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              The Shearing Stress in the Transition Region

                       in the Flow along a Flat Plate

                               Zensaku SHIROGANE*

                              (Received Fbbruary 10 1955)

        Considering the correlation between the turbulent velocity in the main stream and

     the velocity fiuctuation in the laminar boundary layer of a smooth fiat plate which is

     set parallel to the main stream, we have obtained that the shearing stress in the trans'i-

     tion region is exponentially depends on the intensity of the turbulence in the main

     stream and square-root of the distance froom the leading edge of the plate.

                                  1. Introduction

    For the sufucietly long smooth fiat plate, the incompressible laminar flow in the

boundary layer near the leading edge of a plate at zero incidence is followed by a

transition to turbulence farther down stream. The fiow does not become a fully developed

turbulent flow immediately, it ceaces to follow the laws of laminar flow: there is a finite

transition region. This transition starts by the effects of the various phenomena. In this

paper, we discuss the case in which the transition depends on the turbulence in the main

stream with the mean velocity UL The various experimental results concerning the

transition report the following(i)(2)(3) evidences.

  i) At a point in the neighbourhood of the surface of the plate in the boundary layer,

the mean velocity of the laminar flow u decreases with the increase of the distance x

from the leading edge of the plate and reaches a minimum value and in the next-down

stream, suddenly increases to the maximum value, and in farther down stream, the mean

velocity again decreases, but does not reach'  another minimum value. In general, the

point at which the mean velocity u reaches the minimum value is called a transition

point(i), and the part at which u increases in called a transition region, therefore the

transition point is situated at the starting point of the transition region. The local

turbulence arises in the transition region.

  ii) The distribution line of the static pressure indicates the presure drop and the

thickhess of the boundary layer 6 increases suddenly in the transition region. The reading

of the manomer oscillates strongly in the same region.

                                               dr  iii) The values of the Reynolds number Rx=-IJ- (x is the distance from the leading

edge of the plate, and y is the kinematic viscosity) at the transition point vary in such

a wide range as between 9×10` and 3×106, therefore it seems to be dificult to determine

the critical Reynolds number theoretically. Dimensional considerations suggest that in

any particular experiment the transition region starts when Rx reaches a certain value

dependent on the turbulence in the main stream.
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   iv) The shearing stress at the plate decreases with an increasing distance of the

 down-stream both in the laminar and in the fully developed turbulent region; in the

 transition region, however, the shearing stress at the upstream is considerably less than

 ･that at the downstream end. '

     In this paper, we discuss this shearing stress theoretically.

        2. Equations coneerning the shearing stress in the transition region

     We take xraxis to the direction of the stream along the surface of the plate and

 x2-axis perpendicular to the surface of the plate and x,-axis along the surface and

 perpendicular to the direction of the stream, and ui, u2, u, are the turbulent velocity

 components in the main stream refer to the xi, x2, x3 direction, and the pressur fiuctuation

 is P, then the equation of motion for the turbulent velocity is

                           3tlEL'-`--a(o"xi,"k)---il;-top.,+y72ui, (1)

                                 02 02 02
 where 72=bitl2+Lo-x3+'O'X23'

 In the boundary layer, the components of the velocity fluctuation respecting to the direc-

 tion of xi and x2 are ui' and u2', and the equations of motion for these components are

                       %",-'I- -- u3:i'-u,' ±U,-7 3k'+y7'2ui', (2)

                                                         '                       OoUt2'= -u3xU,2'-- -}- [}tZ,'+v7t2ui, (3)

                                                           o2 a2
 where p' is the pressure fluctuation in the boundary laYer, 7'2 =oxl+lj]iil21･

 We now assume that the turbulence in the main stream is homogeneous and isotropic,

 but in the present case, we consider the main stream and the boundary layer together,

 then this compound stream is non-homogeneous and non-isotropic, then we consider the

 correlation between u2 and u,'. The equation of motion for u, is derived from (1) and

 we have

                          aou-t.z･ ,. -- ag/3ou, :k) -- t7 ge.-, +.72.,. (4)

                   '
 On multiplying the equation (2) by u2 and the equation (4) by u,' and adding two, we

 obtain the time rate of change of u,u,' of which the average is

                                            Ou,' ,dU                  a(u,u,t)                               ,O(U2Uk)
                                       - Uu2                    ot == -Ui oxk rxl "' U2 U2 nt,

                            --li- (u,tZ/ +u, ktxi) +y(u,,l72u2 -t- u,7,2uD, (s)

 Similarly, the equation for ui is

. IStfi = --O(a"x':k) -- i. &t,+v72ui. (6)
                                                                      .
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On multiplying equation (3) by ui and equation (4) by u2' and adding two, we have

                                         '                o(usu, 2i) = nv .iO(g.i:le) - u.1 gg.i-:i- (u,t3Il3i+", 3-2i)

                          +v(ui72ul+u,7t2ui). (7)
In the above equations, ui,u2 are the function. of (xi,x2-a, x3;t) and ui', u2' are restrict

in x2$a. According to the theory concerning the transition which is given by G. I. Taylor(`)

and the results of the various experiments, it seems to be controlled by variations in

the pressure gradient due to turbulence in the main stream, then the fiuctuations in the

pressure distribution will cause the transition in the boundary layer, and the velocity

                                                    d-U is also sman in the transi-
fluctuation is small as compared with the pressure gradient.
                                                    dx,
tion region except the immediate neighbourhood of the surface of the plate and we

assume that the energy transfers among the fluid elements without dissipation which is due

to the viscosity, then we obtain the following equations

             O("o2"t ") = --l;-{oO.,(u,'p)+o-O.,(u,p')}+-il;' (pg:,i'+p'Oo".i), (8)

             O("o-i-t"L/ = -;{sll.F:,(uip)+ot.,(u,p')}+t(pg¥f'+p'Z-ill;'). (9)

The first term in the right hand-side of equation (8) concerns the diffusion of the energy,

and simi!ar in the equation (9). In general, the diffusion arises by the correlation

between three components of the velocity fiuctuation, the correlation between pressure and

velocity fiuctuation, and the effect iof the viscosity. In the present case, however, these

effects are small and we neglect the first term in the right hand-side of the equation (8)

and (9), and put P==P' approximately, then we ' have ･                                                  .t
                                                        '                           -O(tt7i')- -ili-p (3/i:;'.'Z:.ii), (io5

                                                                 '                           -O(Uoi,U2') ,,, tp(3..iUiC+OoU.i,). (ii)

                                         '
    J. Rotta (5) has calculated in the non-homogeneous turbulence

      '' ' tp(oO.U;.-'+-Oo-U.f':)=-le!LL"E-(uiuj),ia;j' (i2)

where E=-li-illlkiu?, le is numerical factor, L is diameter of the turbulent element. To

determine the L, we take the momentum loss M in the boundary layer

                         M=pS:u(U-u)du, =pU26**, (13)

where ap is the stream velocity in the boundary layer, x, =O and x2=h include practically

all those influenced by the friction, 6** is the measure of the mornentum change and

equal to 6/6 for the fiat plate. In the transition region, the increase of the thickness of

the boundary !ayer depends on the decrea$e Qf the static pressure, then we assume that
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the distance between the centre of the turbulent element and the centre of fluctuate

element in the boundary layer equal to 6** approximate!y when these elements irnpact

each other and the energy transmites from the direction of the impact to another direction,

then we can take 6** ihstead of L and we have

               - a(u2u,') ri le/E ,                             - bt -6** U2Ui･ (14)
                                              '
In this equation we put ut= ui', u2==ui, nearly and integrate, we have

                                      1 kv/Et
                             --U2Ui == f(r)e 6** , (15)

where f(r) is the furiction of the position. We take

                      E= gul, tm- -fi, 6**= o.s77VttiX, (16)

   '

then ' -pu,u,==f(p.)ek'"'tltll/-"u!, (i7)

where k, is a constant. We have same result from the equation (11).

    These results indicate that the shearing stress along the plate is exponentially depends

on i/]i?} and the intensity of turbulence ui/Uin the main strearn, this is also exponentially

depends on v/x. Therefore shearing stress along the plate at the up-stream and in the

transition region is

                             Tup -- a4 S: pu(U-- t)du2, (is)

and at the down-stream end
 ' . z:do = il:,S:'Kn{(･u-u)du,+f2(P,)ek'JIt-ix" "-ui, (lg)

                                                                              '
                                         'where h' is a length correspond to h.

      ' 3. Conclusion
    In the equation (17), ki is an unknown constant and f(r) is an unknown function,

these are determined by the experiment. Moreover in the problems of the transition, we

must determine the Reynolds number at the transition point as the functions of the

turbulent intensity in the main stream, and the length of the transition region, which will

be discussed in the successing papers.
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