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On Numerical Analysis of Conservative Dynamical Systems.

Noriaki Karavama*

Kouzou Mizukami **

ABSTRACT

This paper deals with numerical analysis of central force problem with two degrees of freedom, which is

one of conservative dynamical systems.

It is aimed to show the growth of the accuracy of numerical calcula-

tion by considering conservative quantities in computation. This paper makes trials of extension of developed
method in one dimensional case to two dimensional central force systems.
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POFETRWE T ERTENE, ThEREHED
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Bikic, (1} 1 ICRGE TRV 2R DRunge-Kutta
ARB LY 3D Runge-Kutta AX%EH1:25. F i
Ik 2icid, ¥ 75 -BFHENRE L3 ROBED
Runge-Kutta gk &, & SICAR TR UALEBEMBEEMD
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F & B XK £ % = PN USRVA=TE 1 B T
£ 1 2&o Runge-Kutta ik & % 4 7 7 — BE)ORUEAR
I = 500 = 1.00000579632 Al = 0.49997933546 | A2 = (.00224810997 E =—0.00000780497
[ = 1000 = 1.00000767062 Al = 0.49997869054 | A2 = 0.00241371173 E =-0.00000774138
I = 1500 = 1.00000802076 Al = (.49997850318 | A2 = 0.00245460144 E =—0.00000773552
I = 2000 = 1.00000813967 Al = 0.49997842192 | A2 = 0.00247163122 E =—0.00000773420
I = 2500 L = 1.00000819331 Al = 0.49997837831 | A2 = 0.00248061652 E =—0.00000773376
I = 3000 L= 1.00000822186 Al = 0.49997835172 | A2 = 0.00248604603 E =—10.00000773357
I = 3500 L 1.00000823880 Al = 0.49997833408 | A2 = 0.00248962913 = —(.00000773347
I = 4000 L 1.00000824965 Al = 0.49997832165 | A2 = 0.00249214475 E = —0.00000773342
[ = 4500 L= 1.00000825700 Al = 0.49997831250 | A2 = 0.00249399382 E =—0.00000773349
I = 5000 L = 1.00000826221 Al = 0.49997830551 | A2 = 0.00249540189 E =—0.00000773337
# 2 2#&RoORunge-Kutta B +EBIEREKICK 34 7 7 —EBO IER
I = 500 = 1.00000000000 Al = 0.50000000000 | A2 = 0.00000076328 E = 0.00000000000
I = 1000 L = 1.00000000000 Al = 0.50000000000 | A2 = 0.00000013493 E = 0.00000000000
I = 1500 = 1.00000000000 Al = 0.50000000000 | A2 = 0.00000004856 E = 0.00000000000
I = 2000 = 1.00000000000 Al = (.50000000000 | A2 = 0.00000002310 E = 0.00000000000
[ = 2500 = 1.00000000000 Al = 0.50000000000 | A2 = 0.00000001247 E = —0.00000000000
I = 3000 = 1.00000000000 Al = 0.50000000000 | A2 = 0.00000000675 E = 0.00000000000
I = 3500 = 1.00000000000 Al = 0.50000000000 | A2 = 0.00000000328 E = 0.00000000000
[ = 4000 L = 1.00000000000 Al = 0.50000000000 | A2 = 0.00000000139 E = 0.00000000000
I = 4500 L = 1.00000000000 Al = 0.50000000000 | A2 = 0.00000000207 E = 0.00000000000
I = 5000 L = 1.00000000000 Al = 0.50000000000 | A2 = 0.00000000185 E = —0.00000000000
#£ 3 3% Runge-Kuttaikic L34 7 7 —HHOKERE
I =500 L= 1.00000001635 Al = 0.50000001398 | A2 = 0.00000003561 FE = 0.00000000699
I = 1000 L= 1.00000001612 Al = 0.50000001401 | A2 0.00000003566 E = 0.00000000701
I = 1500 L= 1.00000001610 Al = 0.50000001401 | A2 = 0.00000003566 FE = 0.00000000701
I = 2000 L = 1.00000001609 Al = 0.50000001401 | A2 = 0.00000003566 E = 0.00000000701
I = 2500 = 1.00000001609 Al = 0.50000001401 | A2 = 0.00000003566 E=0.00000000701
I = 3000 = 1.00000001609 Al = 0.50000001401 | A2 = 0.00000003566 E=0.00000000701
I = 3500 = 1.00000001609 Al = 0.50000001401 | A2 = 0.00000003566 E = 0.00000000701
I = 4000 = 1.00000001609 Al = 0.50000001401 | A2 = 0.00000003566 E = 0.00000000701
I = 4500 = 1.00000001609 Al = 0.50000001401 | A2 = 0.00000003566 E = 0.00000000701
I = 5000 L = 1.00000001609 Al = 0.50000001401 | A2 = 0.00000003566 E=0.00000000701
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#Fz 4 3RO Runge-Kutta ke +BIEEICE 24 7 5 — EHOKER
I = 500 L = 1.00000000000 Al = 0.50000000000 | A2 = 0.00000000470 E = 0.00000000000
! 1000 = 1.00000000000 Al = 0.50000000000 | A2 = 0.00000000952 E =—0.00000000000
! 1500 L = 1.00000000000 Al = 0.50000000000 | A2 = —0.00000000211 = (.00000000000
I = 2000 = 1.00000000000 Al = 0.50000000000 | A2 = 0.00000001557 E = 0.00000000000
I = 2500 L = 1.00000000000 Al = 0.50000000000 | A2 = 0.00000000174 E = (.00000000000
I = 3000 = 1.00000000000 Al = 0.50000000000 | A2 =-0.00000000188 = (.00000000000
I = 3500 L = 1.00000000000 Al = 050000000000 | A2 = 0.00000000709 = 0.00000000000
I 4000 = 1.00000000000 Al = 0.50000000000 | A2 = —0.00000000458 = (.00000000000
I = 4500 L = 1.00000000000 Al = 050000000000 | A2 = 0.00000000298 = (.00000000000
I = 5000 L 1.00000000000 Al = 0.50000000000 | A2 = —0.00000000139 = 0.00000000000 |
F£5 2D Runge-Kutta #kit & 5 FFRE) O HIER

I'= 500 | L=0.99999636521 | f1 = 049999980075 | F 2 = 0.99999325623 | 3 =-0.00025228141 | E= 0.74999652849
I =1000 | L =0.99999632445 | f 1 = 0.50000283291 | f2 = 0.99998798638 | /3 =-0.00070824403 | E= 0.74999540965
I =1500 | L =0.99999932618 | £ 1= 0.50000677370 | F 2 = 0.99998698691 | f 3 =-0.00096999057 | £ = 0.74999688030
I =2000 | L=1.00000048977 { f1=0.50000779510 | /2 =0.99998743560 | f 3 =-0.00101144895 | E= 0.74999761535
I =2500 | L=10.09999883598 | f 1 = 0.50000520746 | f2 =0.99998871590 | f3 =-0.00085402843 | E = 0.74999696168
I =3000 | L=0.99999538889 | /1= 0.50000002417 | F2=0.99999118150 | f3 =-0.00047541967 | E= 0.74999560283
I =3500 | L=0.99999507829 | f 1 = 0.49999632893 | £ 2 =0.99999751929 | 3 = 0.00010141008 | E = 0.74999692411
I =4000 | L =0.99999813433 | 1 =0.49999585124 | 2 = 1.00000502059 | f3 = 0.00047663950 ; £ = 0.75000043592
I =4500 | L =0.99999441354 | 1 = 0.49999519232 | 2 =0.99999853041 | f3 = 0.00020970193 | £=0.74999686136

=5000 | L =0.99999454459 | £ 1 = 0.49999745566 | /2 = 0.99999429669 | f3 =-0.00024375861 | E= 0.74999587618

%6 2 &®D Runge-Kutta &+ EEEEIC & 2 BIRE FOREMR

I = 500 | L=1.00000000000 | 1 =0.50000000000 | f2 = 1.00000000000 | £3 = 0.00000000000 | £E= 0.75000000000
I =1000 | L =1.00000000000 | /1 = 0.50000000000 | £2 = 1.00000000000 | 3 = 0.00000000000 | £= 0.75000000000
I = 1500 | L = 1.00000000000 | 1 = 0.50000000000 | £2 = 1.00000000000 | 3 = 0.00000000000 | £= 0.75000000000
I =2000 | L=1.00000000000 | £ 1= 0.50000000000 | f2 = 1.00000000000 | £3 = 0.00000000000 | E= 0.75000000000
I = 2500 } L =1.00000000000 | £ 1 = 0.50000000000 ; 2 = 1.00000000000 | /3 =-0.00000000000 | E= 0.75000000000
I =3000 | L =1.00000000000 | £ 1= 0.50000000000 | £2 = 1.00000000000 | f3 =-0.00000000000 | £=0.75000000000
I =3500 | L=1.00000000000 | £ 1= 0.50000000000 | 2 = 1.00000000000 | /3 =-0.00000000000 | £= 0.75000000000
I =4000 | L =1.,00000000000 | 1 = 0.50000000000 | /2 = 1.00000000000 | £3 = 0.00000000000 | £= 0.75000000000
I = 4500 | L= 1.00000000000 | £ 1 = 0.50000000000 | /2 = 1.00000000000 | £3 = 0.00000000000 | E= 0.75000000000
I =5000 | L= 1.00000000000 | £ 1 = 0.50000000000 | F2 = 1.000000000Q0 | f3 = 0.00000000000 | £= 0.75000000000




®7

ol &

# K Lk =

3 /D Runge- Kutta #:1c £ 3 BRSO HER

= AR LS SRR

I = 500
I = 1000
I =1500
I =2000
I = 2500

= 3000
I =3500
I =4000
I = 4500
I =15000

L =1.00000009107
L =1.00000015999
L =1.00000023321
L =1.00000031039
L =1.00000038745
L =1.00000046027
L =1.00000052921
L =1.00000062129
L =1.00000071160
L =1.00000078042

J1=0.50000020843
f1=10.50000039790
f1= 050000058148
J1=0.50000076739
f 1= 050000095314
f1=0.50000113637
f1=0.50000132591
f1=0.50000153418
S 1=10.50000174234
f1=1050000193137

/2 =10.99999976527
f2=0.99999952419
/2 =0.99999930345
/2 =10.99999908539
£2=0.99999886862
f2=0.99999864782
J2=0.99999840661
/2 =0.99999817422
f2=10.99999793853
f2=0.99999769810

f3=-0.00000001303
3 =-0.00000002065
/3 =-0.00000002655
/3 =-0.00000002763
/3 =-0.00000002167
/3 =-0.00000001110
/3= 0.00000000177
/3= 0.00000002002
f3 = 0.00000000662
f3=-0.00000000083

E=0.74999998685
E=10.74999996104
E=0.74999994247
E=0.74999992669
E£=10.74999991088
E=0.74999989209
E=0.74999986626
E=0.74999985420
E=0.74999984044
E=0.74999981474

x8
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= 500
I = 1000
I =1500
I =2000
I =2500
I'=3000
I =3500
I =4000
I = 4500
I =5000

L =1.00000000000
L =1.00000000000
L = 1.00000000000
L = 1.00000000000
L = 1.00000000000
L = 100000000000
L = 100000000000
L = 1.00000000000
L = 1.00000000000
L = 1.00000000000

/1 =10.50000000000
f1=0.50000000000
/1=0.50000000000
S 1=0.50000000000
/1 =0.50000000000
1 =10.50000000000
/1 =0.50000000000
/1 =0.50000000000
f1=0.50000000000
/1 =0.50000000000

f 2 =1.00000000000
/2 =1.00000000000
J2=1.00000000000
/2 =1.00000000000
/2 =1.00000000000
/2 =1.00000000000
/2 =1.00000000000
f 2 =1.00000000000
/2 =1.00000000000
/2 =1.00000000000

f3 = 0.000600000000
f3 = 0.00000000000
/3= 0.00000000000
3 =-0.00000000000
3 =-0.00000000000
f3 = 0.00000000000
/3 =-0.00000000000
/3= 0.00000000000
/3= 0.00000000000
/3= 0.00000000000

E=0.75000000000
E=0.75000000000
E=0.75000000000
E=0.75000000000
E=0.75000000000
E=10.75000000000
E=0.75000000000
E=0.75000000000
E = 0.75000000000
E = 0.75000000000
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< 2 R®D Runge- Kutta DAR>
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OWAFEROKEREY, ROBILRNTEKKD 5.
tpet = xetf{xe +F(x8) B /2}

1 EHOBE, BAFER (x) OREREROFHL
KTRH 3
Xhep=xa+(sy+4-52+53)/6
712U, T TT,
s1=h- f(x&)
s2=h-f(xp+51/2)
sa=h-f(xr —5;+2°52)
ET5.

Biz, 3MOBARIERICH S>bn 3 FREUCEEY
Db EY, AXBOHETIEC IR LEBRROMESE
bEERL, ERIInSOARE 4 EROEE IR
LCHBEET- 1.



#3%2. 3%k RungeKutta BERHFELZEZFRLAEKEHE 7 075 40

10 RE Mok sk o se s st o s e e i e e sk e o s o ek e ook e o i B ok sk e ok s ok o o ok e o o 8 8 e ke ok s ok o e e s sk o e ook o ok e e s s e o

20 REM RUNGE-KUTTA METHOD 42770 Loyt ~-==  3¥% / RUNGE-KUTTA *
30 REM 1989.3.13 *
40 REM UR)=-K/R  —==-- Kepler motion K=0.5 *®

50 REMoksie sk sk ok s s sk sk sk sk afe ke e o o s sk ok o 3 ok ok o o e ol ok ok ok s s a8 o e sk obe s 46 o ok o 3k 36 35 o o 2 3k 3 3 34 3 ok 3 sk abe s afe ok ok s o Sk s o o o o e ke ke

60 DEF FNA1#(T#,R#,VR#,5%,VS#)= VR#

70 DEF FNA2#(T#,R#,VR#,S#,VS#)= RéxVS#*2- .5/(R#"2)

80 DEF FNA3#(T#,R#,VR#,S#,VS#)=VSs#

90 DEF FNA4# (T#,R#,VR#,S#,VS#)=-2 1 *VR¥*xVS#/R#

100

110 PRINT " INPUT 1 IF NE¥ - METHCD"

120 PRINT " INPUT OHERS IF OLD METHOD"

130 PRINT"======>": INPUT ISW

140 REM----~-=-~~- INITIAL CONDITION ~w--vemmcm—c—emmmmmmem o

150 R¥#=1#

160 VR#=0#

170 S#=0#

180 VS&=1%#

190 H#=.01#%

200 T#=0!

210 LO#=R#"2%VS#

220 Kepler motion -=---—+-=---ccmcmr e e e e -

230 .TENO#=.5%(VR#"2+R&#"2%VS#"2) - .5/R#

240 AlO#= R#™2xVS#x (VR#*SIN(S#) +R#%COS(S#)%VS#) - .5&%COS(S¥)

250 REM --wmcmmmmmrm e e e e mmm e — e

260 KOUNT#=0

270 IF 1SW=1 THEN GOTO 300

280 LPRINT " 3-degree old method Kepler motion "

290 GOTO 310

300 LPRINT " 3-degree new method Kepler motion "

310 LPRINT

320 LPRINT

330 FOR I = 1 TO 10000!

340 !

350 AK1#=H#xFNAl# (T#,R#,VR#,S#,VS#)

360 AL1#=H#*FNA2# (T#,R#, VR#, S#,VS#)

370 AM1#=H#+FNA3# (T#,R&,VR#,5#,VS#)

380 AN1#=H#*FNA4# (T#,R#¥,VR#,5#,VS#)

390

400 AK2#=H#*FNA1# (T#+H#/2 ,R¥#+AK1#/2 ,VR#+AL1#/2 ,S#+AM1#/2 ,VS#+AN1#/2)

410 AL2#=H#*FNA2# (T#+H#/2 ,RE+AK18/2 ,VRE+AL1#/2 ,S#+AM1#/2 ,VS#+AN1#/2)

420 AM2#=H#*FNA3# (T#+H#/2 ,RE+AK1#/2 ,VRE+AL1#/2 ,S#+AMI1#/2 ,VS#+AN1#/2)

430 AN2#=H#xFNA4# (T#+H#/2 ,RE+AK1#/2 ,VR&+AL1#/2,S#+AM1#/2 ,VS#+AN1#/2)

440 '

450 AK3#=H#*FNA1&#(T#+H# ,R¥-AK1#+28+AK2%# ,VR¥-AL1&+2#%AL2%,
S#-AN1#+2#xAN2#, VS#-AN1#+28%AN2#)

460 AL3#=H#*FNA2# (T#+H# ,R¥#-AK1#+2#xAK2# ,VRH-ALL1H#+2&%AL2#,
SH#-AN1#+28kAN2#, VSHE-AN1#+28%AN2#)

470 AM3#=H#%FNA3# (T#+H# ,R#-AK1&#+2#+AK2# ,VR#-AL1&+2#%xAL2#,
S#-AN1#+2#%AN2#, VSE-AN1&#+28%AN2E)

480 AN3#=H#*FNA4# (T#+H# ,R#-AK1#+28xAK2%# ,VR#-AL1&#+28&%AL2#,
SH-AN1#+2#xAN2#, VSH#-AN1#+28%AN2#)

490

500 RN# = R& + (AK1%4+4#xAK2#+AK3#)/64#

510 VEN#= VR# +(AL1#+4#+AL24+AL3#)/6#

520 SN# = S# + (AM1#+4#«AM2#+AM3%)/6#

530 VSN#= VS# + (AN1#+43#+%AN2#+AN3#)/6#

540 TN# = T#+H#

550

560 IF 1[ISW<>1 THEN GOTO 790

570 !

580 |AI~AI~AAAAAAAA&AAAAAAA Syuseichi no keisan AAAAAAAAAAAAAAANANAANAAAAAN

590 ' Qaeaea EPR# NO KEISAN @ea@eeacae

600 '



610 EPR#=(LO#"2-.5%R#72)/R#"3xH#"4/244
620 EPR#= EPR#x*(.5*RN##«R¥x (AN#+R#)-LO# 2% (R# "2+RN#"2+R#*RN#))/ (RN#"3xR#"3)
630 RN#=RN#+EPR#

640

650 °* Qgegoaa VRNg¢ NO KEISAN Qaqeeae
660 AlSW=+1

670 IF VRN#>0 THEN 690

680 AISW=-1

690 ASET#=TENO#-L0#"2/(2 ! *RN#"2)+.5/ RN#
700 VEN#=AISW#SQR (ASET#%2#)

710

720 ' egeaae VSN# NO KEISAN eeqeaqa
730 VSN#=L0O#/ (RN#) "2

740 ' aqaeqa EPS# NO KEISAN Qeeeqa

750 SETA#=AlQ#-LO#%(VRN##SIN(SN#)+RN#*VSN#xCOS(SN#)) + .5#%COS(SN#)
760 EPS#=SETA#/( LO#%(VREN#%COS(SN#)-RN#*VSN#*SIN(SN#) ) +.5#%xSIN(SN#) )
770 SN&=SN#+EPS#

780 FAAAAAAARNAAAAAAANANAAANAAANAAAAAANAARAAAAANAAARAAAAAAAAAAAAAAAAAAAAAAAAAAAA

790 'memmmmmeem e FIRST INTEGRAL NO CHECK ==---co-mmmcmmmmcemcmcem
800 [1#=RN#"2%VSN#

810 '

820 ' Kepler motion NO CASE ~r-——mmce et e
830 Al#=11#%(VRN#£SIN(SN#)+RNExVSN#*COS(SN#)Y) -~ .5#xCOS(SN#)
840 AZ#=-11#% (VRN&%COS (SN#)~RN#*VSN#*SIN(SN#)) -~ .5&#xSIN(SN#)
850 TEN#=(VRN#"2+ (RN#xVSN#)"2)%.58 - .5#/RN#

860 'meemm e e e e e e mm
870 KOUNT =KOUNT+1

880 IF FIX(KOUNT/ 500)=0 GOTO 1070

890 KOUNT=0

900 LPRINT

910 LPRINT "lI=";

920 LPRINT USING "###a#":1;

930 LPRINT " L=";

940 LPRINT USING "##.#84838588888"11#;

950 *

960 ' Kepler motion no case  sskskokokosdkodokokdon ok ook ok siodokok dok

970

980 LPRINT " Al=";

990 LPRINT USING "#&#.83884884883";A14;

1000 LPRINT " A2=";

1010 LPRINT USING "##. 84800850080 A28;

1020 e 30 3 o o e e e ook o o ek o oo okl o ol s e o o ke o ok s s o s e o e s af afe ke ksl s e o ok ok ok ofe e

1030

1040 LPRINT " E=m;

1050 LPRINT USING "#&. ##484848808848" ; TEN#

1060

1070 R#=RN#

1080 VR#=VRN#

1090 S#=8N#

1100 VS#=VSN#

1110 T#=TN#

1120 NEXT 1

1130 STOP



