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On the Fourier coeMcients of Eisenstein series for I'o(N)

              Yasuhiro CHuMAN*

             (Received June 15, 1983)

       The Fourier coeMcients of Eisenstein series of Nebentype for the congruence
    subgroup of level N are given explicitly, and the coeMcients of Theta-series defined by

    some quadratic forms are determined using them.

                         gl. Introduction

   Let Z denote a ring of rational integers, and SL2(Z) denote the elliptic modular

group defined by

          SL2(Z) =I(g 3)lad-be=:1, a, b, c, d EI zl.

   Let r(N) denote the principal congruence subgroup (of SL2(Z)) of level N, i.e.

         r(N) == I(g 9) E sL,(z) l aiffd iiE 1, bEciio mod Nl,

and ro(N) denote the congruence subgroup of level N, i.e.

         ",(N) == I(g 9) E sL,(z) 1 c!io mod Arl.

   Let C denote the complex field, and H denote the complex upper-half plane i,e.

         H== {z E C I Im(z)>O} .

   Let k be an integer. A C-valued function.t(r) on H is called a modulor form

of weight k with respect to r(N), iff(r) satisfies the following three conditions:

   (i) .f<r) is holomorphic on II;

   (ii) f(r) l L -f ( g,r ++ !i ) 1(cr + d)k = =f( T)

for aii L= (g 9) E r(N) ;

   (iii) ,f(T) is holomolphic at every cusp of l'(N).

   For any integer n prime to N, let R. denote an element of 7(1) such that

          R.=- (3-i 2) mod N.

   Let e be a Dirichlet character defined mod N and u== (6 l).

Let F(T) be a noR-zero modular form of weight k with respect to I"(N) such that

          F(r) l U= F(T) and F(r) j R.== s(n)F(r).

Since ro(N) is generated by U and R. modulo r(N), it is easy to see,
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          (*) F(r)IL==s(d)F(T), for allL=(g 9) Ei r,(N). '

Further, F#O implies e(-1)==(-1)te, by above (ii).

          i.e. e(n)==x(n) ==(£,I-)" (-X,-)r2... (N...p,rip,r2...) ,

where (-) denotes the Legendre symbol.

   The fbrm F(r) which satisfy (") with x(d)=e(d) is called a modular form of

type(-k, IV, x(d)) (Nebentype). Furthermore we assume that x(-1)=(-1)k.

   If N is a prime p, Hecke ([3]) defined Eisenstein series of tjmpe(-k, p, x(d)) for

l'o(N) by the following Ei(r) (i-- 1, 2), using general Eisenstein series Gk (T; a, b, N)

for I-'(N) (see below for the definition' of Gic (T; a, b, N)),

          2(-2rri)kEi(r) =(k-1)! = x(t)G,(r; t, l, p),
                            t, l modp

          2(2rr)kE,(r)=r,pic-ii2(k-1)! Z x(t)Gk(r; O, 4p).

                               tmodp
And, their Fourier expansions with respect to z=exp(2nir) are also obtained as

follows.

                oo          Ei(r)==]X ci(n)z", ci(n) == 2 dic-'x(nld),

               n=1 dl n, d>O
                      oo          E2(r)==Aic(p)+Zc2(n)z",c2(n)== Z dk-ix(d)
                     n=1 din, d>O
where

                                             co          A,(p)==r,pk-'i2(k-1)! (2n)-kL(k, x), L(k, x)=Z x(n)n-k

                                             n=1
and r, == (- 1)(k12).

Let e(x) be the quadratic form i.e.

          e(x)= e(xb x2, ･･･, xf)= Z b.,x,x, .
                             1=<r.<=s$f

   Then Theta-series 8(r, e) is defined by the qudratic fbrm e(x) as fbllows.

                  oo          8(r, e)- Z a(m, 2)zm,
                 m=O
where a(m, e) is the number of integral solutions (xi, x2 ... xf) of the equation

m == e(xb X2, ..., xr), and z =exp (2zir).･

   The purpose of this note is to construct Eisenstein series of tmpe(-k, IV, x(d))

for non-prime N and give the coeMcients of their Fourier expansions explicitly.

Furthermore, using these coeMcients of Fourier expansions, we determine explicitly,

in some numermerical examples, the coeMcients a(m, e) of Thetaseries 8(r, 2).

      g 2. Fourier coeMcients of Eisenstein series of Nebentype for ro(N)

   We shall review some results about G(T; ab a2, N) (Hecke [3]).

   Let ai, a2 and k (k)2) be rational integers. For kZ3, let G(T; ai, a2, N) denote

the fo11owing series,
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                                                 '    (1) Gte(r; ab a2, N) == Z' (mir+M2)-ic,
                     mi=ai (mod N)
                     m2=-a2 (mod N)

where the summation Z' runs through the pair of integers (mi, m2)tF(O, O) and r

is complex variable with positive imaginary part.

    Then their Fourier expansions at the cusp ioo of I"(N) is given as follows.

    (2) Gte(T;abs2,N)=6(ailN) Z 11m2k
                          m2=-a2(N)

       (-2ni)icN-te1(k-1)! Z mic-isgn(m)Ck2Mexp(2nimmr/IV),
                       MMI>O
                       mi=ai(N)
where

        6(x'=I6 li:l.:Z,:a,:';,n,?iinteger

       CN ==exp(2zi!N),

and

       sgn(x)-xllx1 for xti?O; sgn(O)==O

Ifk=2, put

   (3) 6te(r ; ai, a2, N) == - 2nilV-21(T-i)

        -l-6(a,IN) X' 11m22-4rr21N2 2 ]miCk2Mexp(2nimmiT!N).
               m2E-=a2(N) mml>O                                mlE.ral(N)
    For every k)2, the series Gk(r; ai, a2, N) satisfy the following properties (4)

and (5).

    If ai =-bi and a2 =-b2 (mod N), then

    (4) Gk(r ; ai, a2, N)== Gk(r ; bi, b2, N).

For each (g 2) in sL2(z),

                                                       '    (s) Gic(Z;l2 ; at, a2, N)1(cr+d)ic=Gte(r; aai+ca2, bai+cia2, N)･

    Lemma 1. Let r. denote the subgroup ofP(l) generated by the matrix U. 7hen

cardinality of I-'o(N)lr(1)ll-'.. is egual to ]X if(t, IVIt)) (here we denote op by the Euler

                                tln
juneton), and its cardinality is number of inequivalent elasses qf eusps of ro(Ai).

Moreover eaeh class of cusps of ro(N) is represented by apair ofcoprime integers

{x, r}, where r is apositive divisor ofN and x is uniquely cietermined mod (r, IVIr).

    Proo£ We refier to [1], [5] or [6] for the proof of this Lemma l. Q.ED.

    Let {x, r} be an inequivalent class of cusps of I"o(N) in Lemma 1. For each class

{x, r}, we define the Eisenstein series of tjJ{pe(-k, N, x) for ro(N) as follows.

    (6) E{., ,} (r)= Z x(a)Gic(T ; rxa, rxb+a', N),

               a,m.o.d,N.

where a' is an integer uniquely determined mod N such that aa' =- 1 (N).
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   Theorem. Let E{.,,}(t) be the series cleLf7ned as above. 77lren the following

statements hold:

   (i) E{.,,}(c) are modularform oftjzpe(-k, N, x).

   (ii) Every modularform on tjmpe(-k, N, x) is expressed as a iinear combination

of E{., ,} (r) and eusps forms.

   Prooft The statements of this Theorem are proved in a similar method given

in {3]. Fully proof shall be given other places (We refer to [5] for the other proof

inageneral point of view). Q.E.D.
   Now, let N be a product of two distinct odd primes p and q (i.e. N=pg).

By Lemma 1, there are only four inequivalent c}ass of represented by {O, 1},

{1,p}, {1, q}, {1,pq}=i'oo. We consider the normalised Eisenstein series E"{.. ,}(r)

in place of E{., ,}(r). Then by (6) E"{., ,}(T) are given as fo11ows,

                     (k-1) !
      Eb(r)==E"{o, i}(r)= 2(zzi)ic . .Z.d (.,)x(a)Gk(r; a, b, P9),

                      ric(k-1) ! (pq)k"%
      E.(T)=E"{i,.,}(r)=                                     Z x(a)Gk(r; O, a, pq),
                         2(m2rri)k amod (pq)
                                    b mod (pq)

              '      E.(r) =E" {i, .} (f)= 7pP2k(--3/22(ii)kl) ! . i;ii.ld (.h)x(a)Gic(T ; pa, pb+a', pq),

                                b mod (pq)
     '
                     7q9k-3/2(km1)!
                                 Z x(a)G,(r; qa, qb+d, pq).      4(r)=E*{i,,}(T)=
                       2(-2rri)k a mod (pq)
                                b mod (pq)

    In fo11owing proposition, we give the Fourier coeMcients of Eo(T), E..(r), E,(r),

and 4(r) explicitly.

   Proposition 1. Keep the notation as above. 77leen the ,Fburier expansions with

respeet to z==exp(2niT) qfEb, E.., E. and E, are given asfollows.

            co      Eo(r)===co(n)z", co(n)== Z dk-ix(nld),

           n=1 djn, d>O
                   co      E..(r) =Ate(pq)+Zc..(n)z", c..(n)= Z dk-'x(d),

                   n=1 dln.d>O
      E,(v)==S c.(n)z", e,== Z dic"x,(d)x,(n/d),

           n=1 dln, d>e
and
            S
      E,(r)=2 c,(n)z", c,(n)== 2 dic-'x,(d)x,(n/d)

           n=1 dln. d>O
where

                            '      x(n)= xp(n)xq(n), xp(n)==(tll-), xq(n)= (-l;) and

      Ak(pq) = rk(pq),-'i2(k-1) ! (2z)-teL(k, x).

Proo£ By (2) and (3), we see
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       Z x(a)Gk(r;O, a,pq)== X x(a) X 1/m2k
      amod (pq) amed (pq) in2!!ia
        -1-(-2zi)icp-teq-k/(k-1) ! ]X x(a) Z mk-' sgn(m) C,",M exp(2nimmirllV)

                           amod (pq) mmi>O
                                   mtEO(pq)

The fo11owing resluts for Gauss sum is well known, i.e.

   (7) Z x(a) C.P,M=7.,x(m) (pe)i/2,
       a med (pq)

where, r-i deotes the number defined by

      7,=:Ii. I.li,i-iii=lm.o.g`,.

Using (7) we have

       Z x(a) Z msk-ign(m)C.",Mexp(2zimmirZpq)
      amod (pq) mmi>O
               ml!iO (pq)

       = .i>o mk-' sgn(m) ( i] x(a) Cftm) exp (2rrimmiripq)

        ml!e (pq)

      ..f.,(pq)i12 E] mic-'sgn(m)x(m)exp (2niMMiTvlPq)･

               MMI>O
              mlfO (pq)

Futher we have

       2 mk-i sgn(m) x(m) exp (2nimmirZP9)
      MMI>O
     ml!iiO (pq)

            oo co          == = mk-ix(m) {1+x(-1) (-1)k} ]X exp (2nimmzr)

           m=1 mi=1
             co co          ==22 Z x(m)mic"'exp(2zimmir)
            m=1 mi=1

          ==2 2 dk-'x(d)exp(2zint).
             dln, d>e

Let r,=(-1)(ki2), then it is easy to see that rk=ikf,-,i.

Therefbre we obtain z(=:exp(2nir))-expansion of E..(r) given by

      E.(T).., {pk-i12gic-'/2(k-1)! r,}!2(2n)ic Z z(a)Gk(T; O, a, p9)

                                    a
                   oo           ==Ate(pq)+Z{ Z dk-ix(d)}zn,
                   n==1 dln.d>O

where

      A,(pq) = {(pe)ic-'i2(k-1) ! r,12(2rr)k} ]2] x(a) 2 1/m2ic

                                   a m2iia (pq)
           =: {r,(pq)k-i'2(k-1) !!(2n)te} L(k, x),

and

             oo      L(k, x)=Z x(n)n-ic.
             n=1
    Once more, by (2) and (3) we see

.
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       2 x(a)Gk(r;pa,pb+a',pq)
      g:gZp.q,

                         t t.    = (pSiil,i(2knl)ic1) ! . .;t., x(a) ..2,<o mk-' sgn(m) cS",b'a')m exp (2ximmirLpg)

                 bmodpq miipa (pq)

with aa' = 1 mod pq.

       2 x(a) Z mte-'sgn(m)CS",b'a')Mexp(2nimmiTy[pq)
      amedpq mmi>O
      bmedpq mitspa (pq)

    ..(PS-icem) z x(a) z mic-i sgn(m) c.",'mexp(2rrimmiTLpg)

       b=O             amodpq mmi>O
                     ml!pa
    =qigp Z x(a) Z mte-'sgn(m)C."'mexp(2zimmirlp)
         amodpq mMi:p>aO

     =qep Z 2 x,(a) ( 2 x,(c) C;M) mk-i sgn (m) exp (2nimm,rlp)
        amodq mmi>O c=a(q)
                      (c,p)==1

    =7.qigpSra 2 2 x.(m)x,(a)mic"'sgn(m)exp(2nimmirZp)
           amodq mmi>O
                m1iipa

            oe oo    ==7pqigp3i2 Z xp(m)mic-i 2 xa(a) Z {z(nq-q+a)m+xp(-1) (-1)icz(nq"-a)m}

           m==1 a n=1
                        oo q-1
    =2.fqigpSi2 Z x.(m)mk-i = {= x,(nq-a)z{nq-a)m}

            m=1 n==l a=1
    ==2f.qlp3i2 ]X dk-ix.(d)x,(n/d)z".
            d1 n, d>O

    Here we are over proof of the statements for E..(T) and E,(r). It is easy to carry

out them fbr Eo(r) and E,(r). Q･E･D･

                          g3. Examples

 . In this section, we give some relations between Eisenstein series E(r) and Theta-

series 8(r, 2) defined by the quaduratic form e(x).

                                            f   Let ", gi(i=1, ...,f) be integers such that N=1+pt 2 gi.

                                            i=1
For such integers pt, gi, we define a quadratic form 2(x)==2(xi, ..., xf) and the

Teta-series 8(r, e) associated with the 2(x) by

                ff      e(x)== 112 {2 xi2+pt(z gix,)2},

               i--l i=1
and

      8(r, e)- z a(m, e)zm.

             m=O ,
   It is well known that the Theta-series 8(r, e) is a modular fbrm of tjmpe(=fl2,

N, x(d)) (see Hecke).

                                                  f   Here we give three examples. In every case, if "ese(N-1)12 gi the coeMcients

                                                 i--1
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a(m, 2) of Theta-series 8(r, e) are given by the coeMcients of Eisenstein series E(r).

              f
But if pt=(N-･1)/]X gi, it is not given.

             i=1

   Example 1. (,L N, k)==(4, 21, 2): We obtain tryo solutions (pt, gi, g2, g3, g4) ==

(5, 1, 1, 1, 1), (1, 3, 3, 1, 1) for the equation 1+pt :.,gi==21, then ei(x) and e2(x)

are defined by

               44      2i(x)=112{2 Jci2+5(z (x,)2},

              i=1 i=1
              4      e2x=1f2 {Z xi2+(xt+x2+3x3+3x4)2}.
             i=1
   Moreover, determining the number a(n, ei) of integral solutions of the equation

2i(xi, x2, x3, Jx4)=n, we obtain 8(T, ei) (i=1, 2) i.e.

      8(r, ei)=1+12z+6z2+32z3+36z4+48z5+･･･ ,

      8(r, 22)==1+8z+16z2+30z3+24z`+72z5+･･･ .

   By Propositofi 1, Eo(r), E..(r), Es(r), and E7(r) are calculated as follows.

      Eo(r) == z+z2+3z3+3z`+6z5+･･･ ,

      E..(T)==-1+z-z2+z3+3z`+6z5+･.･ ,

      Eli(T) = z-z2-z3-3z`-6z5+... ,

and

      E7(r)== z+z2-3z3+3z`-6z5-i-･･. .

   By the routive arguments, we have the relations of 8(r, ei) and E(r), i.e.

      8(r, 2i)==2112Eo(r)-112E..(r)+7E3(r)-3E7(r),

      8(r, 22) ==2112Eo(r)-112E..(r)-7E3(r)+3Eli(r).

   Example2. (A IV, k) =(4, 69, 2): Carring similarly out the calculations as

Lemma 1, we have each consequence as fbllows.

               4      2,(x) == 112{X x,2+(5x,+5x,+3x,+3x,)2},
               i--1
               4      e2(x)=1!2{2 x,2+17(2 x,)2} ;
               i=1 i--1
      8(r, ei)==1+4z+8z2+16z3+12z4+44z5+･･･ ,

      8(r, e2) =1+12z+6z,+24z3+12z`+24z5+･･･ ;

      Eo(r)= z+z2+3z3+3z`+6z5+･･･ ,

      E..(v)== -12+z-z2+z3+3z`+6z5-･･･ ,

      E3(r)= z-z2+z3+3z`-6z5-...,

      E23(r)-- z+z2+3zS+3z`-6z5+... ;

      8(r, 2t) == 112 {69Eo(r)-E.(r) -23E3(r)+3E23(T)} ,

      8(r, e2)=113S(T, S22)-ll2{69Eb(r)-E..(r)+23E3(r)-3E23(r),

      S(r, e2)= 4z+7z2+17z3-3oz4-2oz6d... .
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    Example 3. (fl N, k)=(4, 45, 2): In this case, Nis not pe. By Lemma 1,

there are only eight inequivalent class {O, 1}, {1, 45}, {l, 3}, {1, 5}, {1, 6}, {1, 9},

{l, 15} and {1, 30} of cusps for l'o(45). Then we oftain the fo11owing Eisenstein

series Eo(r), E..(r), E3(r), Es(c), E6(r), L'g(t), Eis(r), E3o(r)･

      Eo(r)== z+z2+3z3+3z`+5z5+3z6+･･･ ,

      E..(T)=-2+z3-6z6+7z9+... ,

      E3(r)= z+C32z2+3C3z3+3z`+5Cs2z5+3C,z6+･･･ ,

      Es(r)= z-z2-3z3+3z`+z5+3z6-... ,

      Eh(r)== z+C3z2+3C32z3+3z`+5C3z5+3C,2z6+･･･ ,

      Eb(r)= zS+z6-7z9+3zi2+... ,

      Eis(r)=a(1)z-a(-1)z2+3a(O)z3+3a(1)z`+a(-1)z5-... ,

      E3o(r)==a(-1)z-a(1)z2+3a(O)zS+3a(-1)z`+a(1)z5-･･･ ,

where a(O)-Vg, a(1)--C2.-C?,+4:g+Clt,

a(- 1)=c,,+ct,-c7.-q: .

Let E,"(r) and E,",(r) denote as fo11ows,

      E,"(r) = - 1 /V3-i {Cs2E3(r)-C3E6(r)} ,

      Edi(r) - - 1/VTg i {a( 1)Eis(r) -a(- 1)Ebe(r)} ,

then

      E3"(r)=z-z2+3z`-5z5+... ,

      Ei"s(r) =z+z2+3z4-zs-.... .
   By two solutions (pt, gi, g2, g3, g4) =(11, 1, 1, 1, 1), (1, 5, 3, 3, 1) of the equa-

        4
tion 1+pt 2 gi==45, we define ei(x) (i=1, 2) as fo11ows

       i=1

               44      ei(x)=1/2 {E] xi+11 (2 x,)2},

               i--1 i=1
               4
      e2(x) :1f2{Zxi+(5xi+3x2+3xs+x4)2}.
               i--1
Then

     8(r, ei)=1+12z+6z2+24zS+12z4+24z5+... ,

     8(r, 22)=1+4z+2z2+24z3+12z`+48z5+... .

By the routive arguments, we have the relations of S(T, 2D and E(r),

     8(r, e2)=-1/2 {15E6(T)-E..(r)-3Es(r)-5Eb(r)-5E,*(r)+E,",(r)},

     s(r, e,)==S(r, ei)+112 {15Eb(r)-E..(t)-3Es(r)-5Eg(r)+5E,"(r)-E,*,(T)},

     s(r, e)=4z-12z4-2ozio+... .
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