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On the Fourier coefficients of Eisenstein series for I"(N)

Yasuhiro CHUMAN*

(Received June 15, 1983)

The Fourier coefficients of Eisenstein series of Nebentype for the congruence
subgroup of level N are given explicitly, and the coefficients of Theta-series defined by
some quadratic forms are determined using them.

§ 1. Introduction
Let Z denote a ring of rational integers, and SLy(Z) denote the elliptic modular
group defined by
SLi(Z)= {(‘c’ 2) \ad—bc=1, a, b, ¢, d = z}.

Let I'(N) denote the principal congruence subgroup (of SLy(Z)) of level N, i.e.

r(N)={<‘c’ f;) € SLy(Z)|a=d =1, b=c=0 mod N}»,

and I'(N) denote the congruence subgroup of level 4, i.e.

Io(N) = {(‘c’ 3) € SLy(Z) | c=0 mod N}.

Let C denote the complex field, and H denote the complex upper-half plane i.e.
H={z € C|Im(z)>0}.

Let k be an integer. A C-valued function f(r) on H is called a modulor form
of weight k with respect to I"(N), if f(<) satisfies the following three conditions:
(i) f(z) is holomorphic on H;

i) )| L= at Yz +dy=fz)
for all L=<‘cl 3) S I'(N);

(iii) f{(z) is holomolphic at every cusp of I'(¥).
For any integer n prime to N, let R, denote an element of (1) such that

nt0
Rn=(0 n) mod N.

Let ¢ be a Dirichlet character defined mod N and U= <(1) i)
Let F(z) be a non-zero modular form of weight k with respect to I"(V) such that
F(r)| U=F(r) and F(r) | R,=¢&n)F(7).

Since I"o(N) is generated by U and R, modulo I"(N), it is easy to see,
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() F(c) | L=e(d)F(z), for all L:(j 3) € I'(N).

Further, F>=0 implies e(—1)=(—1)*, by above (ii).

. nA\" /N
ie. e(n)—x(n)—<p1> (Pz
where (—) denotes the Legendre symbol.

The form F(r) which satisfy (*) with x(d)=e(d) is called a modular form of
type(—k, N, z(d)) (Nebentype). Furthermore we assume that x(—1)=(—1)*.

If N is a prime p, Hecke ([3]) defined Eisenstein series of type(—k, p, x(d)) for
I'(N) by the following E(r) (i=1, 2), using general Eisenstein series G, (z; a, b, N)
for I’'(N) (see below for the definition of G, (r; @, b, N)),

22w Ey(c)=(k—1D! 3N 2(t)Gur; t, I, p),

t, I modp

2Q2n) E(v)=r.p* V2 (k—1)! 3] 2()Gi(r; 0, ¢, p).

t mod p

> vee (N:plr‘pzrz...) N

And, their Fourier expansions with respect to z=exp(2rir) are also obtained as
follows.

E@=S ez, at)=_ 5 dnjd),

din d
EA)=Ayp)+ 3 en)”, cxm)= ) d*x(d)
n=1 din, d>0
where
AdD)=1p*V(k—1)! Q) Lk, 7), Lk, ©)=3" 2(mn"*
n=1

and 7, =(—1)/22,
Let Q(x) be the quadratic form i.e.
O(X)=0(x1, X2, ..., X,)= 3V b, x,x,.

I<rsssf
Then Theta-series I(r, Q) is defined by the qudratic form Q(x) as follows.

e, Q)= §0a<m, )z,

where a(m, Q) is the number of integral solutions (x;, x: ... x;) of the equation
m=0Q(xy, X3, ..., Xs), and z=exp (2rir).

The purpose of this note is to construct Eisenstein series of type(—k, N, x(d))
for non-prime N and give the coefficients of their Fourier expansions explicitly.
Furthermore, using these coefficients of Fourier expansions, we determine explicitly,
in some numermerical examples, the coefficients a(m, Q) of Thetaseries 9(z, Q).

§ 2. Fourier coefficients of Eisenstein series of Nebentype for I"y(NV)

We shall review some results about G(c; ay, a2, N) (Hecke [3]).
Let a,, a, and k (k=2) be rational integers. For k=3, let G(r; ay, a;, N) denote
the following series,
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(1) Gulr; ay, az, N)= >V (myo-+ms)7%,

mi=a, (mod N)
mg=asz (mod N)
where the summation S runs through the pair of integers (m,, mz)=(0, 0) and ¢
is complex variable with positive imaginary part.
Then their Fourier expansions at the cusp ico of I'(N) is given as follows.

Q) Gulz; ay, 52, N)=8ay/N) > 1/ms*

mz=as(N)
(=27 N-*[(k—1)! XX m* sgn(m) (%™ exp (2rimme/N),
il PN
where
1 if x is a rational integer
LEE A,
0 if x is oterwise,
Ly=exp(2ni/N),
and

sgn(x)=x/|x| for x=0; sgn(0)=0.
If k=2, put
3) Gur;ay, a3, N)=—2riN"*/(r—r7)
+8(a,/N) 3V 1/m?—4n?/N? ) , |m| {%™ exp (2nimmyc/N).

. me=aa(N) e (N)
For every k=2, the series Gi(r; a;, g», N) satisfy the following properties (4)
and (5).
If a,=b, and a,=b, (mod N), then

(4) Gux; ai, az, N)=G(r; by, by, N).
For each (? Z) in SLi(Z),

b
(5) Gk<%:_::__id; ay, as, N>/(cr—|—d)"=G,c(z'; aa,+caz, ba;+das, N).
Lemma 1. Let I, denote the subgroup of I'(1) generated by the matrix U. Then
cardinality of T N)/T (DT, is equal to 32 ¢o(t, N/t)) (here we denote ¢ by the Euler
tin

functon), and its cardinality is number of inequivalent classes of cusps of I'y(N).

Moreover each class of cusps of I'«(N) is represented by a pair of coprime integers

{x, r}, where r is a positive divisor of N and x is uniquely determined mod (r, N|r).
Proof. We refer to [1], [5] or [6] for the proof of this Lemma 1. Q.E.D.

Let {x, r} be an inequivalent class of cusps of /"4(N) in Lemma 1. For each class
{x, r}, we define the Eisenstein series of type(—k, N, x) for I'((N) as follows.

©) E, ()= Z‘de(a)Gk(r; rxa, rxb+a', N),
b mod N

where &’ is an integer uniquely determined mod N such that aa’'=1 (V).



86 Yasuhiro CHUMAN

Theorem. Let E,, ,(c) be the series defined as above. Then the following
statements hold.:

(i) E,. ,(x) are modular form of type(—k, N, %).

(ii) Every modular form on type(—k, N, %) is expressed as a linear combination
of E.. () and cusps forms.

Proof. The statements of this Theorem are proved in a similar method given
in [3]. Fully proof shall be given other places (We refer to [5] for the other proof
in a general point of view). Q.E.D.

Now, let N be a product of two distinct odd primes p and g (i.e. N=pg).
By Lemma 1, there are only four inequivalent class of represented by {0, 1},
~{L, p}, {1, g}, {1, pg} =ico. We consider the normalised Eisenstein series E*,, ()
in place of E, ,(r). Then by (6) E* , ,(c) are given as follows.
E@=E* 0y (=90 51 «a)Gu(<;a. b, pg)
' 2(zrmi)* , P S

mod (pa)

Tlk—1) I (pg)e—*
E (v)=E* )= - a)G(r; 0, a, 3
() i, pat (%) N—2ri)k a'%d (pq)x( VG i(r pq)
b mod (pq)

E@)=E*y y(=L2 E=DL < 0)Gues pa, pbta, pa),
P 2(""27”)k a mod (pq) )
b mod (pq)

79" ¥ k—1)! . ,
ey A a)G(v; qa, gb+{-a', .
2(—2ri)k ar%d (2) Ha)Gu(7; 49, 4 pa)
b mod (pq)

E,,(r):E*“, q}(f)=

In following proposition, we give the Fourier coefficients of Ex(z), E.(z), E,(r),
and E,(r) explicitly.

Proposition 1. Keep the notation as above. Then the Fourier expansions with
respect to z=exp(2rit) of Ey, E.,, E, and E, are given as follows.

Eo<r)=§;:‘ e, con)= 53 I x(mld),

EO=A(p)+3 (D, = 53 d*(d)

|n,
E@=3 ¢z c= 31 d* 'z, (d)nfd),
n=1 din, d>0
and \
E(D)=3] ez, cim)= 3] d* " r(d)x(n/d)
n=1 dln, d>0
where
)y =r,() 1), )= ) 2alr)=( 7 ) and

Adpg)=71(pq),*(k—1) ! Qn)™*L(k, x).
Proof. By (2) and (3), we see
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3 #(@)Gr;0,a,pg)= X3 x(a) X 1/m,*

a mod (pq) a mod (pq) me=a

(=2miyprqgtfk—D! ) x(@) ) mFt sgn(m) {em exp (2rimmyt/N).
a mod (pq) mm; >0
m1=0(pq)

The following resluts for Gauss sum is well known, i.e.

N X d@)&g=rx(m) (pg)"”,

a mod (pq)

where, 7, deotes the number defined by

l if /=1 mod 4
7‘2{1' if 1=3 mod 4.
Using (7) we have

3 @) X3 ms* ! gn(m) (e exp 2rimmyt/pq)

a mod (pq) mm;>0

= > m*tsgn(m) (E #(a) £37') exp (2nimmiz/pq)
mm; >0
m1=0 (pq)

=7l P2 2>0 m*~! sgn(m) x(m) exp (2zimmyz/pq).
mmsi
m1=0 (pq)

Futher we have

Y m*t sgn(m) x(m) exp 2rnimmyc(pq)
i o)

—2 m*ta(m) {14+2(—1) (—1)*} 2 exp Qrimmyr)

my=1

=2 i i x(m)m*=t exp (2zimmyc)

m=1 m=1

=2 3V d*tu(d) exp (2rinc).
din, d>0

Let 7,=(—1)%/2), then it is easy to see that y,=i*f 1.
Therefore we obtain z(=exp(2ric))-expansion of E_(r) given by

E(v)=A{p*~ " q* " (k—1)! 1:}/2(2)"* 2 @)Gi(c; 0, a, pq)

=4+ { X d-x(d)} 2,
n=1 din, d>0
where

Adpg)={(pg)*~2(k—1) ! 1:/2(2m)*} Ex(a) 2 l/mz"

= {r(pq)*"*(k—1) ! /Q2n)*} L(k, %),
and

Lk, 0)=3) x(n)n~*.
n=1

Once more, by (2) and (3) we see
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> #a)G(r; pa, pb+a’, pq)

a mod pq
b mod pq

e | |
AT GeT 3, 4O 3, m s 5777 xp @i o)
* a mod pq mmy

b mod pq mi=pa (pq)

with aa’=1 mod pq.
> x(a) X3 m*tsgn(m) (EPeO™ exp (2wimmyt/pg)

a mod pq mmi>0
b mod pq mi=pa (pq)

pq—1

=(2 &M 3 (@) 3 m* sgn(m) & exp 2nimmyc/pq)
b=0 a mod pq mm; >0
mi=pa

=q*p 3 @) 3] m*'sgn(m) L™ exp (2wimmyc/p)
a mod pq mmy >0
mi=pa

=qp X3 X z(@)( %,(€) Cg) m*~! sgn (m) exp(2rimmyc/p)
amod g mm;>0 ch;)(i)l

=7q"p*? > 33 x(m)xfa)m*™* sgn(m) exp 2rimmiz/p)
amodq mm>0
mi=pa

:qukpwz él xp(m)m"“ 2 xq(a) % {Z(nq—q+a)m_[_xp(_ 1) (_l)kZ(nq—a)m}

(=) q-—]
=2,7q"p*"* 2_1 2, (mym*1 21 {21 xq(nq—a)z‘"‘l'“""}

=27,q0*p¥% 3N d*lx (d)x(n/d)z".
dln,d>0

Here we are over proof of the statements for E_(z) and E,(c). It is easy to carry
out them for Ey(z) and E (). Q.E.D.

§ 3. Examples

In this section, we give some relations between Eisenstein series E(<) and Theta-
series 9(r, Q) defined by the quaduratic form Q(x).

f
Let 4, gi(i=1, ..., f) be integers such that N=14-4 > g,.
i=1

For such integers x, g,, we define a quadratic form Q(x)=0Q(x,, ..., x,) and the
Teta-series 9(z, Q) associated with the Q(x) by

0(0)=172 {;f x,-zmgfl g%},
\ and

9z, )= 33 alm, Q)z".

It is well known that the Theta-series 9(r, Q) is a modular form of type(—f}2,
N, %(d)) (see Hecke).

!
Here we give three examples. In every case, if #=(N—1)/3} g, the coefficients
i=1
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a(m, Q) of Theta-series 9(z, Q) are given by the coefficients of Eisenstein series E(c).

!
But'if x4=(N—1)/3] g, it is not given.
i=1

Example 1. (f; N, k)=(4, 21, 2): We obtain two solutions (4, g1, g2, &3, 82) =
4
(5,1,1,1, 1), (1, 3, 3, 1, 1) for the equation 144 3 g;=21, then Qy(x) and Qx(x)
; =1
are defined by

Ql(x)=1/2{él x¢2+5(§‘1 )%,

4
Q:x= 1/2{2.1 X2 414224 3%5+3x0)%}

Moreover, determining the number a(rn, Q;) of integral solutions of the equation
04(x1, X2, X3, X)=n, we obtain 9(z, Q;) (i=1, 2) i.e.
Iz, O)=1-+12z+622+3223+362*+482°4---- ,
Iz, O))=1-+8z4+1622+3028424z+722°4 - .
By Propositon 1, Ey(z), E.(t), Es(r), and E,(c) are calculated as follows.

Ey(0)= z4722 4328432446284+,

E(c)=—14z—2 4284324 +-62°+ - ,

Ey(r)= z—z2—28—324— 6254,
and

E(0)= z+22—3284-324—625+ .- .

By the routive arguments, we have the relations of 9(z, Q;) and E(), i.e.
(e, Q:)=21/2E(v)—1/2E . (v)+TEy(r)—3E(x),
Iz, Q3)=21/2Ey(t)—1/2E (v)—TEs(r)+3Ex(z).

Example 2. (f, N, k)=(4, 69, 2): Carring similarly out the calculations as
Lemma 1, we have each consequence as follows.

4
Qy(x)= 1/2{21 X34 (5x14 5%, 3%+ 3%},

0u()=1/2 {é X HICS ')

I(r, Q) =1+4z+822+1628+12z*+44z°+--- ,
e, Q2)=1412z+62,4-24284-122* 42425+ ;

Eft)=  z+2*43243z4 4625+,
E (t)=—124z—22 4284324+ 65—,
E(r)=  z—24z'+3z'—65— -,

Eg(r)= z422 3284324 —625 -+

Iz, Q)=1/2{69Ey(r)—E..(r)—23Es(r)+3En(0)},

9z, 02)=1/38(c, Q:)—1/2{69Es(z)—E.(v)+23Ey(r)—3Ez(7),
S, Qo)=4z+72°+-1722—30z*—20z8—-.. .
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Example 3. (f, N, k)=(4, 45, 2): In this case, N is not pg. By Lemma 1,
there are only eight inequivalent class {0, 1}, {1, 45}, {1, 3}, {1, 5}, {1, 6}, {1, 9},
{1, 15} and {1, 30} of cusps for I"y(45). Then we oftain the following Eisenstein
series Eg(c), E..(v), Ex(v), Es(v), Ee(t), £o(7), E1s(7), Eso().

Et)=  z+24+3284324 452543284,
E (0)=—2+42"—628+T2+ .- ,

Ef(t)=  z+&P22 38528+ 324 4- 58422543820+ |
Ey(r)= 7—28—328 43244 254325 —... |

Ef(r)=  z+48z?+30%2% 3244 5,25+ 38,2204
E(t)=  Z42—T7437"4...

E(r)=a(1)z—a(—1)z*+3a(0)z*+ 3a(D)z* +a(—1)z°—--- ,
Eso(t)=a(—1)z—a(1)z* 4 3a(0)z*+-3a(— Dzt +a(D)z’— - ,
where a(0)=5, a(1)=—C%—C8+Ci+-CH,
a(— D)=Lyt Tl Cly— -
Let E¥(r) and E¥(r) denote as follows,
E}(2)=—1N3i{tEx(r)—CsEo(c)}
E¥(2)=—1/N15i {a(1) Es5(r)—a(—1) E3y(2)},
then
E¥(t)=2—2"+32*—5z°4-.,
EX(t)=z+22+3z*—2z"—... .
By two solutions (4, g1, g2, g3, g =(11, 1,1, 1, 1), (1, 5, 3, 3, 1) of the equa-
tion 1+ 4 iél g:=45, we define Qy(x) (i=1, 2) as follows

Ql(x)=1/2{§; xi+1l(§l X,

Qg(x)z 1/2 {ilxi+(5x1+3X2+3x3+x4)2} .

Then
Iz, Q))=1+122+46224242°4+122*+- 2475+ ... |
Iz, Q)=1-+4z-+222+4-242° 41224482+ ... .
By the routive arguments, we have the relations of 9(z, Q;) and E(c),
Iz, Q)=1/2 {15Ey(r)—E (v)—3E;s(c)—SE(r)—SE}(r)+EX()},
Wz, @1)=5(z, Q1)+1/2{15Ey(c)— E(r)—3Es(r)—5SEy(v)+5EF(r)— Ef(o)},
S(t, Q)=4z—12z*—20z1"+ ... |
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