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Mathematical analysis of a freely falling slinky

By Tetsuya KAZUMI and Shinsuke NISHIKAWA

Abstract. If you release a slinky hung in midair from its initial stationary position, you

can observe something interesting: the bottom of the slinky is at rest in midair for a while.

Among physicists, this phenomenon is well known and has been discussed from the physical

point of view. In this paper we deal with the problem of a freely falling slinky from the purely

mathematical point of view. Through the rigorous mathematical process we obtained an explicit

formula which describes the motion of the freely falling slinky and it turns out that this is a

solution to an inhomogeneous wave equation. Our work gives the mathematical justification of

the results obtained by physicists.
1 Introduction

A slinky is a loosely coiled spring-like toy
which was invented by Richard T. James in
1943 and put on the market in the United
State in 1945. Betty James, the inventor’s
wife, name the toy ”slinky” because its move-
ment is quite smooth and elegant ([8]). The
way children play with a slinky is, for exam-
ple, as follows: put the slinky at the head
of the stairs and let go of it, and it will go
down the stairs step by step autonomously
in a humorous way. They have fun watching

Figure 1: A rainbow-colored plastic slinky.

its behavior. Apart from children’s play the slinky is used in scientific experiments in
school to observe wave phenomena such as longitudinal waves or transverse waves.

Another amazing phenomenon about the slinky is the following: suspend the
slinky in the air with its either end held by hand until it is stabilized and drop it.

Surprisingly, its bottom stays at rest for a while as you see in Figure 2. According
to physicists the reason why this counterintuitive phenomenon happens is explained

as follows: the information that the topmost end of the slinky is released travels
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through it in a finite speed and it takes some time until this information arrives at
its bottommost end, so the bottom levitates in the air. In physicists’ circles this
interesting phenomenon is well known and has been discussed in a lot of papers
([1], 2], [3], [4], [5], [6] ). In particular, [3] compares two real slinkies with different
parameters, namely metallic and plastic ones, and discusses the fitness to the data
of the model. Work on this matter done by mathematicians is, however, quite few.
In fact, as far as we know only [7] is an available article. Physicists’ arguments are
based on physical principles and full of technical terms. So it is hard for untrained
mathematicians to follow their discussions. The aim of this paper is to understand
the behavior of a freely falling slinky by analyzing a simplified model in a mathe-
matically rigorous way. Although most of the results obtained in this paper may
not be new to physicists, mathematical analysis of the phenomenon is fertile and
interesting in its own right.

2]

(a) initial state (b) middle state (c) final state

Figure 2: A slinky in free fall.

Let A and B be the end points of the slinky. Let P(£) be the point whose distance
from A is & when the slinky is not stretched nor compressed. Suspend the slinky
with A fixed as the upper end in the gravitational field with constant acceleration
g due to gravity. Wait until the slinky is in equilibrium and let go of it at time
t = 0. We take a vertical x-axis whose positive direction is downward. Moreover we
assume that A is located at origin O at t = 0. Let L, K and M be the equilibrium
length, spring constant and mass of the slinky respectively. A real slinky is a three-
dimensional helix consisting of several turns with a certain diameter. Moreover it
cannot be compressed further when a turn of the slinky is in contact with another.
The motion of the slinky is fully analyzed by the study of its vertical displacement
and its horizontal rotation. But in order to simplify the situation, we ignore the
horizontal motion and we assume that the slinky is a simple one-dimensional elastic
spring, for which Hooke’s law is in force beyond its elastic limits in infinitesimal



parts Let u(&,t) be the vertical position of P(§) at time . What we want to know
is the behavior of u(&,t). To this end we need to derive the equation of motion for
u(&,t). In deriving such an equation we discretize the slinky, because we want to
make this paper accessible to anyone unfamiliar with continuum dynamics. Another
reason is that we want to know what happens at an infinitesimal level.

The organization of the present paper is as follows: in Section 2 we set up a
discrete oscillating system and derive a system of linear differential equations with
constant coefficients which governs the dynamics of the system. It turns out that the
coefficient matrix is a real symmetric. Moreover its eigenvalues and corresponding
eigenvectors are concretely calculated in Proposition 3.1. In Section 3 thanks to
this result we obtain the explicit formula of the solutions z;(¢) in Theorem 3.4. In
Section 4 by expanding the formula in Maclaurin series we analyze the infinitesimal
behavior of x;(¢) near ¢ = 0. The result is stated in Theorem 4.3. In Section 5 by
passing to the limit we obtain u(&,t). In Theorem 5.3, u(&, t) is expressed as z(&, 7)

-
in terms of dimensionless variables \ = T and 7 = T Finally in Section 6 we

study the behavior of u(&,t). Furthermore, in Theorem 6.1 we present the partial
differential equation u(&,t) satisfies.

2 Setting of the discrete model

As explained in the introduction, we regard a slinky as

a one-dimensional elastic spring and study its behavior P

in a free fall state by using its discrete model. As a dis-

crete model we consider an oscillating system of n + 1 ;- —

weights connected with n springs. We assume that every

weight has mass m,, and every spring is massless and has 2

equilibrium length Iy and spring constant ks. First the o

topmost weight is held by an observer at origin O and the %
5 T ®

other weights are hung beneath it and held stationary (see

Figure 3). Then he drops the weight at time ¢ = 0 and
weights start to fall freely. For i = 0,1,...,n, let x;(¢) Figure 3: The initial state in
be the position of the i-th weight counted from the top  the case of n=4.

at time t. Note that x¢(0) = 0 by assumption. For notational simplicity z;(¢) will
be sometimes denoted by x;. In order to make sure that this model is reasonable
enough, we carried out a preliminary experiment. Figure 4 shows some pictures

taken in the experiment. According to these, it seems that freely falling weights



behave like a freely falling slinky.

(a) initial state (b) middle state (c) final state

Figure 4: 7 weights connected with 6 springs in free fall.

We derive differential equations which describe the motion of the discrete oscil-
lating system in free fall by applying Newton’s second law to each weight. To this
end let us consider what forces act on it. In the course of free fall the gravitational
force my,g acts on each weight. The way the tension force of spring acts depends on
where the weight is located. On the topmost weight labeled ¢ = 0 the lower spring
exerts a tension kg(z1 — xg — ls), so we have
dQIO

dt?
On the weight labeled i (1 <4 < n — 1) the upper and lower springs exert tensions
—ky(z; — i1 — ls) and ks(z;1 — x; — l5) respectively, so we have
d*x;
mwﬁ = kﬁs(l'H_l — 21'1’ + xi_1> + myg.
On the bottommost weight labeled i = n the upper spring exerts a tension —kg(x,, —
Tp—1 — ls), so we have

My = ky(x1 — 29 — ls) + Myg.

d’x,,
dt?
These results lead to the conclusion that variables z; satisfy the following system

of linear differential equations
(

My = ky(ls — xp + Tp_1) + Myg.

d*z
dt20 =a(r -2~ ) +g,
dzxi ]
< a2 a(Tiy1 —2ri+wio) g (1<i<n-—1), (2.1)
d’x,
= =ally =z, +1,1) +yg
| dt




k
where o = —~. To solve (2.1) uniquely, we must set up appropriate initial condi-
My

x‘,
tions. Considering all weights stay at rest at time ¢ = 0, it is clear dtl(()) =0 for
i=0,1,...,n.

Next we find z;(0). At time ¢t = 0 the topmost weight is in equilibrium because
it is supported with an external force exerted by the observer. On the other hand,
the other weights are in equilibrium by the gravitational forces and tension forces

2

d-x;
of springs. Hence at t = 0 we can put F; = 01n (2.1) except i = 0, so we have
the following system of linear equations

i (0) — 22:(0) + 2,,(0) = =L 1 <i<n—1), (2.22)
a
s — 20(0) + 201 (0) = — 2. (2.2b)
a
Summing (2.2a) over i = 1,2,...,n — 1 and (2.2b), we get z1(0) = | + ﬁg
a
because we assume xy(0) = 0. Summing (2.2a) over ¢ = 1,2,...,7 — 1, we have
9

2j(0) — 2j-1(0) = 21(0) — (j — 1)5

for j = 1,2,...,n. Now it is easy to get z;(0) = ils + Qiz(Qn — 1+ 1) for
«
1=0,1,2,...,n.
To summarize, the initial conditions are

dz;

(0 =0

dt . (2.3)
' I

z;(0) ils + 2@1( n—i+1)

fore=0,1,...,n.

Remark 2.1 In order to make our discrete model simple and easy to analyze, we
assumed the following ideal situation. Adjacent weights interact each other via the
tension force of the massless spring between them and it obeys Hooke’s law perfectly
beyond the equilibrium length, e.g., the tension kg(x;+1 — x; — ls) exerted by the
lower spring on the i-th weight is still in force even if x; 1 — x; — ls < 0. Moreover,
the weights are transparent, i.e., during free fall they pass through without colliding
each other.

ot



3 Explicit formula of the solutions

We rewrite the system of linear differential equations (2.1) in a vector form. To this
end we define (n + 1)-dimensional vectors @, a,b and a square matix A of order
n+1 by

X 1 —1
1 1 0
xr = , a= , b=
Tp—1
T 1
and
-1 1 0 00 0)
1 -2 1 0 0
1 =2 0 0 0
A= : :
0 0 0 -2 1
0 0 0 1 -2 1
\0 0 0 0 1 —1)
Then (2.1) can be expressed as
2
C;T;U = aAx + aldb + ga. (3.1)

Clearly the square matrix A is a real symmetric matrix, so by the general theory
of Linear algebra A has n + 1 real eigenvalues counted with multiplicity and can be
diagonalized by an ortogonal matrix. Moreover we have explicite eigenvalues and
eigenvectors of A.

Proposition 3.1 It holds that

(1) A has n + 1 distinct nonpositive eigenvalues —u% > —pd > > —,ufl where
o
T n+1

;= 2sin=L, 0, i (0<j<n).

2

2) The i-th component p;; of the normalized eigenvector p; for the eigenvalue —pu?
j &) j &) F;
is given by




Proof Let y ="(yo,y1,--.,yn) # 0 be an eigenvector of A and X its correspond-
ing eigenvalue. Then the eigenequation (A — AE)y = 0 holds . For notational
convenience put —2v = —2 — . Since

1-2 1 0 -~ 0 0 0\ [ w \
1 -2 1 -~ 0 0 0 n
1 —=2v -~ 0 0 0 Yo
(A= AE)y = P : : : :
0 0 0 —2v 1 Yn—2
0 0 o --- 1 —2v 1 Yn—1
\ 0 0 0 - 0 1 1-2)\y,
it holds that
(1 —2v)yo +yn =0,
Yo — 2V + Y2 =0,
{ : (3.3)

Yn—2 — 2Vyn—1 +y, = 07
| Yn1 +(1—-2v)y, =0.

We define auxiliary variables y_1 and y,+1 by y—1 = yo and y,,+1 = y,,. Then the
variables y;, —1 < i < n + 1 satisfy the following linear recurrence relation with
constant coefficients

Yi — 20Yi1 + Yo =0 (-1 <i<n-—1). (3.4)
We solve (3.4) under the boundary conditions
Y-1 = Yo, (3.5)
Yn+1 = Yn- (3.6)
The characteristic polynomial of (3.4) is p?> — 2vp + 1 and its roots are p = v &

ViZ—1. Put
pr=v+\Vi?—1,

pp=v—\v:—1

Note that p; + po = 2v and p1py = 1.
Case 1: 12 #1.



In this case, p1 # po. Then the solution of (3.4) can be expressed as
yi = Pipi+ Bapy (-1 <i<n+1) (3.7)
with unknown constants 8 and B,. By (3.5) we have Bip; ! + Bopy ' = b1 + fo.
Since p;! — 1 # 0 and py = p; ',
1— p_l 1 —p1
pr= = 2 P = = B2 = p15s. (3.8)
pr —1 pr—1
By (3.6) it holds that B1p ™! + Baph™ = Bip} + Bopy which implies
Bipi(pr — 1) = Bapy(—p2 + 1).

Using (3.8) and py = py ' we have Bopi ™ (p1—1) = Bopy ™ (=14 p1). Since By # 0
and p; # 1 we get

P — . (3.9)

If |v| > 1, then p; is real and |p;| # 1, which contradicts (3.9). Therefore |v| < 1.
Put v = cosf (0 < 0 < 7) and € = eV~ 1. Then

p1=v+ V- = cosf++v/—1sing =eV ¥ =

By (3.9) we have 2" = V=100 — 1 Hence 6 must be one of n values

6, = n——l—lj (j=1,2,---n). Denote v and A for § = 6; by v; and \; respectively.
Then

Aj=—2(1—-vj)=—-2(1—cosb;) = —,u?
0,
where p1; = 2sin EJ By (3.7) and (3.8) we have

Yi = Bipy + Paph = Pace’ + Poe™' = Po(€T + 7).
Set By = %e%, then
g

| . . 0;
vi = §<€z+% +e772) = yRe(€2) = ycos (20 + S

We find v > 0 satisfying ||y|| = 1.

n

- N 1 |
lyl]> = 722(3082 (20 + 1)5] = 7225( 1+ cos (20 +1)6;)
i=0 i=0

n+l 1w ,
:’YQ( 2 +§;COS(21+1)0‘7).




By (1) in Lemma 3.5 at the end of this section, we have

a 1sin 2 1)6;
Zcos(Qz'—I—l)Qj:ém:O,

: 2sin 0,
=0

+1 2 : :
so ||ly||* = o > 72, Thus v = ”n—Jrl' Let p; be the normalized eigenvector for

Aj. Then the i-th commponent p;; of p; is given by

Pij =\ g o8 (20 + 1)§J
Case2: v =1.

In this case, (3.3) can be easily solved and we obtain yy = y1 = yo = - -+ = Y.
Therefore the eigenvalue Ay and the corresponding normalized eigenvector py are
clealy

1
1 1

Ao =0, =
RV =
1

Case 3: v =—1.

In this case, the solution of (3.4) is expressed as y; = (8]+85i)(—1)" with unknown
constants §] and (5. The solution satisfying the boundary conditions (3.5) and (3.6)
must satisfy 8] = 85 = 0, thereby y; = 0 which contradicts y # 0.

This completes the proof of the theorem. |
Let P = (pop1 - -+ Pp). Then P is an orthogonal matrix and P~ =P, so we
have
—uz 0 0 0
0 —u - 0 0
P'AP = P :
0 0 - —ppy O
0 0o ... 0 — /"l”?l

Multiplying the both sides of (3.1) by P~! from left, we have

dQPfl
T"” — a(P'AP)P 'z + ol,P'b + gP'a. (3.10)



For simplicity, put

z=Plx, (3.11)
c=al,P'b+gP a, (3.12)
B=P AP,
Then (3.10) is turned into
P2
Tz =aBz+c.

Considering each commponent of the above equatin, we get a single second order

linear differential equation with constant coefficients
d*z; 2
Tp Az G (3.13)
for 7 =0,1,...,n
Case 1: 5 #0.
Since p; # 0, (3.13) can be rewritten as

j—;(zj@)—;—;g) - a0~ )

Therefore we have

z(t) — = A; cos Vap;t + Bjsinau,t
oz,uj
. o .- de .-
with unknown constans A; and B;. By the initial condition E(O) =0, it is
immediate that B; = 0. Hence we have
A, t+ —. 3.14
(1) = Ayt + 2 3.14)
By putting ¢ = 0 we get A; = 2;(0) — c_]2
o

Case2: 7 =0.
2,

d2

with unknown constants C and Cs. p
By (3.11) and the initial condition Ew(()) = 0, we have C; = 0. Since 2((0) = Cy,

we obtain

1
Since g = 0, (3.13) is simply —- = ¢y, which implies z((t) = écot2 + Cit+ Oy

2olt) = %coﬂ L 2(0). (3.15)

With these calculations done, we come to the conclusion that we need to calculate
c¢j and z;(0) for j =0,1,...,n in order to solve (3.13).

10



Lemma 3.2 For 5 =0,1,...,n, we have

gvn+1 j=0,
Cj = 2 . 6. 3.16
’ alg n+1((_1)j_1)0085] (1<j<n). (3.16)
Proof By (3.12) and P~ =P =(pyp; - -+ p,), we have

¢; = aly(p;, b) + g(pj, a) (3.17)

where (-, -) is the standard inner product in R?. The first inner product is calculated
as follows :

(Pj> b) = pOj(—l) + Pnj = Pnj — Doj- (3.18)
For 7 =0
1 1
7b = - =0
Pb) = s~ e
For1<j3<n

2 (s O; _ .Y
(pj,b) = n+1(005(2n+1)2 (3052>

2 ‘ 0,
= —1) — 1) cos =2 .
pr T Deos

. 0.
because (2n + 1)5 =7Tj— Ej Therefore

0 (J=0),
p;,b) = 2 , 0. 3.19
(#;,0) n—l—l((_l)]_l)COSE] (1<j<n). (319
Since @ = vn + 1 py, the second inner product is calculated as follows:
. Vil (j=0),
La)=vn+ 1(p;, = 3.20
(pj,a) (pj, Po) {O (1<j<n). ( )
By (3.17), (3.19) and (3.20) , we have
NS (G=0),
Cj = 2 0;
—1) —1)cos+ (1<5<
adg n—l—l(( ) )(3052 (1<j<n)
This completes the proof of the lemma. [ |

The next lemma gives an explicit formula for z;(0).

11



Lemma 3.3 For j =1,2,...,n, z;(0) is given by

50 =\ = (-1 (-0 = L+ 1)

Proof By (3.11) we have z;(0) = (p;, (0)), which is calculated as follows:

cos (20 +1)= (2l—i—2g (2n—|—1—i))

O>:Zpij z;(0 Z
i=0
Zz cos Z’H—l 0 )

2 g ;
((l 50 ~—(2n+1)) Eozcos 2z+1
(3.21)

0.
Here we use (2) and (3) in Lemma 3.5 with § = =2, Observing 2(n + 1)f = 7j, we

0;

have
0; .\ COS+
Z'Lcos (20 +1)5 = (=1+(=1))) - (3.22)
4sin27J
and
95
’ iy 222 (3.23)

NI

(1+(2n+1)(-1)) P

- 0
Z i% cos (2i + I)EJ =
i=0

By (3.21), (3.22) and (3.23) we finally get
9’
Cos =

2 {(l+ g<2n+1))( L+ (=LY 4sin? %

(0) =
A0 =\ 2
g cose—
— 2 (1+©2n+1)(—1) 2
2a( ( )< ))481112§}
2 cos =
- (L1 (1) = L +1) ) —F,
n+1 « 4sin25]

which proves the lemma.
Now we are in a position to solve the equations (3.1)

12



Theorem 3.4 The solutions of (3.1) satisfying the initial condition (2.3) are given

by

zi(t) = ilg + — (2n—|—1—2)—|—1gt2+£icos(2i+1)9 (1—008\/_,u )
20 2 20 = 2 i 2 ’

fore=0,1,---,n

Proof By using Lemmas 3.2 and 3.3 we can calculate A; (1 < j < n) as follows:

.
A = 2.(0) = —L
j = %(0) oz,u?
0.
2 g COS 4 2 oS +
- (1 + —1]——n+1) 2 L((—1) — 2
”+1( ( =1 a< ) 4511123] n+1 (< ) )4SiI12%
0;
cos <
- Lo+ ) —2-. (3.24)
o 4sin®
By (3.11), we have x(t) = Pz(t). Hence
zi(t) = pio 20(t) + sz‘j zj(t)
j=1
_ ! (10025? + ZQ(O)) + zn:p : (A - cos vyt + C—])
Vn+1\2 o AN ’ O‘MZ
1 ‘ Cj
= 0 Z(A —J) £ i t—1
Vop ”Zpﬂ I wd) T +ij (cos Vaujt —1)

1
z;(0) + 29152 + pr (cosVapt —1).
7=1
By (2.3) and (3.24) we obtain

1
xi(t) = zl+ 2n+1—z)+2gt2

9.
cos
E cos 2z+1 g 2(n+1)—3 )(cos\/_,ujt—l)
4 sin

1
= 1l —i——z(2n+1—z)+ gt2

2c¢ 2
J — 0, cos
+%ZCOS(22+1)2 2 (1—008\/_,uj ).

Jj=1 2

13



This completes the proof of the theorem. |

We close this section by collecting some formulas needed in this section. The
proof of the next lemma is easily given by induction on 7, so we omit it.

Lemma 3.5 Forn =0,1,2, ..., we have the following formulas

“ sin2(n + 1)6
(].) Z COS (2’1/ + 1)9 W

1=0

n

(2) Z icos(2i+1)0 =

1=0

m(—cos@ + cosfcos2(n +1)0
sin

+(2n + 1)sinsin2(n + 1)0 )

(3) i%cos (2i +1)0 =
i=0

m( (2n(n+1)sin®6 — cos*@ ) sin2(n + 1)6

+sinfcosf(1+ (2n + 1) cos2(n +1)6) )

4 Infinitesimal behavior of the solutions near ¢t =0

We investigate the infinitesimal behavior of x;(t) near t = 0 by expanding x;(¢) in
the Maclaurin series.
By Theorem 3.4 we have

n

cos > it )2
xi(t):Ii(o)+19t2+%2008(2i+1)9—j—2_(1—Z(—l)k(\/_’ujt) )

2 — 2 sin? % k:O (2k)!
1 § — ak
= 2;(0) + =gt® + = J L B 4.1
56()+2g +2a2( ) ot (4.1)

=~
Il

1

where

0; (3082
Zos 22+1 20 ,uJJ.
=1 sin” <

The following elementary lemma plays an important role to calculate D; .

Lemma 4.1 Let z € C, |z] = 1, then it holds that

Re( ! ):1. (4.2)

1—2z 2

14



Proof Since
11—z 1-z 11—z
l—2z 1—2—-24+22 2-2z+%) 2—2Re(2)’

we have

1—2z 2—2Re(z) 2-2Re(z) 2

Re( 1 ) _ 1-Re(z) 1—Re(z) 1
(

Lemma 4.2 The explicit value of D; . is give by the followings

(1) Fori=0and k =1, we have

D071 = 2n.

(2) Fori=1,2,---,n, we have

0.
Proof Since p; = 2sin 5‘7, we have

D = 2% ; cos(2i + 1)5 cos 5? ain2(k—1) Ej

1
Define € by € = er 2041 Note that €21 = —1. By using cos = §<e\/f19 +

eV=10Y and sin § = (eV=10 — e=V=1) we can rewrite D,y as

1
24/ —1
)55

= (—1)k1 Z<€j(2i+2) My 2y ) (i 2k
j—l

— (1) 12 Z el el — ¢ )201), (4.3)

j=1 l=i+(i+1)

Dy = 4* Zn:(

J=1

Casel: k=1.

15



In this case, we have
D,y = Z(EQZ‘]’ 4R g 02) | 242 ) 2 93 Re( ¢ 4 24
J=1 Jj=1
=2) Re(e 4 &H) —4, (4.4)
=0

If < # 0, then
_ 62i(n+1) 1 — 62(i+1)(n+1)

—— A ) 4
1 — 2 1 — 2i+2

_ 2Re( L- (1) 1 (_1>¢+1) .y

1 — 2 1 — ¢2i+2

1
Dl‘71 =2 Re(

By Lemma 4.1, we have
Dip=1—(=1)+1—(=1)"-4=-2 (4.5)
Ifi=0

Doi=2) Re(l+67)—4
7=0

2
:2(n+1)+2Re<1

— €

;) —4=2n+1)+2-4=2n

Case2:2< k<.
Clearly (¢ — €7 )2F=1) =0 for j = 0 and by the binomial theorem, we have

(k—1)
(& —e )P = Z 21y O (€0) (=721
r=0

(k1)
_ Z Q(kil)cr<_1)7‘623(7‘—k+1)’
r=0

where o(;,_1)C) is the binomial coefficient. Therefore, using the fact that Dy is real,
we have

2(k-1) 0
Dip= (="' > 3 auCi(—1) Re ) ¥t (4.6)
I=i (1) =0 =0

Set m = I +r —k+ 1. Note that if 0 < |m| < 2(n + 1), then we have
e2m — e\/jln%lﬁ # 1

16



Since 0 <r <2(k—1),l—k+1<m<I1+k—1. From this it is easy to see
i—k+1<|m|<i+k (4.7)

for | = +i,+£(i +1). Using k < i, we have 1 < |m| < 2i < 2n, which implies
€2™ £ 1. Hence by Lemma 4.1

n A 1 — e2U+r=k+1)(n+1) 1 — (_1>(l+r—k’+1)
2j(l+r—k+1) _ _
Re Z e = Re 1 — 2(+r=k+1) Re 1 — e2(l+r—k+1)
=0
1
— (1 —=(—1 (I+r—k+1) ) 48
(1= () (49

Plugging this into (4.6), we obtain

T
El

|
T
—
S——
-
L
DN | —

1 ; i,
S Y (X wen Gy (Y )
I==i,£(i+1) =0 r=0

1

Y = I—ko2(k—1)

=) X (R
l==i,4(i+1)

=22 3"~ =0
I==i,4(i+1)

Case 3: k=1+1.
Remark that (4.6) is valid for k =4 + 1. Set

n

24
]i7l _ Z QiCr(_ly Re Z €2j(l+r—i)7
r=0

Jj=0

then we have D, ;1 = (—1)’ Z I;;. The inequality (4.7) holds as well for
I=+i+(i+1)
k=1+1,soit holdsthat 0 <m < 21+1 < 2n+1. It is easily verified that m = 0

17



if and only if { = i,7 =0 or [ = —i,r = 2(k — 1). Hence it follows from (4.8) that

Re Z €2j(l+r—i)
=0

( . . .
n+1 l=i,r=0o0rl=—1,1r=2,
1
:<§(1—(—1)7‘) l=i,0<r<2orl=—i0<r<2i,
1
2(1+( 1)") l==%(i+1),0 <r <2
\

By means of this, we can calculate I;; for I = %i, £(i+ 1) as follows. First, since

Li=n+1+= ZQZ ) (1—(=1)")

and

Iz i=n+1+= ZQZ 1—(-1)T)’
we have
1 T 71—
Ii,i:]i,i:n‘f‘l—f—é;gicr((—l) —1)=n+1-2"
Next we have
]zz+1—]z—z 1= = ZQZ +1) :22i_1.

Therefore we obtain

Dm'+1 = (—1)1(1271 + 12‘7,1‘ + Ii,z'+1 + Ii,fifl) = (—1)12(71 + 1)

This concludes of the proof of the lemma. [
Theorem 4.3 For i =0,1,...,n, z;(t) has the following Maclaurin series expan-
SIO1.
2i(t) = 24(0) + ————ga’ ) 4. ..
(0 =00+ Gy
Proof Recall (4.1):
z;(t) = z:(0) + th +o- Z ’”1 o! DZ,,C 2",
X

18



For 1 <i <mn, (2) in Lemma 4.2 yields

N 1 2_1 2 9 yit2 o't i 2(i+1)
zi(t) = x;(0) + -gt gt + —(-1) (—=1)"2(n+1)t

2 2 20 (2i +2)!
i Z k+1 a* t2k
k=142
= 2;(0 —i—,—a"t(””—i—---. 49
O Gy (49)

For i =0, (1) in Lemma 4.2 yields

|
—~ (2k)!
n+1
which coincides with (4.9) when i = 0. [

Theorem 3.4 indicates that the greater the
number 7 is, the closer contact to x;(0) x;(¢) has
near t = 0. This is confirmed in Figure 5 in the
case of n = 5. The trajectories were calculated
based on the formulas given in Theorem 3.4. So
we can think of this as a mathematical explana-
tion of the phenomenon shown in Figure 4.

Remark 4.4 Vanderbei in [7] showed that the
Maclaurin series of x;(t) starts from the term of

200000290009

order at least 2(7 + 1) without relying on the di-
agonalization of A as we did. Instead, he used a

Figure 5: A computer-generated pic-
ture of 6 weights connected with 5
springs in free fall.

quite slick method.

5 Passing to the limit

In this section, first we establish a correspondence between the parameters and
variable of the slinky and the ones of its discrete model. Then by letting n — oo
in z;(t), we obtain u(&,t) which describes the motion of freely falling slinky. We
need to express parameters my, ls, ks by M, L, K and n. Considering the setting

19



M

L
in Section 2, it is natural to set my, = Iy = — and k; = nK. Hence we have

n+1 n
ks K nn+1)
= = l)— =—+— 5.1
i T (5.1
where T' = Ve is a parameter with dimension of time.

Next we consider the correspondence between ¢ and £. Recall that ¢ is the variable
which indicates the position of a weight and takes values in the integers 0 < i < n.
On the other hand ¢ is the variable which indicates the position of a point of the
slinky and takes values in the real numbers 0 < ¢ < L. So it is natural to set

1= [n%} It is convenient to use a dimensionless variable A defined by A = %
instead of £&. Then we have the relation ¢ = [nA].
Lemma 5.1 It holds that
: o9 ) [
nlgrolo(zls+ 2@1(2n+1 z)) =LA+ 29T (2 =M)A.

Proof Since

ilg =1L - M — LA,

n

g . 1 5 nA 2n+1—[nN  gT?

—i(2 1—1)==gT*- . — 2=\

2Bt l=i)=g9T"- = n+tl ;2=
as n — 00, the statement is proved. [

1
Let po(x) = (x — 1)? — 3 We extend o) restricted on [0,2) to a periodic

function @,(x) defined on R, namely, Py(x) = wg(ac —2 [%] ) Since Py(z) is a

continuous piecewise smooth periodic function with period 2, Fourier analysis tells
us that we have the following Fourier series

.¢]

1 ) w2
Z 7 cosTjxr = Z(pQ(l’) (5.2)
j=1

for z € R.

Proposition 5.2 It holds that
0.

g <& 9‘0053‘7
lim — 2+ 1) 1 — il
Tim QQ;COS< i+ )2 sin2%< cos v/ a;t )
1 _ 1_ t 1_ t
377N —m(Ar5) -5(A - 7)) (53)
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Proof Set
i 0. 1 — cos +
bn; = Lj<pcos(2i + 1) cos = - Ccos \/EM]
2 2 v sin? 7]

where 1<, is the indicator of the condition j < n taking 1 if the condition is batisﬁcd

and 0 otherwise. Then the left-hand side of (5.3) can be expressed as lim = Z b j.

n%oo
Since , ( :
. T 0 nin +
L= [n)\], 0; = n——kl]’ Hy = 281113‘7 and o = e

it is easy to see

0.
2i+1)Z = Amj, Vap, - T
as n — oo. Hence we have

. AT? 9
nh—g}obnf COS AT - 7r2_]2(1 — cos?t>

Next we show that we can choose a constant C; such that |b, ;| < C; for all j > 1

and Z C; < 0o. Clearly we have

j=1
— cosy/ap;t 2
o < LR 2
asin” 5 asin” 3
2 sinf 0,
Here we use the mequahty - < —5 < <1 for0<0< 5 Since 0 < 5 < 5 for

1 <7 < n, we can apply thls inequality to the estimate above, so that

or? 2 1 1212
LA )TQ'-—QS-—Q-
ab; n 7 7

20
Since by, ; = 0 for j > n, (5.4) holds trivially. Set C; = —-. Then Cj satisfies the
, IT

desired properties. Therefore by the dominated convergence theorem we have

e ng2 = 1 | t
lim = —5 COSTA] (1 — cos7rj—)
n—o00 2 =t - 1] T
29T% o~ 1 1 ot
= (,—2 COSTAJ — —5 COSTAJ coswg—).
TN J T

21



Note that we can rewrite

1 \i 1 1( ()\+t)'+ ()\ t))
— COS T COSTT)— = COS T — COS T —_ = .
;2 SR = 5 T )’ )/

By means of (5.2) we finally obtain

This completes the proof of the theorem.

Here we introduce another dimensionless variable 7 defined by 7 = —. From

Theorem 3.4, Lemma 5.1 and Proposition 5.2 it follows that x;(77) with i = [nA]
converges asn — oo for 0 < A< 1land 7 > 0.

Theorem 5.3 x(\,7) = lim x,,(77) is expressed as
n—oo

z(\,7) =LA+ %gT2 + %QTQTQ - %lgTQ(@Q()\ +7)+Po(A —7) ) (5.5)
for0<A<1land T >0.
Proof Putting Theorem 3.4, Lemma 5.1 and Proposition 5.2 together, we get
(A, T)
=L\+ g—T2(2 — M)A+ g—TQT + g—T2<g02()\) — 1@(A +7)— 1@Q — r))
2 2 2 2 2
=LA+ gTTz((z —MA+ T2+ By(A) — %@2<)\+T) - %@(A - ’7')).

2
Note that 0 < X < 1 implies §y(A) = A2 — 2\ + 30 50

1 1
59T272 - ZLQTQ( <)\ + T) + 902(>\ ))

This concludes the proof of the theorem. [ |

1
z(A\,7) =LA+ ggT2 +

Definition 5.4

(1) For A € R and 7 > 0, we redefine z(\, 7) D).
t

by (5
S
(2) For £ € Rand t > 0, we define u(§ Z_

22



6 Analysis of free fall of the slinky

By making use of the explicit formula of z(\, 7) given in (5.5), we show that after
the release of the slinky the lower a point of the slinky is located the longer it
stays at rest. If 0 < 7 < A, then A £ 7 are in the interval [0, 2], so that we get

2 2
Po(A+7) = ()\+7)2—2(/\+r)+§ and Py(A — 7) = ()\—7)2—2<)\—7‘)+§,
which yield

4
Do A+ 7) + By A —7) = 272 + 202 —4X + -

3
1
From Theorem 5.3 it follows that if 0 < 7 < A, then (A, 7) = LA+ §gT2)\(2 -\,
t
which is free of 7. Since u(§,t) = x( %, T ), this means that the point labeled &

T
of the slinky stays at rest if 0 <t < zé :

From this we can interpret the phys-

M 0 T 2T 3T

ical meaning of parameters T" = 4/ — ¢=0 ‘
D —

and V = T as follows: T is the time 520:& T

span during which the bottommost point S:(L)BL -

labeled & = L stays at rest after the re-

lease of and V' is the speed at which the

information that the uppermost point of

the slinky is released propagates through .

the slinky. As we can see in Figure 6,
after staying at its original position for a ~ Figure 6: The trajectories of 6 points of the slinky
labeled ¢ =0, 0.2L, 0.4L, 0.6L, 0.8L and L.

while each points start to move along a
piecewise linear curve.

Before concluding this paper we consider the partial differential equation u(¢,t)
satisfies. Recall

e oo (54 7) o (6 1)

Since Py(A) is not differentiable at A = 2k (k € Z), we differentiate u(&, t) except

3 + % = 2k (k € Z) with respect to £ and ¢ twice. Then we have

L
8a—;u(§, ) = —igTQ(%a’; (% + %) + %@2 (% - %) ) (6.1)
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and

0 t 1 t
grt(& 1 =9 ZgTZ( TQ%(E T) e @ N T> ) (6.2)
Multiply (6.1) by V? = L?/T? and subtract it from (6.2), and we obtain a inho-
0*u 282 ,
mogeneous wave equation T Vv e~ =gin
:{(gt)‘feRt>0 éii#Qk(keZ)}. (6.3)
J bl — b L T

Since

%u(@ 0 =gt — o1 (a5 + %)~ 2@(5 - %) ) mD.

0 _ el Lo (€
we have au(f,O)—Oforg#%cL (keZ) a11du(§,0)-§+ggT 2gT g02<L)

In conclusion, we have the following:

Theorem 6.1 u(&,t) satisfies the inhomogeneous wave equation

Pu 0% _
ﬁ—va—?:g in D (64)
subject to the initial conditions:
5ul€,0) =0 §#2kL (k € Z),

u(E0) = £+ 1972 g127(3) eeR

Remark 6.2 Through the following intuitive argument, we can ”prove” Theorem

(6.5)

1
6.1 by letting n — oo in (2.1) and (2.3). By definition, we have o ~ ﬁng and
£+ AL 1

n, then a ~ V2— Agr Define
Az; = x;11 — x; and A%z; = Ax; — Ax;_;. Then the second equation in (2.1) is
d’x; _ VQAQ

dt? AE?

1
we formally obtain (6.4). Since u(&,0) = & + 59T2%<2 — %) for 0 <E<L, it

is easy to see that we can formally obtain (6.5) for 0 < £ < L by letting n — oo in
(2.3).

iw%n. If A is taken to be ¢ +1 ~

approximately expressed as —

+g¢g. Letting n — oo in this equation,
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