFe2O3, and n0xMZnFe2O4 are the total masses of ZnO, Fe2O3, 
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and ZnFe2O4 spheres, respectively. �̅Vg(1–εv) is the mass of a single sphere, which is 

given by Eqs. (A13) and (A14). 
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Wtotal = (1 – x)(MZnO + MFe2O3) + xMZnFe2O4 (A14) 

where Wtotal is the total molar mass of the spheres at x. By using Eq. (A13), Eqs. (A10), 

(A11), and (A12) can be rewritten as Eqs. (A15), (A16), and (A17), respectively. 
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Considering the types of collision pairs of the spheres and the voids on the surfaces of the 

spheres, the collision frequency Zsp between ZnO spheres and Fe2O3 spheres is expressed 

as Eq. (A18) using Eqs. (A15) and (A16). 
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where aCb indicates the combination, and a and b are positive integers (a ≥ b). Eq. (A18) 

can be rewritten as Eq. (A19) because Nall is much larger than 1. 
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Accordingly, by substituting Eq. (A19) into Eq. (A9), the relationship between Znano and 

Zsp is obtained. 
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Table 1  

Parameters used in the simulation. 

Number:  

Balls 180 

Granule particles 2862 

Ball/granule particle filling mass ratio 28.3 

Ball/granule particle filling volume ratio 18.6 

Diameter:  

Balls 5.0 mm 

Granule particles 0.75 mm 

Density:  

Balls 6000 kg/m3 [26] 

Granule particles 3955 kg/m3 [27–29] 

Poisson’s ratio: 

Balls, wall 

Granule particles 

 

0.31 [26] 

0.32 [30–32] 

Young’s modulus: 

Balls, wall 

Granule particles 

 

205 GPa [26] 

18.6 GPa [30–34] 

Coefficient of restitution: 

Ball-to-ball, ball-to-wall 

Granule particle-to-ball, granule particle-to-wall 

Granule particle-to-granule particle 

 

0.84 

0.68 

0.55 

Friction coefficient: 

Ball-to-ball, ball-to-wall 

Granule particle-to-ball, granule particle-to-wall 

Granule particle-to-granule particle 

 

0.53 

0.55 

0.60 

Pot volume 45 mL 

Pot diameter 40 mm 

Pot depth 35.8 mm 

Revolution speed 5.0−10.0 s–1 

Revolution radius 67 mm 

Rotation-to-revolution speed ratio –1 

Time step 100 ns 
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Fig. 1. Definition of the (a) granule particles, (b) spheres, and (c) the conversion x used 

in the simulation. 
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Fig. 2. Typical SEM images of (a) ZnO and (b) γ-Fe2O3 nanoparticles. 

  

(a) 

(b) 
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Fig. 3. Apparent translational velocity distributions of the granule particles. 
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Fig. 4. Change in 1/βp of the granule particles with revolution speed. 
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Fig. 5. Relationships (a) between Zsp and (1–x)2 and (b) between Zsp and (1/βp)0.5. 
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Fig. 6. Effect of milling time on the phase evolution of ZnFe2O4 during milling at 10.0 

s–1. 
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Fig. 7. Typical SEM image of sample obtained after milling for 3.24×104 s at N = 10.0 

s−1. 
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Fig. 8. Change in the conversion of ZnO with milling time at different revolution 

speeds. 
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Fig. 9. Change in the reaction rate constant k with revolution speed. 
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Fig. 10. Relationship between k and 1/βp. 

 

 


