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Abstract

In this study, we analyzed the influence of liquid sloshing on the pitching dynamics of flexible space
structure with liquid on board; the analysis considers the main body of a spacecraft as a rigid tank, the flexible
appendages as two elastically supported elastic beams, and on-board liquid as an ideal liquid. The meniscus of
the free surface of the liquid due to surface tension was considered. The Lagrangians of the main body of the
spacecraft (rigid tank), liquid, and two beams (flexible appendages) were used in addition to assuming
antisymmetric motion of the system; the frequency equations of the coupled system were obtained by applying
the Rayleigh—Ritz method. Influence of moment of inertia of the main body on coupled motions of the flexible

spacecraft was investigated.
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1. Introduction

Large space structures vibrate easily at low frequencies because they possess low structural rigidity, given
their requirement to be lightweight. Attitude control or orbit modification through thruster injection could
cause flexible appendages such as antennae and solar arrays, as well as the liquid fuel or wastewater on the
spacecraft, to vibrate and develop strong coupled vibrations that exert a complex effect on the dynamic
behavior of the main body. This poses a serious problem for high-attitude-accuracy satellites such as those
used for precise astronomical photography. Therefore, it is essential to clarify the dynamic interaction behavior
of a flexible space structure with on-board liquid, in advance of its deployment, to improve the stability and
reliability of space structures.

Several researchers have examined the sloshing of liquids in containers in low-gravity environments
theoretically. For example, Abramson [1] conducted a review of studies up until 1966. Bauer et al. [2, 3] studied

free vibration analyses of a liquid in a cylindrical or rectangular vessel taking into consideration the liquid
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meniscus due to surface tension. Agrawal [4] analyzed the dynamic behavior of liquid in a rotating space
vehicle using a boundary-layer model. Komatsu [5] theoretically investigated the sloshing frequency in a space
vehicle tank using a mechanical model and used potential flow models to obtain natural frequencies via a semi-
empirical formula. Chiba et al. [6] investigated the coupled natural vibration of an elastic membrane bottom
and liquid in a cylindrical container with a rigid wall. Utsumi [7] proposed mechanical models for sloshing in
a tear-shaped axisymmetric tank. Yuajun [8] carried out a nonlinear analysis of liquid sloshing in a cylindrical
container considering the static meniscus shape in low-gravity environments using an energy method under
pitching excitation around the center of gravity of the cylinder. Berglund [9] controlled the sloshing of liquid
propellant in a Delta IV rocket using a pulse-suppression approach. Cui et al. [10] studied parametric instability
of liquid sloshing in a spacecraft model during launch. Noorian et al. [11] studied coupled dynamics of fuel
contained elastic launch vehicles using a BEM-FEM model.

However, few experimental studies have focused on resolving the sloshing that occurs in low-gravity
environments. The Netherlands Agency for Aerospace (NIVR) launched a 130 kg miniature satellite called
“Sloshsat Flevo” with an 87 / tank, which contained 33.5 / of water, to investigate the effect of sloshing
behavior on the motion of the satellite, see Vreeburg [12]. Lazzarin et al. [ 13] estimated the impact of propellant
sloshing on the pointing stability of the EUCLID satellite by CFD simulation.

Additionally, with respect to the effects of sloshing on spacecraft motion, the relationship between the
balance and stability of a flat, rotating spacecraft with liquid fuel on-board was revealed by McIntyre et al.
[14]. Santini et al. [15, 16] derived equations of motion of orbiting spacecraft with a sloshing liquid in a plane
rigid tank and discussed its stability. Lii et al. [17] studied pitching motion of a two-dimensional rectangular
tank with elastic appendages under gravity. From the numerical simulations, they found that the coupling of
elastic appendages with rigid tanks are effective in high-gravity conditions, while the coupling of liquid fuel
and rigid tanks are effective in low-gravity conditions. Recently, Farhat et al. [18] investigated the effect of
fuel sloshing on a spacecraft and its flutter characteristics. Gasbarri et al. [19] presented a dynamic model of
spacecraft with a solar panel and considered fuel sloshing using a multibody approach. They employed a
pendulum model for the fuel sloshing and clarified the interaction among the control, the attitude dynamics,
the flexibility of the solar array, and the sloshing motion of the spacecraft. For spacecraft with multiple
propellant tanks, Baozeng et al. [20] presented a coupled dynamic model using Lagrange’s equation, and Zhou
and Huang [21] presented a constrained surface model in which they clarified the coupling dynamics between

the spacecraft and the propellant sloshing in tanks.



A recent study constituted the initial step in clarifying the fundamental vibration characteristics of flexible
space structures with on-board liquid, by proposing a mechanical model, and theoretically analyzing the
axisymmetric coupled vibrations of a flexible structure with on-board liquid in zero-gravity environments
(Chiba et al. [22]). The proposed model involved modelling the main body as a rigid mass, flexible appendages
as two elastic beams, and on-board liquid as a "spring-mass" system (mechanical model). A single liquid
sloshing mode (i.e. fundamental sloshing mode) was adopted in the mechanical model, and this helped in
determining the fundamental vibration characteristics of the coupled system, i.e. the main body—flexible
appendages—liquid system. As the second step, the on-board liquid was modelled as a potential fluid
considering a static meniscus of the free surface due to surface tension by Chiba et al. [23]. In addition, the
effect of spring rigidity of the flexible appendages was analyzed for the same model by Chiba et al. [24].

The present study follows on from the aforementioned study as the fourth step, additionally analyzing the

pitching motion of the spacecraft.

2. Basic equations and boundary conditions
2.1. Analytical model

In the study, free pitching vibrations of a spacecraft in space are considered, as shown in Fig. 1. The
spacecraft included flexible appendages, such as solar arrays on both sides of the main body Fig. 1(a) and the
liquid fuel on-board (Fig. 1(b)). The main body of the spacecraft is modelled as a rigid tank, flexible
appendages as two elastic beams, and on-board liquid as an ideal liquid.

A rigid cylindrical tank with radius R and length A has a mass m, and moment of inertia J, ; the
tank harmonically rotates with a small angle @ around the Y axis in the inertia coordinate O— X¥Z (Fig.
1(a)). While two beams are modelled as uniform Euler—Bernoulli beams with length [, cross-sectional area
A, density p,, mass m, , Young’s modulus £, and second moment of area [, with displacements
corresponding to W.(x;, t),i =1,2. They are fixed on the tank wall at height e from the tank bottom.

On-board liquid fuel is treated as an inviscid ideal fluid with density p;, and mass m = R*h £ where
h denotes liquid height when the meniscus of the liquid is ignored. The velocity potential of the liquid
D(r, @,z, t) is introduced into the coordinate system O-rgz, in which the origin is considered to be

located on a flat liquid surface, and the moment of inertia of the liquid is J, . In a zero-gravity condition, the

surface tension O  is predominant on the liquid, which produces an axisymmetric meniscus z,(r), as shown



Nomenclature

A Cross-sectional area of beam R Radius of rigid tank
Amplitude of liquid surf:
E Young’s modulus of beam S(r, @, 1): (&) (?I; EL/IR(; OF HHAWIE Strace
= Distance between tank bottom .
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. Equivalent liquid height , Static liquid free surface
h:(h :
(hy) f\;rhozh/R) zo(r) 1 (1) :(no:Zo/R)
oment of inertia of area of .
1 beam 7 Rotation angle
Jr:(J;)  Moment of inertia of liquid 6, Static contact angle of liquid
g, (J) Moment of inertia of tank ¢ }gzr)lc'(/hl;nensmnal coordinate
[ Length of beam (,1 = Z/R) Py Density of beam
m,:(m;)  Mass of rigid tank P (p) Density of liquid
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m, Mass of beam o:(7) g;lesiéﬁen ol Tree surtace
Inertial coordinate system for . Liquid velocity potential
O_M spacecraft CD(}"’ ¢aZa t) . (¢) :(¢:q)/60bR2) .
O—-xyz Coordinate system for tank w:(Q) Coupled natural circular

frequency (Q=w/w,)

. . N 1 circular f f

0, —x;¥;z;  Coordinate system for beam 1 @, b atur(a Cl;;l az;;zquency ©
eam (= o

O—repz  Coordinate system for liquid

in Fig. 1(b), with contact angle 6, with respect to a side wall. Therefore, the free surface of the liquid vibrates
with amplitude S(r,@,f) around the meniscus.

It is assumed that the two beams are arranged symmetrically with respect to the rigid tank, and that the mass
center of the rigid tank is located on the mid-surface of the beams. This enabled antisymmetric in-plane motion,
i.e., movement along only the clockwise and counterclockwise directions in the plane of the figure.

2.2. Basic equations and boundary conditions
2.2.1. Basic equations and boundary conditions for liquid

It is assumed that the liquid is incompressible, inviscid, and exhibits irrotational motion, based on which
there exists a velocity potential of the liquid ¢( P, 9,n,T ) in non-dimensional form that satisfies the Laplace
equation as follows:

P, 10,13 Th_

+—"= )]
pop p’op* on

op’

Velocity components of velocity v., v,, v,, v, induced by pitching motion of the rigid tank are

p2 e My

represented as: see Kimura et al. [25].



v, ==d0/drncosg
v.=v,e,+v.e,+tve, v, =d0/drnsing 2)
v, =d0/dt pcosp
where e,, e,, e, are basic vectors for p, ¢, n directions, respectively. The dynamic condition on the
free surface is as follows (Bauer et al. [2]):
3 3 2
9 |19 p[l—(pcos&o)z}2 % +L2 1—(pcos¢90)2 % =0
op| p op (3)
at  n=hy—e+n,(p)+<(ps 0, 7)

The kinematic condition must be satisfied on the free surface as follows (see Kimura et al. [25]):

0

At the side wall and the bottom surface of the tank, the following velocity-matching conditions must be

satisfied.
o¢
=y (5)
opl,, "
o¢
- =V 6)
onl,_. "

The conservation of liquid volume is represented as follows:
27z el
fo Lé(p,w, ) pdpdp =0 W)

The meniscus of the free surface of the liquid, caused by surface tension, is represented by Bauer et al. [2]

as a function of the contact angle 6, with respect to the side walls of the tank using the following expression:

2(1-sin*6,) - ®
= - 1- 0, hy—e
o (,0 3cos’ 6, cos 6, (pcos 0) the

Here we assume that the contact angle ¢, does not change during vibrations.

o¢

=0
o 9

p=l

2.2.2. Basic equations and boundary conditions of the rigid tank and elastic beams

Considering reaction forces and moments from the elastic beams, the moment equilibrium equation in the



rigid tank is given as (see Appendix A):

_d*o(r _ —

J, (2)+2(M1+l 1):0
dr A

Next, the equation of motion of the beam is given as:

*w, (&.7) . o*w, (&.7)

=0
ot o&!

Assuming the rotation angle @ is small, the boundary conditions are given as:

1
at & =0 Deflection w (0,7)= 7 0
S m&.r)
ope =
’ 651 &=0
*w (&,7) _
Bending moment . =M,
861 §=0
o*w (§1 , T) _
Shearing force - 3 =15
afl &=0
62M}l (51 5 T)
at & =1 Bending moment > =0
851 &=l
. o*w, (étl ,T)
Searing force - 3 =
oct ..

2.3. Lagrangian

In this section, we consider the Lagrangian of the liquid, beams, and the main body (tank).

2.3.1. Lagrangian of liquid

The Lagrangian of the liquid L , 1is represented as a summation of the kinetic energy of the liquid due to

rigid tank motions and the dynamic term that was introduced by Luke [26], as follows:

— Bp- (dOY 2B x| p o P op
szﬂ_fjf(_j R R A

A dr 0 Jo| A Ot 2

1 2 0°¢

+—4/1-(pcos,) —

8(;)2

Yo,

o

gpd pdo

(10)

(11)

(12)

(13)

(14)

(15)

(16)

17

(18)



where J ; is the moment of inertia of the liquid in the tank and details are shown in Appendix C.

2.3.2. Lagrangian of the beams and the main body (tank)

The Lagrangian of the beams and the main body (tank) comprise kinetic energy 7 and potential energy

U ; it is expressed as follows:

2
1 ow, do o*w (19)
=j[ jd; [ j [ 55 ag
0\ or dr ¢
where two beams are assumed to be identical.

In the above equations, we introduced the following non-dimensional parameters as given below:

h _ Py =< J I — #zR* _ e X, = J, /4

hOZE’p:_‘a‘]f: / 5 __:ﬂ: ,e:—’él:—, Jt: t3’ P T
o PR R 24 R [ P, Al [ 20)

. H _ - R — M V
H=—, m, = iy | = L— .M, = .V, =—==-0,.1c0s9,

R 2m, P Al @, P Al w, w,R

_ L, — L
v =—2_ =0, nsing, v =0, pcosp, L, = / i
] a)bR 177 @ n , ‘rp %4 v pbeAﬁ th pbwaP

In the above parameters, the moment of inertia of the tank J ratio of length of the elastic beam and tank
radius A are important parameters, and there is a relation between derivatives with time ¢ and with non-

dimensional time 7, as:

d__dk _ &
dt d(ciw,) 'dr @1)

3. Method of solution
3.1. Elimination of temporal terms
It is assumed that the system undergoes small-amplitude harmonic motion with the circular frequency Q

as follows:
0(7)=0 cosQr
¢(Pa(0,77,f)=—Q$(p,(p,77)sinQr
(p,(p,r)zg_(p,go)cosﬁr
(& .7)=w; (& )cosQr
(r)=R, cosQr
1(7):M1 cosQr

™

(22)

=

§| il



3.1.1. Equations and boundary conditions for liquid
Substituting the above equation into Eq. (1) to Eq. (9), we obtain as: In the following equations, non-

dimensional velocities v,, v,, v, arerepresented in terms of pitching angle ¢:

27 e 27 27
6¢;+l%+%%+%:0 )
op° pOp p° op- On

_ 218 275 4 (P, 1 =3¢ (p
Qz¢(p,(p,n)+%[;${p[l(pcosﬁo)J ¥}+? 1-(pcosb,) %qp) =0

at 77=h0—5+770(p)

- ony(p)og = 0m,(p o0 = _ ,
((p,¢)+%£+9%ﬂcos¢—£+9pcos¢=0 at 17=h0—e+770(p) (4)
o¢ _
M :_977005¢ (5)7
op o
o¢ _
¢ (ppom)|  _ T cos g ©
on e
27 el —
[7],£ (p.0) pdpdo=0 7y
oc
—_2 =() (9)7
op -

3.1.2. Equations and boundary condition for rigid tank and elastic beams

ZQZ§+2[1\7[1 +%le=0 10y
o*w
s () - ol8) ay
¢,
at £ =0 Deflection w, (0)= % 0 (12r
ow(8) -
Slope aé(gl ) =0 13y
£=0
o*w, (& -
Bending moment % =M, (14
(:1 &=0




| PR s |
Shearing force 3 =5 (15)
651 &=0
0w (&)
at & =1 Bending moment 6152 1 =0 (16)
1 &=l
'w (&)
Searing force - al 3 1 =0 7y
§l g=l

3.1.3. Lagrangian for liquid

1 o el
B ;%{p[l—(pcosﬁo) } >

[, =702 [ RE T
/ 39S
ﬂ/ 7T Y0 0 2=
+L,,1—(pcost9 )2 S
,02 0 6(02

Cpdpdp (18

where we used the relations:

~ Q p27/Q —
L== [ Lar (23)

27/Q 27/Q
I sin® Qrdr = I cos’ Qrdr=2 (24)
0 0 Q

3.1.4. Lagrangian for rigid tank and elastic beams

2
= 2 (=2 Q — o, 1w )
Ly =0 [ W} (&)d& +=-7,0° - jo[ e | % (19)
where we used the following equation and Eq. (24):
~ Q r2z/0 —
L,==[""L,dr (25)
7 J0

3.2. Velocity potential of liquid

The liquid velocity potential that satisfies the Laplace equation (1)’ and the boundary conditions in Eq. (5)

to Eq. (7)’, and Eq. (9)’, and the displacement of a free surface are assumed in the following form:

cosh{gmn (n+ E)}
cosh(é,,,h )

+4§COS¢Z /1 (#yp)sinh (2,77)
e (g]l? —l)Jl (&, )cosh(e,e) (26)

8P, 0.1 =D Ay, (6,0 cOS TP

—Gpncosg



Z amn m mn p COS m¢ (2 7)

where 4, and a,, areunknown constants. Substituting these equations into Eq. (4)’, we obtain:

m (gmnp) COSh{gmn (77 + E)}
dp cosh(&,,h )

Zamn ' mnp cosm¢7+ ZA cosme

+a,70 (p)sz (eup ) 4249 cosgsinh(&,7) 4+ 20pcosp
op = dp gli(gh. —l)Jl(gli)cosh(glie) (28)

h e A A
sin {emn (77+€)} 4, cosgoz J, (&yp)cosh(&,77) — =
cosh(gmnho) ; 511(511 —I)Jl(eli)cosh(elie)

at 77:h0_3+770(/7)

Z mn m mnp gmn COS m¢)

Multiplying cos¢ to the above equation, and integrating over from 0 to 27, and multiplying J, (&, 0)p

and integrating from 0 to 1, we obtain:

a, = ZAln (C3nq lnq ) + QZ( 4ig 2“] ) Xq (29)

where coefficients in Eq. (29) are:

1877 ) dJ, (&,,p) cosh gn{h +7 (p)}
Cing __.[ O . ) [C(l)sh(gl O) ]Jl (¢1,0) Pdp
_ 1 18770 glp 4s1nh[5h{ E+770 }}
Cau '[ d/? & (811 ) (&, )cosh(g,e )Jl (€lq,0)pdp
| 16, sinh gn{h +7 (p)}
Co ZZ_MIO 1 c[oslh(elho )0 ]Jl (€np) /) (glqp)pdp (30)

—LJ.I 4 cosh [a]l. {hy—2 +n, (p)}}
e Zig *° (5”2 —I)J1 (&, )cosh(e;e)

X, = 4

' (‘91211 _1)‘]1 (glq)

In the calculation, the orthogonality of the Bessel function is used as follows:

Ji(e:0) i (81,0) pd p

I;Jl(elnp)Jl(«%qp)pdp%[l— : JJZ(«?M)5 =1, (31)

é‘lq

where 5nq denotes the Kronecker delta.
Substituting liquid velocity Eq. (26) and liquid displacement Eq. (27) into Lagrangian of the liquid, we

obtain the following, in which m=1 in Eq. (26) and Eq. (27):
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F _PP 5 a2 2PP
L ="57,20" -0 TZa” ZA Cs,y +0| D Coy —Cy,
J

’ i (32)
+ 2,372 Ay Zalj (C9nj - C8nj)
n J
where coefficients in Eq. (32) are:
jcosh| g, {h +7, (,0)}
Cor =], [ccl)sh (;,,hoo) ]Jl (e.0) 1 (a,p) pdp
14J, (&,p)sinh | &, {h & +m, (p)}]
o '[0 & (‘911'2 _1)J1 (&, )cosh(e,e) 1 (81/'0)'0 g
(33)

G, :I;{ho —e +1], (,0)} J (‘91_,-/0)P2d,0

I 207, (g,p) 0 (&
N L

9,yf «i (pcosy ) J, (2,0) 7, (&,0)dp

Substituting Eq. (29) into the second and third terms of the right-hand side of Eq. (32), we obtain:

ZAlkz Csy (Cyy =Gy ) + 07 {Z(CW—CZW)—XJ}(ZC@.—CUJ

q

+02A1k{( . 1@)[2%— JJFCS"’ (Z(CM,—CM)_X,/]} |

q

~ ﬂp 272 22,35
R )

ZA”‘ZA“ 3sn lm (C3k] _Clk/)

(34)

(Can = Clkn( C _C2q/) X./j
+2ﬁ722( onj Sn/) +§ZA1k

k
3Ig Clk/ { 4pn_ 2pn XHJ

+§2{Z(C4pn Copn) = XHZ(C ~C)” X’}

p

3.3. Displacement function for beam

Here, the beam displacements are assumed to be in the following form:

W 51 ZB Wy 51 (35)

where B, denotes the unknown constant, and W, ((fl ) : i=1,2 denotes the eigenfunction of the beam that

satisfies the boundary conditions in Eq. (10)’ — Eq. (17)’, and whose derivation is in Appendix B.
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w, (ff,. ) = {ﬂ, sing, cosha, —Acosa, sinha, +a, +a,cosa, cosha, + ¢, sing, sinha, } cosha, &

wu

+ {—/1 sing, coshe, + Acose, sinha, + o, + o, cose, cosha, —«, sing, sinhq,, } cosq,¢;
. . . (36)
+ {i cose, cosha, —Asing, sinha, + A -, cosq, sinha, —«, sina, cosha, } sinh, ¢,

+ {i cose, cosha, + Asing, sinhea, + 1+, cose, sinhe, + o, sine, coshe, } sina, &

The parameter «, satisfies the frequency equation below:

22% (coshe, sina, —sinh a, cos e, ) +2a; (cosha, sine, +sinhe, cosa, )
- - 37)
+4Aa, sinha, sina, +J,Aa; cosha, cosa, +J,17a;, =0

which is a function of aspect ratio A and inertia moment J_t .

Substituting Eq. (35) into the Lagrangian, we obtain the following expression:

) 8 u 1 62 1v 1
Ly =022 B, B[ W, (&) (é>d§1+—”2 2.2 B”I[ sz(g)]{ 252(5)

stﬁ (38)

3.4. Lagrangian for the entire system

Finally, the Lagrangian for the entire system is obtained as follows:

L=L,+1, (39)

ZAMZ Csy (Coy = Cig)
—922/1@2 +AZZZB B,W, fvv(o){;(% ‘Czw)‘X.fHZC@f _CUJ

q

(40)

ZAlkZA1s 3sn lsn (C3kj _Clkj)
(C3kn _Clkn)[Z(C4q/‘ _Czq/)_Xj]

q

()[z<>xJ

P

”2223 B,W, {Z(c“pn —Czpn)—Xn}{Z(CW —Cij)—X]}

+2ﬁ722( 9 ~ 8}’!]) ‘M“Zu:Buwu (0);1411{

p q
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+Q222BMBVJ- Wlu 51 le (gl dgl /12'] ZZB vau
oM, 4:1 W, (S
_ZZ u vj.( J( aglg )]dgl

u v

In the above, pitching angle 0 canbe represented using the boundary condition Eq. (12)’at & =0.
6=2) B,%,(0) (41)

3.5. Rayleigh—Rit; method

The Rayleigh—Ritz method is applied here to obtain the following minimalized condition for:
oL oL
=20, =0 (42)
0A, OB

u

Z A {(CBkj - Cl/g )(C3sn -Gy, ) + (C&;j - Clsj )(CBkn —Ci )}

N

—_2ﬂ722( onj Snj) Com = Cii (Z( w =€ ) Xj]
+lz W, !
+(C3kj _Clkj)[ (C4pn _Can)_XnJ
L p
ZAI& 551( 3 lkj) ZAI&CS/V (C3é/ _Clby' )_
_92@2 ( 3k~ w)[Z% C?j} =0
7|41y B,
' +Csy (Z(Cw - CZq/‘)_X./]

q

(43)
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aL 2pr 2 ~
J Q Bw 0
(3B 1 z vWa v( )

1
N—

[;( C)-x,
+2ﬂ7/22( onj Sn]) ' +(C3kj_clkj)[ ( apn 2pn)
227 B,w,(0)Ww {Z( 4= Copn) H X]}
2,12ZV:vau(o)wv(o){Z(c4qj—Cij)—XjHZc&j ]

q

_+/1w ZAlk{( — 1@)[2% 7JJ+C5"’ [Z(C“W_CM)_XJ}_

><
;/

(44)

_Q2EPP 2,3,0 Z

q

20738 [, (&), (8)dg +02227,3 B3, (0)3, (0)
a lu 1 82va 1
R I( e }[ vgégf)]d;:o

The above equations can be represented in the following matrix form as coupled equations in terms of 4,

K, K, (M, M, Ay _
i )= 23] -

and B,:

where:
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K= BT o (€ =€) (O~ o) (6 - (€ )

K, = 57’1"7’:4 (O)ZZ(C%/‘ - C&y‘)

noj

Ky = B, (0) 2.3 (o = C )

noj

_2137/}, W ZZ( 9nj 8'11){
-[; O (&) | 2 (5) ],
0 o0&l ogt 1

i op Z{ 59/( 37 Clk/)+c5k1' (CW' —Cy )}

Mzzi—fwu(o)Z{( Sy~ l,g)(Zcﬁy 71J+cs,g[2(c4qj—cij)—)(j}}

S M
—_—
o
he}
=
0
he}
S
N—
=
H_/
g
—_—
9!
&
0D
g
N—
e
%,—J
~
~
>
N

q

M3:%wu(o);{( w lzg)[zcﬁy 71J+C5@£Z(C4qj—€2qj)—)(j}}

q

M= 55, (0)5, ) [, (8), ()46~ 2275, (0)7, (0

J q

Thus, the problem can be reduced to an eigenvalue problem, from which the coupled natural circular

frequencies () can be obtained as eigenvalues and the vibration modes as eigenvectors.
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4. Numerical results

The goals of this study included clarifying the influence of liquid sloshing on the coupled hydroelastic
pitching vibration characteristics of the flexible space structure. This involved a systematic procedure
beginning with a rigid cylindrical tank with beams and without liquid, followed by treating the sloshing
characteristics in a rigid cylindrical tank.

In the numerical calculations, the unknown parameters 4, and B, in Eq. (45) included 10 terms for each
parameter to satisfy the requirements for engineering data. The liquid height parameter was 5, =h/R =1.0
and, as mentioned above, the positions of the roots of the two beams e from the tank bottom were taken as

equal to that of the center of gravity G, i.e., e =e/R=h,/2.

4.1. Vibration characteristics of “rigid cylindrical tank—two beams” system
First, the vibration characteristics of a “rigid cylindrical tank—two beams” system are considered, which
corresponds to a scenario in which the spacecraft runs out of fuel. In this case, the liquid displacement vector

A, 1is omitted from Eq. (45).

ls

4.1.1. Influence of inertia moment of tank J,

Variations of the natural circular frequency € with inertia moment jt up to the third mode are shown in
Fig. 2(a), when A4=10,100. In the figure, results for A=10 are shown as dashed lines, while those for
A=100 are shown as solid lines. In Fig. 2(b) and 2(c), vibration modes when J, =107, J, =10* are

presented.

Here, we shall consider the frequency equation when the moment of inertia J, tends toward zero or oo.

In these cases, Eq. (37) renders:

2 2
u

. . o . .
——(cosh e, sine, —sinhq, cosa, ) + —*(coshq, sina, +sinhe, cosa, )

t i (47)
da A

u

+—"sinha, sina, + A’a’ cosha, cosa, +A*a’ =0
J u u u u u u
t

or

: : 20, : .
2(cosh e, sine, —sinha, cosa, ) + —~(cosha, sing, +sinha, cosa, )
A
(48)

u

+ sinh e, sina, +J,a, cosha, cosa, +J,a, =0

First, when J, — o (in, > »), Eq. (47) renders:
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coshe, cosa, +1=0 (49)
which is the frequency equation for a clamped—free beam.

Next, when J, — 0 (i, —0), Eq. (48) renders:
2

P 4
;" (cosh a,sina, +sinha, cosa, ) + % sinhe, sing, =0 (50)

2 (cosh a, singa, —sinh ¢, cos ) +
In addition, letting A —»o0, we obtain:
tana, —tanh, =0 (51)
This is the natural frequency equation for a simply supported—free beam.

For a free—free beam with length 2/ we obtain:
cosh2¢, cos2a, —1=0 (52)

One finds from Fig. 2(a) that, as j, increases, coupled natural circular frequencies  decrease. When
J, = (n?t - 00) , as anticipated from Eq. (49), coupled natural frequencies tend toward those of the beam
with a clamped—free boundary condition, i.e., blue circles in the figure as Q =3.52,22.03, 61.70, and there
seems to be no rotational motion of the main body of the satellite, as shown in Fig. 2(c), because the moment
of inertia of the tank is large. In Fig. 2(c), maximum amplitude of the beam is normalized as unity.

When J, =0 (n_zt - 0) , coupled natural circular frequencies tend toward those of a free—free beam with
length 2/ of the even—order modes, which are shown in Fig. 2(a) with red circles as Q = 15.42, 49.97,
104.25; when A=100, or those of a simply supported—free beam, they are shown with green A as Q =
15.42,49.97, 104.25. In addition, the influence of aspect ratio A on the natural frequency is significant for a
smaller J_, , as shown in Fig. 2(b), and with an increase in the inertia moment, rotatory motion of the main

body becomes large.

4.1.2. Variation of vibration modes
We next examine the influence of the moment of inertia of the rigid tank jl on the vibration modes of the
system, as shown in Fig. 3, in which two beams behave with antisymmetric motion. In the figure, red dash-
dotted lines are the first mode, blue solid lines are the second mode, and black dashed lines are the third mode.
In the odd order vibration modes, the roots of beams rotate in the clockwise direction, while in the even
order vibration modes they rotate in the counterclockwise direction, and the rotation amplitude becomes large
for lower vibration mode. Comparing Fig. 4(a) to(c), one can find that the rotation angle becomes gradually

small with an increase in J,.
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4.1.3. Influence of aspect ratio 1

Next, variations of the natural circular frequencies Q with aspect ratio A=//R are shown in Fig. 4 when
J,=10",107 . In the figure, natural circular frequencies of a simply supported—free beam are presented with
green triangles A as Q = 15.42, 49.97, 104.25, while those of a free—free beam with length 2/ of the
even order modes are presented with red circles O as Q =15.42,49.97, 104.25.

In addition, in Fig. 4(b) and 4(c), vibration modes when A =1 and 100 are presented. When 1 is large,
natural circular frequencies tend toward those of a simply supported—free beam or of a free—free beam with
length 2/ of the even order modes when J, =10, and the displacement of the beam becomes more
significant than that of rotation of the tank, as shown in Fig. 4(c). Contrary to this, when 1 is small, rotation
of the tank becomes large. Influence of the moment of inertia J, on the natural frequency becomes significant

for larger aspect ratio A.

4.2. Sloshing in a rigid tank without beams

Next, we consider liquid in a rigid cylindrical tank in space, neglecting two beams as appendages. In this
case, the beam displacement B, is omitted in Eq. (45).

In the present study, as we consider the pitching vibration of the space model, the vibration mode of the
liquid in the tank is that with the nodal diameter N =1. Hereafter, we express the number of nodal circle as

m.

4.2.1. Variation of natural circular frequency with contact angle 0,

Variations of the natural circular frequencies up to the third mode with contact angle ¢, are shown in Fig.
5. In the figure, solid lines are the results of the present study with N = 1 mode, while dashed lines are those
of the former study of the axisymmetric mode with N =0 (see Chiba et al. [23]). In the present results with N
= 1 mode, natural circular frequencies of the second and third mode are maximum at ¢, =90° except the first
mode, while in the N = 0 mode natural frequencies are higher than those of the N =1 mode and are maximum

at ¢, =90", independent of the vibration order.

4.2.2. Variation of vibration mode
The liquid’s free surface axis symmetrically deforms as meniscus due to surface tension, and a small

amplitude vibration occurs around it (see Chiba et.al. [23]). Variations of the vibration mode with contact angle
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6, are shown in Fig. 6. In the figure, the black dotted line is the result when ¢, =70", the blue solid line is
that when 6, = 907, and the red dash-dotted line is that when 6, = 110°. One can see the nodal diameter
at p=0. Additionally, the influence of the contact angle 6, can be seen in the neighborhood of the tank

wall.

4.3. Coupled system

Finally, we proceed to the coupled case when a liquid is in the tank. In this section, the results when 6, = 70"

are presented as a representative case.

First, we consider the influence of the moment of inertia of the tank J_t on the natural frequency and
vibration mode. Variations of coupled natural frequencies up to the fourth mode with J_, are shown in Fig.
7(a). In the figure, the dashed pink line represents the frequency curve in which displacement of beams is
predominant, while the other curves are those in which liquid motion is predominant. The former curve
corresponds to that of the tank—beam system without liquid, as presented in Fig. 3. In addition, the crossing
region between frequency curves of the 3™ and 4™ modes is enlarged in Fig. 7(b).

As shown in Fig. 7(a), the frequency curve with the dashed pink line, in which beam displacement is

predominant, decreases as J, increases, while that in which liquid motion is predominant does not change
with J_t Strong coupling between bending motion of the beams and liquid sloshing motions in the tank is
expected in the crossing region of the frequency curves, as shown in Fig. 7(b). The vibration modes with the
higher frequency of the two frequency curves, when jt =0.03,1.0, are shown in Fig. 8. In Fig. 8(a) bending
motion of the beam and pitching motion of the tank are predominant and a small amount of sloshing can be

seen, while in Fig. 9(b) sloshing motion is predominant and there seems to be no coupling with beam motion.

Vibration mode exchange is recognized before and after the crossing.

5. Conclusions

This study involved the analysis of the influence of liquid sloshing on the pitching dynamics of flexible
space structures with on-board liquid in zero-gravity conditions. The main body of the spacecraft was modeled
as a rigid tank, flexible appendages as two elastic beams, and on-board liquid as an ideal liquid. The obtained

results are summarized as follows:

1) Coupled system without liquid

19



When the moment of inertia of the tank jt was large, the main body did not show any motion, and the
natural frequency of the system tended to correspond to that of a clamped—free beam; simultaneously, the
rotation angle of the root of the beam became small.

While the moment of inertia of the tank J_, was small, the natural frequency tended toward that of a free—
free beam with length 2/, of the even order mode, or that of a simply supported—free beam, in which the
vibration mode’s (as the main body was located at the middle of the free—free beam) rotation amplitude at
the root increased.

Influence of the aspect ratio on the natural frequency was larger for a smaller J,.

i) Sloshing characteristics in a tank floating in space

Natural frequencies with N =1 were lower than those with N = 0 (Chiba et al., 2017).
Concerning the variations of the natural frequencies with contact angle 6,, natural frequencies of the
second and third mode took maximum at ¢, =90° except the first mode, while in the N = 0 mode they

were maximum at ¢, =90°, independent of the vibration order.

ii1) Coupled system

Depending on the magnitude of the inertia moment of the system, i.e., the sum of that of tank and that of
liquid in the tank, coupled vibration occurred at the crossing region of two frequency curves in which
liquid motion or beam motion were predominant.

During the operation of satellites, decreases in fuel may lead to the crossing of two natural frequency

curves, that would introduce strong coupling of the two motions, i.e., liquid sloshing and beam vibration.
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Appendix A. Force and moment relation between rigid tank and elastic beams

Force and moment balances between the rigid tank and the elastic beam of the right-hand side with No. 1
are shown in Fig. Al. In the figure, reaction force and reaction moment are represented as R, and M,,
i =1, 2, respectively. Two elastic beams each exhibit asymmetric motion each; only the right-hand side beam

with =1 is presented.

Appendix B Derivation of Eigenfunction Eq. (38)

Eigenfunction of the elastic beams which satisfies the non-dimensional equations of motion Eq. (11)” is

assumed as:

W, (fi ) =C,coshe, ¢ +C,cosa,é +Cysinhe, &+ Cysina, & (B-1)

where [ =1,2, C ~C, areunknown constants, and parameters ¢, satisfy frequency equation (37).

@’ =0 (B-2)

Substituting Eq. (B-1) into the boundary conditions Eq. (12)” to Eq. (17)”,

1 =

at &=0: C +C, :ZH (12
Ca,+C,a, =60 (13>
Ca,’ =Ca,’ =M, (14)”
~Cya +C,a’ =R, (15)
— . 2 2 2 2 o _ 999

at & =1: C,a; cosha, —C,a, cosa, + Cya, sinha, —C,a, sina, =0 (16)
~Cia; sinha, — C,a; sina, — Gy, cosha, + C,a; sinar, =0 17y

Eliminating 6 from Eq. (12)” and Eq. (13)”, one obtains:
AC, + AC, — Cya, —Cyax, =0 (B-3)

Then substituting Eq. (B-2), Eq. (12)’”, Eq. (14)”, and Eq. (15)””, into Eq. (10)” one obtains Eq. (B-4):

ZQZ§+2[M,.+%RZJ:0 (10)”
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Ty (XC+2°C, ) +2(Cha; - Coda} - Cuary + Cyery ) =0 (B-4)

Rearranging Eq. (16)’”, Eq. (17)”, Eq. (B-3), Eq. (B-4) into a matrix form,

cosha, —cosq, sinhe, -sine, \(C,
sinhq, sing,, coshe, -—cosa, ||C, 0
A A -, -a, G, B (B-3)
Jol AP +20 Jallt =24 2a, 2a, C,
As the condition to obtain non-trivial solutions C, to C,,
coshe, —cosa, sinhg, -—sing,
sinhg, sing,, coshe, -—cosgq, 0
A A -a, -a, | (B-6)
Jo AP 420 JoAt =21 2a, 2a,

one obtains frequency equation (37):

22% (cosh e, sina, —sinha, cosa, ) +2¢; (cosha, sina, +sinha, cosa, )

- — 37)
+4Aa, sinh e, sina, +J,A%a’ cosha, cosa, +J,A*a; =0

Finally, one obtains the eigenfunction from C, ~ C, relations, as:

W, (&)={4sina, cosha, — Acosq, sinha, +a, +a, cosa, cosha, +a, sing, sinha, cosha, &,

+{-Asing, cosha, + Acosa, sinha, +a, +a, cosa, cosha, —a, sing, sinha, jcosa, &

. . . . . (36)
+ {l cosa, cosha, — Asing, sinha, + A —q, cosa, sinh, —q, sina, cosha, | sinha, &,

+ {/1 cosa, cosha, + Asing, sinhe, + A+, cose, sinhe, + ¢, sine, cosha, } sine, ¢;

Appendix C Moment of inertia of liquid in a cylindrical tank J ;

We shall derive the moment of inertia of liquid in a cylindrical tank under the assumption that the liquid
free-surface does not vibrate, maintaining the meniscus shape with surface tension.
Assuming a pitching angle of @(z) and a liquid potential of ¢( 0, 0,1, z') in the form of Eq. (C-1), and
a velocity potential that satisfies Laplace equation (1)’ and the boundary conditions at the side wall and the
bottom of the tank, Eq. (C-2) and Eq. (C-3), is assumed to be in the form as Eq. (C-4).

0(r)= 0 cosQr

- : (C-1)
¢(,0,(/>,77,T) =-Q¢ (p,(o,n)stz—
a_ 2 b -
At the side wall: % =—6ncosp (C-2)
p=1
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a_ b b =y
M = epcosq) (C-3)
on

n=—e

At the bottom:

J,(&,p)sinh(&,n)
¢ (p.p.1) =40 cos 9 | —————0Opncosy (C-4)
-y (511 )Jl(gll.)cosh(gh.e)

Moment of inertia about an axis which passes through the center of gravity and is parallel to the liquid

surface is given by Komatsu (2015)as:

J, = ’;; ( J ch—dS (C-5)

In the non-dimensional form,

;1 1 (egY o 1 1 04 o
J‘“”(wrm TEt e

dr E

Substituting Eq. (C-1) into the above equation:

2 _
- 11 o¢p — 11 ¢-0¢ =
L] CZI/ = — = |_ ————Cag (:-5 ”
1 762 (6_] 7[(92J‘S¢ on ()
Here for convenience, we assume Eq. (C-4) is in the form of:

¢ (p.0.1)=-0xn+60 T1(p,0.17) (C-4y
and by substituting this equation into Eq. (C-5)”" and rearranging it as:
J,=J+J,+J;

L=l e erar

e BRI
:-_y{ 2—1;+>?—}dV

In the above, jl is subdivided into two cases depending on the contact angle g, <90° and 90° < g, , see

Fig. A2.
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J, =lfldpf”d¢fﬁ_m°(o) (p” cos’ p+7°) pdn

6, <90 . (7))
+— Jdpj of, : (0 cos” -+, (p))
J== ) dp[ " dp[" ™ (0% cos® g4 ) pn
90" <0, N (C-7(b))
+— fdpj of, : (7 cos® p+17,,° () P
where
— 13
" (p):2(1 sin 90)_ 1 1—(,0005(90)2 (C-8)

3cos’ 6 cos 6,
0 0

2(1—sin3 90) 1

1 2
70 () = = 1— 6,)" —n,(0)= {1—1/1— 6 } C-9
o (P) 3cos’ 6, cos 6, (peos6y,) =m(0) cos 6, (peosty) ()
2(1—sin3 90) 1 > \/l—(coseo)z —\/l—(pcosé’o)2
_ N _ _ (1) = C-10)
iz (P) 3cos’ 6,  cosb, 1=(poos6y) =m (1) cos 6, (
As the results, we obtain:
jf =J, +J,+J,
- 1 1 _ _ 2 _ .
J, =ZA1 +§{Al3 ~34% +3Ale2}+{770 (1)—770(0)}];{5,077012 (p)+p3}dp (90 <90 )
- 1 1 _ _ 2 _ .
J, ZZA +3{A23—3A22e +3A2e2}+{770(0)—770(1)}_[01{§p77022(p)+p3}dp (90 <6’0)
- 1
J, =8 ———tanh(¢g.e
)

op

+16ZZ

171 (eup) () sinb [, {hy ~2 +71,(p)} Jeosh [, {2+, (2)} ] 1+{a%(p)} dp

&, (8121 —~ 1)(512,( —~ l)J1 (&,)J, (&, )cosh(&,e)cosh(e,e)

; :_5_8.[01{]10_E+no(p)}zjl(8”p)COSh|:g”{h0_E+770 (P)}} o H{a%_(p)}zdp

7 (5121.—l)Jl(gli)cosh(gh.ho) op

Here, putting contact angle g =90° and e = h,/2, we obtain:
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- 1 hy’
J =—h +>
1 4 0 1
(C-12)
J, =16 tanh| &, Oj
=16
‘73:_ho
- 1 h
J +16 tanh 8.—0]—/’1
r- 4 Zé‘l,(&‘ _1) ( li 7 0
1y 1-2/&h h, (13
=—hy + - —8h Zﬁtanh( j
4707 12 e (& 1) 2
Here, we used the following relation, see Komatsu [27]:
Z;_l
s (e-1) 8 (C-14)

Expressing Eq. (C-13) in a dimensional form, we obtain the moment of inertia that is consistent with the

results of Bauer [28] and Komatsu [27]:

R K 1-2R/&h &.h
szmf[ 1} 8m RZ h[z‘—Rj (C-15)

: e
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|
(b) Cylindrical tank.

Fig. 1. Flexible spacecraft model with liquid tank; (a) Spacecraft with two appendages.;
(b) Cylindrical tank.
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(a) Rigid cylindrical tank. (b) Elastic beam No. 1.

Fig. 2. Force and moment diagram for rigid cylindrical tank and elastic beam 1.; (a) Rigid

cylindrical tank.; (b) Elastic beam No. 1.
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Fig. 4. Variations of vibration mode of elastic beams with inertia moment jt ,A1=10.; (a)
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