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Abstract. The present paper deals with stabilization of a steady state in a networked oscillator system
that consists of oscillators coupled by a digital delayed connection. This connection is realized by a first-in,
first-out queue. The semi-discretization technique allows us to obtain a simple characteristic equation for
steady-state stability. This equation can be expressed by real polynomials whose coefficients depend on the
network topology. The stability analysis based on the characteristic polynomials reveals that the digital
delayed connection better facilitates the stabilization of the steady state compared to the well-known
continuous-time delayed connection.

1 Introduction

The dynamics of coupled oscillators have been actively in-
vestigated in nonlinear science [1–3]. Recently, coupled os-
cillators have been used for engineering applications such
as central pattern generators for robotic-legged locomo-
tion [4], modular robots [5], sensor networks [6], and a
car-following model [7]. Diffusive-coupling-induced stabi-
lization of unstable steady states, one of the well-known
phenomena in coupled oscillators, has been studied for
almost a quarter-century [8,9]. This phenomenon, called
amplitude death, has great industrial potential, but never
occurs in coupled identical oscillators [9,10]. Reddy et al.
showed that a transmission delay in connections can in-
duce this phenomenon even in coupled identical oscilla-
tors [11]. This time-delay-induced death has been widely
investigated both experimentally [12–14] and analytically
[15,10,16–27]. Furthermore, it was reported that ampli-
tude death can be induced not only by using a simple
time-delay connection [11] but also by leveraging various
connections such as distributed delay connections [28], dy-
namic connections [29–31], unsymmetrical time-delay con-
nections [32,33], connections via conjugate variables [34,
35], time-varying delay connections [36], two long-delay
connections [37], and gradient time-delay connections [38].
These connections represent the continuous-time mutual
influences of real oscillators for various situations.

In the field of control engineering, a networked con-
trol system whose subsystems (i.e., sensors, actuators, and
controllers) are communicated through a digital communi-
cation network (e.g., Ethernet), as shown in Fig. 1(a), has
been extensively investigated. This is because this system
has the following advantages: reduced system wiring, ease
of system diagnosis and maintenance, and increased sys-
tem agility [39]. The subsystems communicate with each

(a) (b)

Fig. 1. Conceptual diagrams of networked systems: (a) net-
worked control system; (b) networked oscillator system.

other on the network by digital signals that are converted
from continuous-time input–output signals of subsystems.
Note that a communication delay, which may degrade the
system performance, is inevitably caused by the signal
transmission on the network. From the viewpoint of the
engineering applications of coupled oscillators, it is im-
portant to investigate the dynamics of oscillators that are
coupled through the digital communication network. We
call such configuration a networked oscillator system, as
illustrated in Fig. 1(b). To the best of our knowledge, few
studies have been so far conducted on networked oscillator
systems in the field of nonlinear dynamics.

The present paper proposes a prototype model of a net-
worked oscillator system that consists of oscillators cou-
pled by a digital delayed connection. Figure 2 sketches the
prototype model with two oscillators, where the digital
delayed connection is implemented by the first-in, first-
out (FIFO) queues. The main purpose of this study is
to investigate amplitude death induced by the digital de-
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Fig. 2. Block diagram of two oscillators coupled by a digital
delayed connection (i.e., FIFO queues).

layed connection. The semi-discretization technique [40–
43] allows us to derive a simple characteristic equation for
steady-state stability. This equation can be expressed by
real polynomials whose coefficients depend on the network
topology. The stability analysis reveals that the digital
delayed connection better facilitates the stabilization of
the steady state compared to the continuous-time delayed
connection.

2 Coupled oscillators

A network consisting of two-dimensional oscillators,

Żn(t) =
{
µ + iω − |Zn(t)|2

}
Zn(t) + εun(t)

(n = 1, 2, . . . , N), (1)

is considered, where the complex number Zn(t) ∈ C is
the state variable of oscillator n. N ≥ 2 denotes the total
number of oscillators. The parameters µ > 0 and ω > 0
represent the degree of instability of the fixed point and
the oscillator frequency, respectively. ε ∈ R is the cou-
pling strength and i is denoted as i =

√
−1. For a normal

delayed connection, the coupling signal un(t) ∈ C is given
by

un(t) =
1
dn

[
N∑

k=1

cnkZk(t − τ)

]
− Zn(t), (2)

where τ ≥ 0 is the delay time of the coupling signals.
The network topology is governed by cnk as follows: if
oscillator n is connected to oscillator k, then cnk = ckn =
1, otherwise cnk = ckn = 0. The self-delayed signal Zn(t−
τ) is not allowed to be injected, that is, cnn = 0. The
number of oscillators that are connected to oscillator n,
denoted as the degree of oscillator n, is written as dn :=∑N

k=1 cnk. Suppose that there is no isolated oscillator, that
is, dn > 0, ∀n ∈ {1, . . . , N}.

Instead of normal delayed connection (2), the present
study employs the digital delayed connection

un(t) =
1
dn

[
N∑

k=1

cnkZk(tj−r)

]
− Zn(t) (3)

for t ∈ [tj , tj+1) (j = 0, 1, . . .). Figure 2 illustrates the two
oscillators coupled by digital delayed connection (3). As
shown in Figs. 2 and 3, Zk(t) is periodically stored with
sampling period h := tj+1 − tj into the buffers on the

Fig. 3. Sketch of state variable Zk(t) for oscillator k.

FIFO queue, where j represents the sampling number. tj
denotes the time at j-th sampling. Zk(tj−r) := Zk(tj −
rh) is the past state variable, which is maintained at a
constant value during t ∈ [tj , tj+1). The integer (r + 1)
is the number of buffers; thus, the time delay is given by
τ = rh.

It may be worth pointing out the following remarks on
these connections. In the case of a single oscillator (i.e.,
N = 1, c11 = 1, and d1 = 1), oscillator (1) with normal de-
layed feedback (2) and that with digital delayed feedback
(3) are identical to the original delayed feedback control
system [44] and the queue-based delayed feedback con-
trol system [45], respectively. Connection (3), with both a
large number of buffers and a short sampling period (i.e.,
1 ¿ r and h ¿ 1), is approximately identical to normal
delayed connection (2). In the field of nonlinear science,
a delayed signal is often realized by a bucket brigade de-
lay (BBD) line device in experimental situations [46–48,
12,49,14]. Such a device comprises a series of sample-and-
hold circuits. The BBD line device is also described by
the FIFO queue; thus, the coupled oscillators in Fig. 2 are
identical to the oscillators coupled by the BBD line [12].

3 Stability analysis

Oscillators (1) with connection (3) have the homogeneous
steady state Z∗ :=

[
0 0 · · · 0

]T ∈ CN . The coupled oscil-
lators are linearized around Z∗:

żn(t) = (µ + iω) zn(t)+ε

[{
1
dn

N∑
k=1

cnkzk(tj−r)

}
− zn(t)

]
(4)

for t ∈ [tj , tj+1) (j = 0, 1, . . .), where zn(t) ∈ C is the
variation in oscillator n around the fixed point Z∗

n = 0.
System (4) can be written by

ẋ(t) = Ax(t) + Bx(tj−r), t ∈ [tj , tj+1) (j = 0, 1, . . .),
(5)

where

x(t) :=
[
Re{z1(t)} Im{z1(t)} · · · Re{zN (t)} Im{zN (t)}

]T
,

(6)

A := IN ⊗
[
µ − ε −ω

ω µ − ε

]
, B := εD ⊗ I2. (7)

The elements of matrix D ∈ RN×N are {D}nk := cnk/dn

for n 6= k and {D}nn := 0. Here an N -dimensional iden-
tity matrix is represented by IN .
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The semi-discretization technique [40–43] allows us to
derive the mapping from the past state x(tj−r) and the
current state x(tj) to the future state x(tj+1),

x(tj+1) = Lax(tj) + Lbx(tj−r),

where

La := exp {Ah}, Lb := exp {Ah}
∫ h

0

exp {−As}dsB.

(8)
This mapping implies that the dynamics of linear system
(5) can be reduced to that of a 2(r + 1)N -dimensional
discrete-time system,

Xj+1 = ΦXj , (9)

where

Xj :=


x(tj)

x(tj−1)
x(tj−2)

...
x(tj−r)

 , Φ :=


La 0 · · · 0 Lb

I2N 0 · · · 0 0
0 I2N · · · 0 0
...

. . .
...

0 0 · · · I2N 0

 .

Note that Z∗ is stable if and only if the transition matrix
Φ is a stable matrix (i.e., Schur matrix).

The characteristic polynomial of linear system (9) is
described by

g(λ)

= det (λI2(r+1)N − Φ)

= det (H)

·det

λI2N − La −
[
0 0 · · · −Lb

]
H−1


−I2N

0
...
0


,

where H ∈ R2rN×2rN is given by

H :=


λI2N 0 · · · 0 0
−I2N λI2N 0 0

0 −I2N 0 0
...

. . . . . .
...

0 0 · · · −I2N λI2N

 .

Now P ∈ R2N×2N is denoted by

H−1 =
[
∗ ∗
P ∗

]
. (10)

As det (H) = λ2rN and P = λ−rI2N , polynomial g(λ)
can be further simplified to

g(λ) = det
{
λr+1I2N − λrLa − Lb

}
. (11)

Let us calculate Eq. (11) below. Substituting A and B
in Eq. (7) into La and Lb denoted in Eq. (8), we obtain

La = γIN ⊗ Θ(h), Lb = η (IN − M) ⊗ Q (γΘ(h) − I2) ,

where

γ := e(µ−ε)h, η :=
ε

ω2 + (µ − ε)2
, M := IN − D, (12)

Θ(h) :=
[
cos ωh − sinωh
sin ωh cos ωh

]
, Q :=

[
µ − ε ω
−ω µ − ε

]
. (13)

Since M is self-adjoint and positive semidefinite [18,19],
it can be diagonalized as T−1MT = diag(ρ1, ρ2, . . . , ρN ),
where T is a diagonal transformation matrix and ρq (q =
1, 2, . . . , N) are the eigenvalues of M . Therefore, we ob-
tain

g(λ)

= det
{(

T−1 ⊗ I2

) (
λr+1I2N − λrLa − Lb

)
(T ⊗ I2)

}
= det

{
λr+1I2N − λrγIN ⊗ Θ(h) − η

(
T−1 ⊗ I2

)
(IN − M) ⊗ Q (γΘ(h) − I2) (T ⊗ I2)}

= det
{
λr+1I2N − λrγIN ⊗ Θ(h)

−η
(
IN − T−1MT

)
⊗ Q (γΘ(h) − I2)

}
= det

{
λr+1I2N − λrγIN ⊗ Θ(h)

−η (IN − diag(ρ1, ρ2, . . . , ρN )) ⊗ Q (γΘ(h) − I2)} .
(14)

As a result, g(λ) = 0 can be expressed as

g(λ) =
N∏

q=1

ḡ(λ, ρq) = 0, (15)

ḡ(λ, ρq) = det
{
λr+1I2 − λrγΘ(h)

−η (1 − ρq)Q (γΘ(h) − I2)} . (16)

The function ḡ(λ, ρq) can be described by the following
2(r + 1)-degree polynomial:

ḡ(λ, ρq) = λ2(r+1) + α4λ
2r+1 + α3λ

2r

+ α2(ρq)λr+1 + α1(ρq)λr + α0(ρq), (17)

where

α0(ρq) := (1 − ρq)2ϕ0, α1(ρq) := (1 − ρq)ϕ1,

α2(ρq) := (1 − ρq)ϕ2, α3 := γ2, α4 := −2γ cos ωh.

The parameters ϕ0, ϕ1, and ϕ2 are defined by

ϕ0 := η2
(
γ2 − 2γ cos ωh + 1

) {
ω2 + (µ − ε)2

}
,

ϕ1 := 2ηγ{(µ − ε)(γ − cos ωh) + ω sinωh},
ϕ2 := −2η{(µ − ε)(γ cos ωh − 1) + ωγ sinωh},

respectively. The homogeneous steady state Z∗ of the cou-
pled oscillators on network topology D is stable if and only
if all the roots λ of ḡ(λ, ρq) = 0 (q = 1, 2, . . . , N) lie within
the unit circle on the complex plane.
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Fig. 4. Marginal stability curves for a pair of oscillators (N =
2, µ = 0.5, ω = π): (a) normal delayed connection (2), (b) –
(d) digital delayed connection (3) (r = 1, 3, 10). Black and red
curves correspond to ρ1 = 0 and ρ2 = 2, respectively. The
stability regions are represented by shaded areas.

4 Numerical examples

This section investigates the stability regions in the con-
nection parameter space ε – τ for the networked oscillator
system on some typical network topologies. The marginal
stability curves are estimated to obtain these regions. The
following steps are used for the estimation: (i) number of
oscillators, N , and network topology cnk are given; (ii)
eigenvalues ρq of matrix M , as denoted in Eq. (12), are
calculated; (iii) ḡ(eiθ, ρq) = gR(θ, ρq) + igI(θ, ρq) is de-
rived; (iv) marginal stability curves are estimated by solv-
ing gR(θ, ρq) = 0 and gI(θ, ρq) = 0 for θ ∈ [0, π].

4.1 A pair of oscillators (N = 2)

Let us now focus on the simplest case, a pair of oscillators
(i.e., N = 2) illustrated in Fig. 2. The eigenvalues of M
are ρ1 = 0 and ρ2 = 2. The marginal stability curves are
shown in Figs. 4 (a) – (d). Figure 4 (a) presents the curves
with normal delayed connection (2), which are estimated
by solving

ḡ(iλI , ρq) := iλI−µ+ε−iω−εe−iλIτ (1−ρq) = 0, λI ∈ R,
(18)

with ρ1 = 0 and ρ2 = 2 (for more details, see our pre-
vious paper [37]). There exists a thin stability region at
around τ ≈ 0.5. The curves with digital delayed connec-
tion (3) for r = 1, 3, 10 are shown in Figs. 4 (b) – (d),
respectively. For small numbers of buffers, r = 1 and 3,
the stability regions become much larger compared with
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Fig. 5. Time-series data, Re{Z1} and Re{u1}, for a pair of os-
cillators coupled by digital delayed connection (3) (N = 2, µ =
0.5, ω = π, r = 1): (a) ε = 0.3 and τ = 3 (i.e., A in Fig. 4 (b)),
(b) ε = 2.0 and τ = 3 (i.e., B in Fig. 4 (b)).

those of the normal connection. On the other hand, for a
large number r = 10, the curves closely resemble those of
the normal connection. This result is exemplified by the
fact that digital connection (3) with 1 ¿ r and h ¿ 1 is
approximately identical to normal connection (2).

Time-series data of real parts of Z1 and u1, i.e., Re{Z1}
and Re{u1}, with r = 1 at the parameter sets A and B in
Fig. 4 (b) are plotted in Figs. 5(a) and 5(b), respectively.
A pair of oscillators behave independently and are then
coupled by the digital connection at t = 20. For the pa-
rameter set A, Re{Z1} and Re{u1} continue to oscillate
even after coupling; that is, the connection fails to stabi-
lize the steady state. In contrast, for the parameter set
B, the connection succeeds in stabilizing it: Re{Z1} and
Re{u1} converge to zero after coupling. These numerical
results agree with our analytical results depicted in Fig.
4.
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Fig. 6. Marginal stability curves for a complete network (N =
5, µ = 0.5, ω = π): (a) normal delayed connection (2), (b)
digital delayed connection (3) with r = 3. Black and red curves
correspond to ρ1 = 0 and ρ2,3,4,5 = 5/4, respectively. The
stability regions are represented by shaded areas.

4.2 Networked oscillators (N = 5)

Here we consider five oscillators on two typical network
topologies, the complete network (i.e., all-to-all connec-
tions) and the ring network (i.e., chain connection with
periodic boundary). The eigenvalues of M for the com-
plete network are ρ1 = 0 and ρ2,3,4,5 = 5/4. The marginal
stability curves for normal connection (2), which are esti-
mated by solving Eq. (18) with ρ1∼5, are shown in Fig. 6
(a). The stability region exists at around τ ≈ 1.0. Figure
6 (b) illustrates the curves for digital connection (3) with
r = 3. It can be seen that there exists a large stability
region with τ & 2.0: the stability regions become much
larger compared with that of the normal connection.

For the ring network, the eigenvalues of M are ρ1 = 0,
ρ2,3 = 0.691, and ρ4,5 = 1.809. Figure 7 (a) shows the
marginal stability curves for normal connection (2) on the
ring network. We see the stability region with 0.5 . τ .
1.3. The curves for digital connection (3) with r = 3 are
shown in Fig. 7 (b). There exists a large stability region
with τ & 2.0: the stability regions become much larger
compared with that of the normal connection, as is the
case in the complete network.

From these numerical results shown in Figs. 4, 6, and
7, it may be concluded that the digital delayed connection
better facilitates stabilization compared to the continuous-
time delayed connection. Remark that this conclusion is
consistent with paper [43] showing that digital delayed
feedback signals facilitate stabilization compared to the
continuous-time delayed feedback.

5 Discussions and Conclusion

Let us discuss the influence of network topology and num-
ber of buffers on stability. According to characteristic equa-
tion (15), the stability of steady state Z∗ depends on the
eigenvalues ρq (q = 1, . . . , N) of M . This fact leads to a
conclusion that the network topology does not have direct
influence on stability; for example, two different networks
which have the same ρq have the same stability region.
Although this is valid only for the local stability, we think
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Fig. 7. Marginal stability curves for a ring network (N =
5, µ = 0.5, ω = π): (a) normal delayed connection (2), (b)
digital delayed connection (3) with r = 3. Black, red, and blue
curves correspond to ρ1 = 0, ρ2,3 = 0.691, and ρ4,5 = 1.809,
respectively. The stability regions are represented by shaded
areas.

that the transient behavior far from the steady state might
be influenced by not only ρq but also the network topol-
ogy. The transient behavior needs further consideration.

From our numerical results shown in Fig. 4, it can be
seen that the number of buffers, r, has a strong influence
on the stability. We numerically observed that the stability
region tends to be large for a small number of buffers.
However, the theoretical relation between the number and
the stability region cannot be obtained. There is room for
argument on this point.

The present paper has investigated the stability of
the steady state in oscillators coupled by the digital de-
layed connection. Such a connection is described by a
FIFO queue. A simple characteristic equation for steady-
state stability, with real polynomials whose coefficients
depend on the network topology, is derived by the semi-
discretization technique. Some numerical results have proved
that the digital delayed connection better facilitates stabi-
lization compared to the well-known continuous-time de-
layed connection.
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