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Application of Lamination Parameter to Reliability-Based
Optimization of Symmetric Laminated Composite Plate

Nozomu KOGISO*! Shuuya NAKAGAWA*2 and Yoshisada MUROTSU*3

Department of Aerospace Engineering, Osaka Prefecture University,
1-1 Gakuen-Cho, Sakai, Osaka, 599-8531 Japan

In this paper, the two types of the reliability-based design of a laminated composite
plate subject to in-plane loads are formulated in terms of lamination parameters to
improve the calculation efficiency. One is the reliability-maximized design of the constant-
thickness plate. The other is the thickness-minimized design under the reliability
constraint. The first ply failure (FPF) criterion is adopted as the plate failure, so that
the laminated plate system is modeled as a series system consisting of each ply failure.
The ply reliability is evaluated by the first order reliability method (FORM), where the
material properties and applied loads are treated as random variables. Then, the system
reliability is approximated by Ditlevsen’s bounds. Through numerical calculations, it is
demonstrated that the reliability is distributed smoothly in the lamination parameter
space and that a quick convergence is achieved in the reliability-based optimization.

Key Words : Structural Reliability, Optimum Design, Laminated Construction, Composite
Material, Lamination Parameter, Reliability-Based Optimization, First Order
Reliability Method, Tsai-Wu Criterion, First Ply Failure
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Fig. 1 Symmetric laminated composite plate.
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Fig. 2 Plate coordinate system.
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Fig. 3 Lamination parameter space of symmetric

balanced laminate.
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Fig. 4 Feasible region of [0°,+45° 90°], laminate

of in-plane lamination parameter.
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Fig. 5 Failure envelope of [0°, £45°,90°] laminate

in the strain space.

oooooooboooogon:

Guz = FrpQ2y + 2F1Qu0Quy + Fnyiy (12)
Gyy = FuuQ2, + 2F5yQuyQyy + Fyy Q2

Gy = FroQuoQuy + Foy (QuaQyy + Q2,)

Gys = FosQ2,

G = FoQue + FyQuy, Gy =FQuy+ FyQyy

0000D0000000000D0000000000
00000000 Tsai-WuOOoooo®-09g
0000000000000 ROOOOOO0OO
00000000000000000 €= (e, €y, 6)"
0000D00000000000000000000
00000000000000000000 ep00
nooo"™oooooo0o00o000 (0 500):

€r = Re (13)

0000 (1) oooO0oooooooooooooo
oooooonD ROOOOO:

(Gm;egg2 + 2G py€rey + nyeyQ + GSS€52) R?
+ (Grez + Gyey) R—1=0 (14)

0D000000000000000000000

0oo

1. 0000000000000 (1)000000
00000000000 (e=hA 'o)0

2. 000000000000000000006;0
000000000000000 (68 = Tee)O

3.00000000000000 (11)000 (14)
00000000000 RODOOO

gion

9(U) =0\ Linearized
Fig. 6 First order reliability method (FORM).

gooobgol1oogbooobooboboolggo
gbobobooooooobooobobbgoboooo
gobooooooboooboobooooboooboon
0000000 (PP ODOOOOOOOODOOOO
gboogoboooboooboobooobobo

3. 0 00O O O

0000000 (13)0000000000000
00000000000000 (FORM)OO000
00000000000000

FORMOOOOOOOO0O0000000O0000
000000000 XO0000000ouooooo
00000000 U-00000000000000
000000000000 400000000000
noooooo®@ e00)00O000000000
000000000000000000000000
000000000000000000004000
0000 ¢(X)=hU)D0ODO0OO0O0O

gi(a:):hi(u):Ri—lzo (15)

oooo«:0000D000 0000000000

opoooooooooooooooooog®:
Minimize : 8; = VuT

subject to : h; (u) =0 (16)

u

000000000000000000000000
oooooooooooooooo®oooooo
0000000« 00000000

0000000 RO0O0OOOOOO000000
ooooooo:

P=0(-8) = /: %Q_Wexp <‘%2) dx (17)



00000000000000000000000
000000000000 000000000000
000000000000000000000000
Dooooooooooooo™oooooooo
000000000000000 P,O0OOOOOO
000 By 0000000000000000

P,=S P — P
By =—& ' (Py) (18)

000 00 :0000000F,;00 ¢000
jO00O0CO0OO0OO0O0OmOO0OO0ODOODOOCCOOO0OO
0°,£45°,90°0000000000C0ODODOOOO m=
40000

4. D00DO0DO0OO0OOOOOO

O0000000000000000000000
O0000000000000000000000
o®opooooooooooa:

Maximize : G (Vy", V55 u)
subject to: V5" > 2V —1
Vi > oy -1
Vo<1 (19)

w000 00o0bogoobbooooobooon
gboogoboobooboooboobooboooboon

oobooooooooobooooooooooon
oobooboooooooooboobobooooo
goo:

Minimize : h

subject to:  B(V{", V', hsu) > B,
Vy >2V —1
Vy = =2V -1
Vy <1

h>0 (20)
00043,00000000000RO0000000

5. 0 0O O O O

O00o0oooooopooDooDOoOon o°,+£45°90°
ooboooooobboooboooobooooog
ooboooooobboooboooobooooog
0000000000 O000OO T300/52080 0000
oob0oo0ooOooboooooooooooooooo
ooboobbooobooooboobobooooog

Table 1 Material properties of T300/5208.

Random variables | Mean | COV
E. (GPa) 181.0 0.05
E, (GPa) 10.3 0.05
Es (GPa) 7.17 0.05
Vg 0.28 0.01
X, (MPa) 1500.0 | 0.1
Xe (MPa) 1500.0 0.1
Y; (MPa) 40.0 | 0.1
Y. (MPa) 246.0 | 0.1
S (MPa) 63.0 | 0.1

Table 2 Loading condition.

N1 Ny Nsg
Case1l | 0.1 0.1 0.0
Case 2 | 0.1 0.05 0.04

SD 0.03 0.03 0.03

Mean

unit: (MN/m)

-1
(b) Case 2

Fig. 7 Reliability index distribution in the lamina-

tion parameter space.
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Table 3 Reliability-maximized design.

Case 1 | Ccase 2
Reliability index Bopt 3.927 3.965
Lamination \%y 0.00 0.140
parameter Vs -0.212 -0.358

ho (mm) 0.197 0.230

hiss (mm) | 0.606 | 0.679
hgo (mm) 0.197 0.091

Layer

thickness
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Fig. 8 Effect of probabilistic distribution type in

load case 2.

Table 4 Thickness-minimized design.

Case 1 Case 2

hropt (mm) 0.821 0.814

\%% 0.0 0.156

Vs -0.204 -0.356
ho (mm) 0.163  (0.199) | 0.195 (0.240)
h+ss (mm) | 0.495 (0.603) | 0.552  (0.678)
hgo (mm) | 0.163 (0.199) | 0.067 (0.082)
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Optimum point
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(a) Case 1: hopt = 0.821mm.

Optimum point
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(b) Case 2: hopt = 0.814mm.

Fig. 9 Reliability index distribution at the opti-

mum thickness laminated plate.
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Fig. 10 Convergence history of thickness-minimized

design in load case 2.
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Fig. 11 Strength ratio distribution.

Table 5 Strength maximized design.

Case 1 | Case 2

Strength ratio Ropt 3.02 2.99
Lamination \%8 0.0 0.240
parameter Vs 1.0 -0.521

Layer ho (mm) | 050 | 0.240
thickness h+4s (mm) 0.00 0.760

hoo (mm) | 0.50 | 0.00
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