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Abstract 

     A climbing end image algorithm is proposed to locate transition state structures based on the nudged-elastic-band 

method. According to this algorithm, all intermediate structures, known as images in the nudged-elastic-band method, can 

climb the potential energy surface along the reaction path to the transition state. The number of images can be reduced because 

all images are located in the limited transition state region. This method was applied to the simplified Wittig reaction, and two 

transition state structures were successfully found with high reliability.  
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1. Introduction 

     Structural optimizations of transition states (TSs) are necessary to understand the detailed mechanisms of a wide range 

of chemical reactions. To obtain TS structures, the second derivative of the potential energy surface with respect to the nuclear 

coordinates, known as a Hessian, is usually useful if available for application to efficient optimization algorithms, such as 

Newton's method [1]. However, it is sometimes difficult to obtain analytical Hessians, and a considerable computational time 

is required to evaluate numerical or pseudo Hessians using methods such as the Broyden–Fletcher–Goldfarb–Shanno method 

[2]. In addition, although the free energy gradients [3–6] can be obtained using molecular dynamics simulations in a solvent, 

it is also difficult to obtain reliable free energy Hessians because of thermal fluctuations. Moreover, according to the 

conventional optimization algorithm, an initial structure close to the TS should be prepared, although no reaction information 

is available. To overcome this difficulty, alternative methods to address the TS structure have been proposed. The chain of 

state methods, such as the nudged elastic band (NEB) [7–9] and string [10,11], were proposed to be powerful approaches for 

optimizing the minimum energy path (MEP) on the energy surface using discretized intermediate structures (images) between 

the reactant and the product. According to these approaches, the number of images should be increased to improve the 

reliability, as the discretized structures represent the MEP. The improved method, adaptive NEB (ANEB), was proposed by 

Maragakis et al. [12] to reduce the number of images to obtain the TS. The ANEB method can reduce the number of images 

by cutting the reaction path and adding the new images by interpolation repeatedly to calculate only the limited region near 

the TS. It is possible to increase the density of images. However, the interpolated images are not guaranteed to be placed on 

the MEP unless the images are already dense near the TS, though it depends on the system. 

     In this paper, an efficient algorithm named “climbing end image (CEI)” is proposed to obtain the TS structures. Based 

on this algorithm, all images climb the potential energy surface along the MEP towards the TS structures between a given 

reactant and a product. The proposed algorithm can reduce the number of images without reducing the reliability of the 



optimized TS structures. We have already implemented this algorithm in the GAMESS program [13]. Detailed discussions 

are provided on the application of the CEI algorithm to address the TS structures in the simple Wittig reaction [14,15]. 

2. Computational Method 

2.1 CEI algorithm 

     Based on the NEB method, the reaction path can be represented by a chain of states, in which a given number of equally 

separated images are interpolated between the reactant and product structures. Although the simplest linear interpolation 

algorithm can be used to determine the structure of images, it sometimes causes collisions of atoms in some images. To avoid 

such difficulties, a combination of the image-dependent pair potential (IDPP) [16] and the NEB methods is adapted in this 

study to prepare the initial structures. The combined algorithm can reasonably determine the initial reaction pathway, 

reflecting suitable geometrical changes for the chemical reaction. 

     According to the NEB algorithm, the structure of the i-th (i = 1–N) image can be optimized to align the MEP using 

modified forces, 'iF , with respect to the perpendicular, i
⊥F , and the parallel components, / /

iF , of forces acting on the i-th 

image, iF . 
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where ˆ iτ  is a tangent vector conventionally approximated by the parallel direction of the displacement vector of atoms 

originating from the (i-1)-th to the (i+1)-th images, because the exact tangent vector cannot be obtained during optimization 

procedures [12,17]. In the conventional NEB method [9], ˆ iτ  is represented as 
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/ /
iF  is an artificial force used to maintain equally separations between neighboring images. 

When the distance (2-norm) between neighboring images is sufficiently short, ˆ iτ  is reliable, as shown in Scheme 1. 



This is because the derivative at a given coordinate x can be obtained by the simple central difference approximation as 
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where h is the small difference of the coordinate from x. This means that equally separations and short distances between 

images are very important to obtain the reliable tangent vector ˆ iτ . 

While terminal images of 1 and i N=  , denoted as “end images”, do not move toward lower energy in principle 

because the parallel component of forces is eliminated in Eq.(1), the end images tend to move toward lower energy on the 

potential surface in the actual calculation due to the unreliability of ˆ iτ . 

     If only TS structures are of interest, the distance between neighboring images can be reduced if the pathway is limited 

to the TS region. The modified forces in CEI incorporate the climbing image (CI) algorithm [18] and are defined as follows.  
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where imax is the image with the highest energy, 0
aved  is the averaged distance between neighboring images in the initial 

 

Scheme 1. High density of images at the TS region increases the 

reliability of the approximated tangent vector 𝜏𝑖 along the reaction path 

in CEI algorithm. Vectors 𝑡𝑖  and 𝜏𝑖  are the accurate tangent and 

approximate tanget vectors at the i-th image, respectively. 
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pathway and is a given value to maintain distances between images between 0 and 1. 

The tangent vector of the end image are defined as 
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     Because this algorithm uses the CI algorithm [18] at the imax-th image to climb the potential energy surface towards 

the TS and the end images also climb the potential surface, all images cluster around the TS along the MEP if is set to be 

small in Eq.(4). In the GAMESS program r , which is 0
aved , must be specified to optimize TSs. The constant value of 

0.05 was adapted for r  through the calculations in this study. 

2.2 Model system 

     The CEI algorithm was applied to the simple Wittig reaction, in which alkene is synthesized from ketone and 

phosphorous ylide, as shown in Fig. 1.  

  

The reactant and product complexes were fully optimized, and nine structures were interpolated using the IDPP algorithm to 

prepare the initial reaction path as the chain of states consisted of 11 images. Then, the reaction path was optimized to find 

TSs using the CI and CEI algorithms proposed in this study, and the characteristic features of the CEI algorithm was discussed. 

The energies and forces of all structures were calculated using B3LYP functionals including the Grimme’s empirical 

dispersion correction. The basis set used in this study was 6-311++G(d,p). All DFT calculations were performed using the 

 

Fig. 1. Wittig reaction. 



GAMESS program codes [13]. 

3. Results and Discussions 

     The optimized structures of the reactant (1st image) and the product complexes (11th image) are shown in Fig. 2. The 

initial reaction path was prepared by using the IDPP approach, based on which, structures are continuously displaced from 

the reactant to the product without conflicting atoms for all interpolated images, as shown in Fig. 3a. The corresponding 

energy profile was calculated as shown in Fig. 3b; this potential curve had the highest energy of ca. 240 kcal/mol at the 6th 

image, because the initial reaction pathway was generated by applying the linear interpolation algorithm between the reactant 

and the product. Then, all images in the initial pathway were optimized for 100 cycles by using the original NEB approach 

represented in Eq.1. The input file for this optimization by GAMESS is provided in the supplementary material. 

     During the optimization procedure, the energy at the 6th image decreased to be the intermediate structure IM (Fig. 3b). 

 

  

Fig. 3. Initial interpolated structures along the reaction pathway obtained by using IDPP approach. a) The 

structure of some images and b) the relative energy profile along the initial (solid line) and the optimized (100 

cycles) (broken line) reaction paths in kcal/mol. 
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Fig. 2. Optimized structures: a) reactant and b) product. Values are interatomic distances in Å. 

IM 
TS2 TS1 
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It should be noted that TS regions and intermediate structures can be predicted along the energy profile if they exist between 

both end images using the NEB method. In our calculation, two TSs were found at the 4th and 7th images, whose relative 

energies based on the reactant were +21.9 and -3.5 kcal/mol, respectively. Because these structures were optimized by using 

the quick-min algorithm [19,20], many optimization cycles were required to obtain the MEP. However, there is no doubt that 

the implementation of more efficient optimization techniques such as the global L-BFGS or the first inertial relaxation 

engine[21] can reduce the number of optimization cycles[20] to converge. 

     As IM was obtained (Fig. 3b), conventional CI and CEI calculations were performed to locate TSs, TS1 between the 

reactant and IM, and TS2 between IM and the product. For both TS optimizations, 11 images were interpolated to describe 

each reaction pathway individually. The calculated energy profiles after 100 optimization cycles are shown in Fig. 4. It is 

clear that all images successfully climbed the potential energy surface toward the TSs by using the CEI approach and not 

using the CI approach. Thus, the high density of images in the CEI approach should reproduce reliable tangent vectors along 

the reaction path as optimizations proceeds, by approximation as shown in Eqs. 2, 3, 5 and 6.  

     Then, the CEI calculations were continued by 1500 optimization cycles. Since these optimization cycles may require 

restarting jobs from previously obtained unconverged structures by the GAMESS program, the input file for restarting the 

       

Fig. 4. Optimized reaction pathway obtained by using the CI and CEI approaches. The red line with circle and 

the blue dotted line with cross symbols show the results of CI and CEI, respectively, after 100 optimization cycles 

using the quick-min optimization algorithm. The green lines show relative energies of images after 1150 and 1500 

cycles for TS1 and TS2, respectively by using the CEI approach. The relative energies for a) TS1 and b) TS2 

based on the reactant energy are shown. 

 

-5

0

5

10

15

20

-8 -6 -4 -2 0 2 4 6
reaction coordinate / u1/2.bohr

-25
-20
-15
-10
-5
0
5

10
15

-6 -4 -2 0 2 4
reaction coordinate / u1/2.bohr



optimization is also provided in the supplementary material. The convergence threshold used in this calculation was 0.1 

kcal/mol.Å, 10.0 kcal/mol.Å, 0.01 Å, and 0.1 Å for the root mean square (RMS) forces, maximum forces, RMS displacement, 

and maximum displacement of atoms, respectively. Although the thresholds were satisfied for TS1 after 1150 steps, RMS 

forces for TS2 did not satisfy the threshold even at 1500 steps. At these point, the images with the highest energy have 

maximum forces on atoms of 0.209 and 0.224 kcal/mol.Å for TS1 and TS2, respectively, which are equivalent with 0.00907 

and 0.00971 eV/ Å. The relative energies at both TSs decreased with an increasing number of optimization cycles; this is 

reasonable because the TS structures are saddle points between two stable structures, and the unconverged pathway should 

pass through higher energy regions. To determine the reliability of the obtained TS structures using the CEI algorithm, the TS 

structures were also evaluated by using analytical second derivative techniques as illustrated in Fig. 5. The relative energies 

at TS1 and TS2 were found to be 8.6 and 7.0 kcal/mol, respectively, based on the reactant using the second derivatives. These 

values were in good agreement with 8.8 and 7.0 kcal/mol, respectively, obtained by the CEI approach. The maximum 

difference in interatomic distances was 0.04 Å and less than 0.01 Å for TS1 and TS2, respectively. These results confirmed 

that the CEI approach should be useful for obtaining TS structures even though the reliable Hessians could not be evaluated 

 

Fig. 5. Optimized structures of TS1 and TS2 evaluated by using hessians and the CEI approaches. The values are 

interatomic distances given in Å. The relative energies based on the reactant, E, are also presented in kcal/mol. The 

results of using Hessians on (a) TS1 and (b) TS2 are compared with the results in paranthesis of using the CEI 

approach. The imaginary frequencies using Hessians of (a) and (b) are i329.7 cm-1 and i547.0 cm-1, respectively.  
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by such as the coupled cluster molecular orbital calculations and/or the free-energy-gradient molecular dynamics simulations 

[4–6,22]. 

     The calculated overall reaction pathway of the Wittig reaction is depicted in Fig. 6. The reactant composed of non-

stabilized ylide and acetone can produce the intermediate IM in vacuum via the energy barrier of 8.6 kcal/mol, and the reverse 

energy barrier is high to be 22.9 kcal/mol. The intermediate structure IM is known as the oxaphosphetane intermediate, which 

is stable with an activation barrier of 21.3 kcal/mol to generate the product by releasing the phosphine oxide. Because the 

energy barrier of the reverse reaction from the product to IM is very high (42.0 kcal/mol), it is difficult to occur reversible 

reaction for this system. 

The convergence profile of the maximum root mean square (MRMS) forces in all images using the CEI approach are 

shown in Fig. 7. For the TS1 optimization, the MRMS forces gradually decreased to converge. In contrast, the MRMS forces 

 

Fig. 6. Overall reaction pathway of the Wittig reaction considered in this study. The structures and energies in 

this figure were fully optimized by B3LYP/6-311++G(d,p) with dispersion correction. The interatomic distances 

and relative energies are expressed in Å and kcal/mol, respectively. 
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decreased to 0.446 kcal/mol.Å at 450 optimization cycles for the TS2 optimization; it increased over 1000 cycles owing to 

the existence of the flat potential region between IM and the product. In TS2 at 450 cycles, the rotational angle of one of the 

methyl groups differed from that shown in Fig. 5(b) by 53.7 degree. In contrast, the interatomic distances were close to those 

depicted in Fig. 5(b). This implies that the low MRMS force at 450 cycles for TS2 optimization originated from the flat 

potential region because of the methyl group rotation. The parallel and perpendicular components of the maximum force on 

atoms at the image with the highest energy were also depicted in the supplementary Figure S1. The parallel component along 

the elastic band are not dominant and the perpendicular components are dominant during the optimization as seen in Figure 

S1. 

The CEI approach successfully obtained the TS structures using only the gradients of the energy surface without 

evaluating Hessians. Because all images could climb toward the TS structures by specifying small value of  in Eq.4, only a 

few images were sufficient to obtain the TS structure, thereby saving computational resources.  

 

Fig. 7. Convergence of forces during the optimization process. MRMS forces in all images are indicated. Red solid 

line represents the result of images for optimizing TS1. Blue broken line shows the results of optimizing TS2 by 

1500 cycles. 

0

2

4

6

8

10

0 200 400 600 800 1000 1200 1400

Cycles



4. Conclusion 

     The CEI algorithm based on the NEB approach was proposed to obtain TS structures. This approach was implemented 

in the GAMESS program. According to this algorithm, the end images, which are terminal structures in the chain of states 

representing the reaction pathway, were optimized to climb to the TS along the reaction path using the inverse parallel 

component of forces acting on atoms. In addition, the distance between adjacent images can be shorten by applying a small 

values of  in Eq.4. The algorithm was applied to the simplified Wittig reaction to analyze the behavior during the optimization 

procedure. As the number of optimization cycles increased, all the structures of the images could successfully approach the 

TS region, and the density of images in the TS region gradually increased. This also results that the tangent vector of the 

reaction pathway increases the reliability because the tangent vector is approximated by the direction connecting adjacent 

discretized images. 

Because only the gradients of the potential surface are required, the CEI algorithm should be useful for obtaining TS 

structures even though the reliable Hessians could not be evaluated by employing such as the coupled cluster method and/or 

the free-energy-gradient molecular dynamics simulations under thermal equilibrium conditions. Although many optimization 

cycles are currently required to obtain the TS structures by the quick-min algorithm, more efficient optimization techniques 

suitable for NEB approaches can reduce the optimization cycles. 
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