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Preface

This volume collects the slides of selected talks presented at the workshop “Pseudo-
convexity of General Order”, held on December 2–3, 2024, at OCAMI. This workshop was
held as a substitute for the originally planned workshop “Studies on Pseudoconvexity of
General Order”, organized by Takayuki Koike and Takeo Ohsawa, which was scheduled
to take place on March 8–10, 2020, at OCAMI but was canceled due to the COVID-19
pandemic.

Despite the pandemic, active research continued, leading to the results featured in
the three selected talks included in this volume. Notably, Takeo Ohsawa and Thomas
Pawlaschyk published the book Analytic Continuation and q-Convexity as a part of the
SpringerBriefs in Mathematics series in 2022.

In addition to the three selected talks, the following informal talks were also given at
the workshop:

• Takayuki Koike (Osaka Metropolitan University): Formal principle for line bundles

• Masanori Adachi (Shizuoka University): Progress report around the Diederich-Fornaess
index

• Takeo Ohsawa (Nagoya University): Remarks on the geometry of analytic continu-
ation

• Yangyang Zhang (Osaka Metropolitan University): On examples of nef big and
non-semipositive line bundles

This workshop was supported by Osaka Central Advanced Mathematical Institute
(OCAMI) Joint Usage/Research FY2024 (general) (C) “Holomorphic neighborhoods of
compact manifolds and CR geometry”. We would like to express our sincere gratitude to
the institute for its generous support and excellent research environment.
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Hartogs’ analyticity theorem for C2-mappings and
maximum principle for q-convex functions

Kazuko MATSUMOTO
Tokyo University of Science

Workshop on pseudoconvexity of general order
Osaka Metropolitan University

December 2, 2024

Kazuko Matsumoto (Tokyo Univ. of. Sci.) Hartogs’ analyticity theorem December 2, 2024 1 / 1

K. Matsumoto, Hartogs’ analyticity theorem for C2-mappings and
maximum principle for q-convex functions, Hiroshima Math. J. 53 (2023),
no. 3, 269–279.

Motivation and background

T. Pawlaschyk’s papers

On some classes of q-plurisubharmonic functions and
q-pseudoconcave sets, Dissertation, University of Wuppertal (2015).

(with N. Shcherbina) Foliations of continuous q-pseudoconcave
graphs, Indiana Univ. Math. J. 71 (2022), no. 4, 1627–1648.

T. Ueda’s unpublished paper

Pseudoconcave sets of general order and essential singularities
of analytic sets, preprint (1988).

Kazuko Matsumoto (Tokyo Univ. of. Sci.) Hartogs’ analyticity theorem December 2, 2024 2 / 1
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On the extension of Hartogs’ analyticity theorem

Hartogs’ analyticity theorem

Let Ω ⊂ Cn−1 (n ≥ 2) be an open set and let f : Ω → C be a
continuous function. If the graph

Γ (f) = {(z′, f(z′)) | z′ ∈ Ω} ⊂ Ω × C ⊂ Cn

is pseudoconcave in Ω × C, the function f : Ω → C is holomorphic on Ω.

Pawlaschyk-Shcherbina (2022)

Ω ⊂ Cn−1 =⇒ Ω ⊂ Cq, 1 ≤ q ≤ n − 1

f : Ω → C be a continuous function =⇒ f : Ω → Cn−q be a
continuous mapping (Γ (f) ⊂ Ω × Cn−q ⊂ Cn in my situation)

pseudoconcave =⇒ Hartogs q-pseudoconcave

Matsumoto (2023) a weaker result as above

continuous =⇒ of class C2

anather proof as a direct application of Ueda’s theorem
Kazuko Matsumoto (Tokyo Univ. of. Sci.) Hartogs’ analyticity theorem December 2, 2024 3 / 1

Ueda’s Theorem ([M-2023], Theorem 2 with proof)

Ueda’s Theorem (stated and applied in Fujita’s paper 1990)

Let n, q be integers with n ≥ 1 and q ≥ 0. For a closed set E in a
complex manifold X of dimension n, the following conditions are
equivalent:

1 E is pseudoconcave of order q in X.

2 For every open set U in X and every q-convex function on U, the
restriction φ|E∩U does not attain a maximum.

3 For every open set U in X and every q-convex function on U, the
restriction φ|E∩U does not attain a strict maximum.

A C2-function φ is (strongly) q-convex if complex Hessian matrix(
∂2φ

∂zi∂z̄j

)

1≤i,j≤n

has at least n − q + 1 positive eigenvalues.

Kazuko Matsumoto (Tokyo Univ. of. Sci.) Hartogs’ analyticity theorem December 2, 2024 4 / 1
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Comments on continuous graphs (I cannot handle at this time)

Levi-flats

Let Ω ⊂ Cn−1 × R (n ≥ 2) be an open set and let f : Ω → R be a C2

function. If the C2-graph (C2-real hypersurface)

Γ (f) = {(x, f(x)) | x ∈ Ω} ⊂ Ω × R ⊂ Cn

is pseudoconcave (i.e., Levi flat) in Ω × R, the graph Γ (f) is (locally)
foliated by complex hypersurfaces.

Shcherbina (1993) ?? On the polynomial hull of a graph ??

C2 =⇒ continuous (Proof without Frobenius’ theorem)

Pawlaschyk-Shcherbina (2022)

pseudoconcave =⇒ Hartogs q-pseudoconcave

foliated by complex hypersurfaces =⇒ foliated by complex
submanifolds of dimension q

Kazuko Matsumoto (Tokyo Univ. of. Sci.) Hartogs’ analyticity theorem December 2, 2024 5 / 1

Pseudoconvex sets (Locally Stein sets)

Pseudoconvex domains are historically defined using Hartogs figures.

G. Julia, Sur les familles de fonctions analytiques de plusieurs variables.
Acta Math. 47 (1926), no. 1-2, 53–115.

Definition (Hartogs figures)

In (a coordinate n.b.d) Cn, the pair (H,U) is called Hartogs figure, where

U := {(z,w) ∈ Cn : |z1| < 1, . . . , |zn−1| < 1 |zn| < 1},
H := {(z,w) ∈ U : |z1| < r, . . . , |zn−1| < r, R < |zn| < 1}.

Definition (Pseudoconvex sets)

An open subset D ⊂ Cn is pseudoconvex if H ⊂ D ⇒ U ⊂ D and this
property is invariant under local biholomorphic mappings on Cn.

A closed subset E ⊂ Cn is pseudoconcave if the complement Cn \ E is
pseudoconvex.

Kazuko Matsumoto (Tokyo Univ. of. Sci.) Hartogs’ analyticity theorem December 2, 2024 6 / 1
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Hartogs figure

Kazuko Matsumoto (Tokyo Univ. of. Sci.) Hartogs’ analyticity theorem December 2, 2024 7 / 1

Hartogs q-pseudoconcave sets

Remark) (Hartogs) q-pseudoconcave sets named after W. Rothstein and
pseudoconcave sets of order q named after K. Oka are the same.

∆ := ∆′ ×∆′′ ⋐ U ⊂ Cn, U: a local coordinate of a complex m.f.d. X
∆′ := {(z1, . . . , zq) : |zj| < rj} ⊂ Cq (1 ≤ q ≤ n − 1)
∆′′ := {(zq+1, . . . , zn) : |zk| < rk} ⊂ Cn−q

Γ(c) := {c} × ∆′′ for c ∈ ∆′

Definition (Hartogs q-pseudoconcave sets)

A closed subset E ⊂ X is Hartogs q-pseudoconcave in X, if the following
condition (∗) is satisfied:
(∗) If E ∩ (∆′ × ∂∆′′) = ∅, then

(∀c ∈ ∆′, E ∩ Γ(c) ̸= ∅) or (∀c ∈ ∆′, E ∩ Γ(c) = ∅).

A closed set E ⊂ D ⊂ Cn is Hartogs q-pseudoconcave, if
(1) E is analytic of dimension ≥ q, or if (2) For ∀P ∈ D, ∃U ∋ P
and analytic ∃S ⊂ U, dim S = q s.t. P ∈ S ⊂ E.

Kazuko Matsumoto (Tokyo Univ. of. Sci.) Hartogs’ analyticity theorem December 2, 2024 8 / 1
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Illustration

Kazuko Matsumoto (Tokyo Univ. of. Sci.) Hartogs’ analyticity theorem December 2, 2024 9 / 1

Hartogs’ analyticity theorem for C2-mappings

The following result is a special case of the Pawlaschyk-Shcherbina result,
but the proof is completely different. Using Ueda’s theorem, the proof is a
simple calculation of the Levi form. No knowledge of pseudoconcave sets
is required other than his theorem.

Main Result ([M-2023], Theorem 1)

Let n, q be integers with n ≥ 2 and 1 ≤ q ≤ n − 1. Let Ω ⊂ Cq be an
open set and let f : Ω → Cn−q be a C2-mapping. If the graph

Γ (f) = {(z′, f(z′)) | z′ ∈ Ω} ⊂ Ω × Cn−q ⊂ Cn

is pseudoconcave of order q in Ω × Cn−q, then the mapping
f : Ω → Cn−q is holomorphic on Ω.

Kazuko Matsumoto (Tokyo Univ. of. Sci.) Hartogs’ analyticity theorem December 2, 2024 10 / 1
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Proof of Theorem (The case q = n − 1)

Define
φ(z) = |zn − f(z′)|2 = |zn − f(z1, . . . , zn−1)|2

for z = (z′, zn) ∈ Ω × C ⊂ Cn. Then

∂φ

∂zi
=

∂f

∂zi
(̄f − z̄n) +

∂ f̄

∂zi
(f − zn),

∂φ

∂zn
= z̄n − f̄,

∂2φ

∂zi∂z̄n
= − ∂f

∂zi
,

∂2φ

∂zn∂z̄n
= 1

for 1 ≤ i ≤ n − 1, and at p = (z′, f(z′)) ∈ Γ (f)

∂2φ

∂zi∂z̄j
(p) =

∂f

∂zi

∂ f̄

∂z̄j
+

∂ f̄

∂zi

∂f

∂z̄j

for 1 ≤ i, j ≤ n − 1. Γ (f) : zn = f(z′) = f(z1, . . . , zn−1)

Kazuko Matsumoto (Tokyo Univ. of. Sci.) Hartogs’ analyticity theorem December 2, 2024 11 / 1

Therefore, the Levi form of φ at p = (z′, f(z′)), z′ ∈ Ω, is expressed by

L[φ](p) =
n∑

i,j=1

∂2φ

∂zi∂z̄j
(p)dzidz̄j

=
n−1∑

i=1

∣∣∣
∂f

∂zi
dzi

∣∣∣
2
+

n−1∑

i=1

∣∣∣
∂ f̄

∂zi
dzi

∣∣∣
2
− 2Re

n−1∑

i=1

∂f

∂zi
dzidz̄n + |dzn|2

=
∣∣∣dzn −

n−1∑

i=1

∂f

∂zi
dzi

∣∣∣
2
+
∣∣∣
n−1∑

i=1

∂ f̄

∂zi
dzi

∣∣∣
2
≥ 0.

Since φ ≡ 0 on Γ (f), it follows from Ueda’s theorem that the function φ
cannot have an (n − 1)-convex point everywhere on Γ (f), if the set Γ (f)
is pseudoconcave of order n − 1 in Ω × C. So the Levi form L[φ] have
only one positive eigenvalue everywhere on Γ (f). Thus it follows that
∂f/∂z̄i ≡ 0 on Ω for 1 ≤ i ≤ n − 1, and the C2-function f : Ω → C is
holomorphic. n − (n − 1) + 1 = 2

Kazuko Matsumoto (Tokyo Univ. of. Sci.) Hartogs’ analyticity theorem December 2, 2024 12 / 1
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Proof of Theorem (The case 1 ≤ q < n − 1)

Denote the C2-mapping f : Ω → Cn−q by f = (fq+1, . . . , fn), and define

φ(z) =
n∑

λ=q+1

|zλ − fλ(z
′)|2 =

n∑

λ=q+1

|zλ − fλ(z1, . . . , zq)|2

for z = (z′, z′′) ∈ Ω × Cn−q ⊂ Cn. Then at p = (z′, f(z′)) ∈ Γ (f) we
have

L[φ](p) =
n∑

λ=q+1

(∣∣∣dzλ −
q∑

i=1

∂fλ

∂zi
dzi

∣∣∣
2
+
∣∣∣

q∑

i=1

∂ f̄λ

∂zi
dzi

∣∣∣
2)

≥ 0.

Now, since φ ≡ 0 on Γ (f), it follows from Ueda’s theorem again that the
function φ cannot have a q-convex point everywhere on Γ (f), if the set
Γ (f) is pseudoconcave of order q in Ω × Cn−q. So the Levi form L[φ]
have only n − q positive eigenvalues everywhere on Γ (f). Thus it follows
for each λ that ∂fλ/∂z̄i ≡ 0 on Ω for 1 ≤ i ≤ q, and the C2-mapping
f : Ω → Cn−q is holomorphic.

Kazuko Matsumoto (Tokyo Univ. of. Sci.) Hartogs’ analyticity theorem December 2, 2024 13 / 1

Comments on Ueda’s theorem

Ueda’s Theorem (Maximum principle for q-convex functions)

Let n, q be integers with n ≥ 1 and q ≥ 0. For a closed set E in a
complex manifold X of dimension n, the following conditions are
equivalent:

1 E is pseudoconcave of order q in X.

2 For every open set U in X and every q-convex function on U, the
restriction φ|E∩U does not attain a maximum.

3 For every open set U in X and every q-convex function on U, the
restriction φ|E∩U does not attain a strict maximum.

In the above ”maximum principle,” the theorem still holds even if
(storictly) q-convex functions are weakened to

weakly q-convex functions
pseudoconvex functions of order n − q (introduced by O. Fujita).

Slodkowski (1986) + Fujita (1990) + Ueda (1988)
Kazuko Matsumoto (Tokyo Univ. of. Sci.) Hartogs’ analyticity theorem December 2, 2024 14 / 1
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Hartogs (n − q)-pseudoconvex domains

An open set D ⊂ Cn is said to be

1 (1962, Andreotti-Grauert) q-convex if it is exhausted by a q-convex
function.

2 (1985, Diederich-Fornaess) q-convex with corners it is exhausted by a
q-convex function with corners.

3 (1978, Hunt-Murray, Bungart) (q − 1)-pseudoconvex if it is
exhausted by a (q − 1)-plurisubharmonic function.

4 (1990, Oka-Fujita) pseudoconvex of order n − q if it is exhausted by
a pesudoconvex function of order n − q.

A function φ : D → R ∪ {−∞} is said to be exhaustive if
{z ∈ D : φ(z) < M} ⋐ D for ∀M ∈ R.

Kazuko Matsumoto (Tokyo Univ. of. Sci.) Hartogs’ analyticity theorem December 2, 2024 15 / 1

φ : D → R ∪ {−∞}, D ⊂ Cn, 1 ≤ q ≤ n
1 A C2-function φ is (strongly) q-convex Andreotti-Grauert (1962)

def⇐⇒ complex Hessian matrix

(
∂2φ

∂zi∂z̄j

)

1≤i,j≤n

has at least n − q + 1 positive eigenvalues.
2 φ is q-convex with corners Diederich-Fornaess (1985)

def⇐⇒ φ is locally written as φ|U = max{φ1, . . . , φt},
where φ1, . . . , φt are q-convex in U ⊂ D.

3 φ is (q − 1)-plurisubharmonic Hunt-Murray (1978)
def⇐⇒ For ∀P ∈ D, there exists linear space L ∋ P, dimC L = q

s.t. φ|L is subpluriharmonic in D ∩ L.
4 φ is pseudoconvex of n − q Fujita (1990)

def⇐⇒ For ∀P ∈ D and for all weakly (n − q + 1)-convex
function f defined near P, ∃U(f) ∋ P s.t. P ∈ ∆ ⋐ U(f)
=⇒ (φ + f)(P) ≤ max{(φ + f)(Q) | Q ∈ ∂∆}

φ is pseudoconvex of n − q
Fujita⇐⇒ φ is (q − 1)-plurisubharmonic

Kazuko Matsumoto (Tokyo Univ. of. Sci.) Hartogs’ analyticity theorem December 2, 2024 16 / 1
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Vanishing theorem of Andreotti-Grauert (1962)

If a complex manifold D is q-complete, then Hj(D,O) = 0 for j ≥ q.

Approximating theorem of Diederich-Fornaess (1985)

A q-convex function with corners is approximated by q̃-convex functions,
where q̃ = n − [n/q] + 1 and, [ ] denotes the Gauss symbol.
Further, the number q̃ is best possible for any pair (n, q).

Approximating theorem of Bungart (1990)

A strongly (q− 1)-plurisubharmonic function is approximated by q-convex
functions with corners.

q̃ ≥ q and q̃ = q ⇐⇒ q = 1 or n.
The followings are equivalent:

D is Hartogs (n − q)-pseucoconvex in the sense of Rothstein.
D is pseudoconvex of order n − q in the sense of Oka-Fujita.
D is (q − 1)-pseudoconvex in the sense of Hunt-Murray and Bungart.
D is locally q-convex with corners in the sense of Diederich-Fornaess.

Kazuko Matsumoto (Tokyo Univ. of. Sci.) Hartogs’ analyticity theorem December 2, 2024 17 / 1

Kyoto Seminer on SCV

Kyoto Seminer on SCV had been held every Tuesday afternoon at “the
lecture room 2” on 1F in dept. of Math,, Kyoto Univ..

The first organizer was Kiyoshi Oka (岡潔) and the second organizer was
Toshio Nishino (西野利雄).

I attend the Kyoto seminer every Tuesday in 1986 - 1991 (and a few
Tuesday in 1984 - 1986).

Before 1984, Nishino-sensei had moved to Kyushu Univ. from Kyoto Univ..

When I attended the Seminer in 1984 - 1991, the participants of the
Seminer were as follows.

Kazuko Matsumoto (Tokyo Univ. of. Sci.) Hartogs’ analyticity theorem December 2, 2024 18 / 1
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Kyoto Seminer on SCV (1984 - 1991)

武内章 (Takeuchi), 藤田収 (Fujita), 田所要雄 (Tadokoro)
吉岡恒夫 (Yoshioka), 寺田俊明 (Terada)
(students of Oka)

平井悦子 (Hirai), 柏原紘子 (Kashiwara), 宮武基子 (Miyatake)
(students of Oka and Nishino)

山口博史 (Yamaguchi)
(assistant prof. of Nishino and Kusunoki)

上田哲生 (Ueda), 西村保一郎 (Nishimura)
(students of Nishino and Takeuchi)

松本和子 (Matsumoto)
(student of Fujita and Takeuchi)

———————————–

中野茂男 (Nakano), 大沢健夫 (Ohsawa), 竹腰見昭 (Takegoshi)
(RIMS, Kyoto Univ.)

Kazuko Matsumoto (Tokyo Univ. of. Sci.) Hartogs’ analyticity theorem December 2, 2024 19 / 1

T. Ohsawa and T. Pawlaschyk, Analytic continuation and q-convexity,
SpringerBriefs Math., Springer, Singapore, 2022, xiii+58 pp.

To the memory of Professor Osamu Fujita

Kazuko Matsumoto (Tokyo Univ. of. Sci.) Hartogs’ analyticity theorem December 2, 2024 20 / 1
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Thank you very much.

Kazuko Matsumoto (Tokyo Univ. of. Sci.) Hartogs’ analyticity theorem December 2, 2024 21 / 1
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Foliations of continuous
q-pseudoconcave graphs

Workshop on pseudoconvexity of general order
Osaka, 2024

Thomas Pawlaschyk
University of Wuppertal

Foliations of continuous q-pseudoconcave graphs

Main goal
Study analytic structure of a closed subset S in CN compared to its

pseudoconcavity of general order.

T. Pawlaschyk, Workshop on pseudoconvexity of general order, Osaka, 2024 1/43
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Foliations of continuous q-pseudoconcave graphs

Remarks.
In what follows, we only consider entire functions for simplicity, but
in fact, everything works on open subsets and/or locally.
Different than the title suggests, for readability, we will only talk
about pseudoconvexity rather than pseudoconcavity.
Keep in mind that a set S is pseudoconcave if its complement Sc is
pseudoconvex.
By foliation we rather mean a disjoint filling by (regular) analytic
sets.

T. Pawlaschyk, Workshop on pseudoconvexity of general order, Osaka, 2024 2/43

Foliations of continuous q-pseudoconcave graphs

Theorem (Hartogs analyticity theorem, 1909)
Let f : Cn → C be a continuous function. Let

Graph(f) = {(z, w) : z ∈ Cn, w = f(z)}

be the graph of f in Cn+1. Then:

f is holomorphic ⇐⇒ Graph(f)c is pseudoconvex

T. Pawlaschyk, Workshop on pseudoconvexity of general order, Osaka, 2024 3/43
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Foliations of continuous q-pseudoconcave graphs

Idea of proof. (Hartogs analyticity theorem)
=⇒ − log |f(z) − w| + |(z, w)|2 is a continuous strictly plurisubharmonic

exhaustion function on Graph(f)c in Cn+1.
⇐= By Hartogs theorem of separate analyticity, it suffices to treat the

case n = 1.
Assume f is not holomorpic.
Then, without loss of generality, u = Re(f) is not harmonic and
there is a point z0 with

u(z0) < 1
2π

∫ 2π

0
u(z0 + reit)dt.

Then there is h ∈ O(∆r) with Re(h) = u on ∂∆r and
Im(h)(z0) = Im(f)(z0). (Use Dirichlet+harmonic conjugate!)
By the mean value property, we have u(z0) < Re(h)(z0).
Consider disc D := Graph(h+ t0) with t0 = u(z0)−Re(h)(z0)<0.
Then (z0, f(z0)) ∈ D, ∂D ∩ Graph(f) = ∅ and hull(∂D) = D.
But by pseudoconvexity, D ∩ Graph(f) = ∅, a contradiction. □

See sketch on the next slide.
T. Pawlaschyk, Workshop on pseudoconvexity of general order, Osaka, 2024 4/43

Foliations of continuous q-pseudoconcave graphs

Sketch.

T. Pawlaschyk, Workshop on pseudoconvexity of general order, Osaka, 2024 5/43
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Foliations of continuous q-pseudoconcave graphs

Theorem (Hartogs analyticity theorem for maps)
Let f : Cn → Cm be a continuous map. Let

Graph(f) = {(z, w) : z ∈ Cn, w = f(z)}

be the graph of f in Cn+m. Then:

f is holomorphic ?⇐⇒ Graph(f)c is pseudoconvex of general order

Yes, if...
(P., 2015; P.-Shcherbina, 2022) Yes, if Graph(f) is
n-pseudoconcave in the sense of Rothstein.
(Ohsawa, 2019) Yes, if f is smooth and Graph(f)c is q-convex in
the sense of Grauert (using L2-methods and q-cycles).
(Matsumoto, 2023) Yes, if f is C2-smooth and Graph(f) is
pseudoconcave of general order in the sense of
Rothstein/Fujita/Tadokoro.

T. Pawlaschyk, Workshop on pseudoconvexity of general order, Osaka, 2024 6/43

Foliations of continuous q-pseudoconcave graphs

Proof. (P., 2015; P.-Shcherbina, 2022)
=⇒ − log ∥f(z) − w∥ + |(z, w)|2 is a continuous strictly

(m− 1)-plurisubharmonic exhaustion function for Graph(f)c in
Cn+m, so Graph(f)c is (n+m−(m−1)−1) = n-pseudoconvex in
the sense of Rothstein. (see Part I)

⇐= (see Part II)

T. Pawlaschyk, Workshop on pseudoconvexity of general order, Osaka, 2024 7/43
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Foliations of continuous q-pseudoconcave graphs

Part I
A. What are the tools in =⇒ of Hartogs analyticity theorem for maps?

B. If a closed set S is filled by submanifolds of dimC S ≥ q,
is Sc is q-pseudoconvex?

T. Pawlaschyk, Workshop on pseudoconvexity of general order, Osaka, 2024 8/43

Foliations of continuous q-pseudoconcave graphs

Definition (Hunt-Murray, 1978)
Let q ∈ {0, 1, . . . , n− 1}. An upper semi-continuous function
u : Ω → [−∞,∞) is q-plurisubharmonic on an open set Ω in Cn if

for every plane Π in Cn of complex dimension q + 1,
for every ball B ⋐ Ω,
and for every pluriharmonic function h : U(B) → R,

we have:
u ≤ h on ∂B ∩ Π =⇒ u ≤ h on B ∩ Π.

Remark.
0-plurisubharmonic = plurisubharmonic
(n− 1)-plurisubharmonic = subpluriharmonic (see Fujita)
By definition, r-psh functions are simply the upper semi-continuous
ones if r ≥ n.

T. Pawlaschyk, Workshop on pseudoconvexity of general order, Osaka, 2024 9/43
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Foliations of continuous q-pseudoconcave graphs

Proposition (Properties of q-psh functions)
Let all functions below be defined on an open set Ω in Cn. Then:

u is q-psh =⇒ u is (q + 1)-psh
u is q-psh and v is r-psh =⇒ u+ v is (q+ r)-psh (S lodkowski, 1984)
(uk)k are q-psh and uk ↓ u =⇒ u is q-psh
(Maximum principle) If u is q-psh on Ω ⋐ Cn and usc up to Ω, then

max
Ω

u = max
∂Ω

u.
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Theorem (Hunt-Murray, 1978)
Let Ω be open in Cn and u ∈ C2(Ω). Then u is q-plurisubharmonic if and
only if for each p ∈ Ω its complex Hessian

(
∂2u

∂zj∂zk
(p)

)

j,k=1,...,n

has at most q negative eigenvalues.

Remark.
Use u(z) = αRe(z1) +

∑n
j=1 λj |zj |2 + o(|z|2) near p after a

complex linear change of coordinates.
C2-smooth q-plurisubharmonic = weakly (q + 1)-convex in the sense
of Grauert
strictly q-plurisubharmonic = (q + 1)-convex in Grauert’s sense =
complex Hessian has at most q non-positive eigenvalues

T. Pawlaschyk, Workshop on pseudoconvexity of general order, Osaka, 2024 11/43
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Examples.
u(z, w) = |z|2 + |w|2 is 0-psh.
v(z, w) = |z|2 − |w|2 is 1-psh.
χ

k(z, w) = −k|w|2, k ∈ N, is 1-psh in C2, and (χk)k decreases to
the characteristic function of L = C × {0},

χ(z, w) =
{

0, (z, w) ∈ L
−∞, (z, w) ∈ C2 \ L

}
,

which is again 1-psh!
(S lodkowski, 1986) In general, if A is an analytic set in Cn with
dimz A ≥ n− q for every z ∈ A, then

χ
A(z, w) =

{
0, z ∈ A
−∞, z ∈ Cn \A

}

is q-psh.
φ(z, w) = −|z|2 and ψ(z, w) = −|w|2 are 1-psh,...
...but their sum (φ+ ψ)(z, w) = −|z|2 − |w|2 is not 1-psh.
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Where were q-psh functions used?

Definition
An open set Ω in Cn is called Oka q-pseudoconvex if − log d(z, ∂Ω) is
q-psh on Ω.

Theorem (S lodkowski, 1986)
Let A be an analytic set in Cn with dimz A ≥ n− q − 1 for every z ∈ A.
Then Ac is Oka q-pseudoconvex.

T. Pawlaschyk, Workshop on pseudoconvexity of general order, Osaka, 2024 13/43
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Foliations of continuous q-pseudoconcave graphs

Theorem (P.-Zeron, 2016)
The function − log ∥z∥ is subpluriharmonic for any complex norm ∥ · ∥ on
Cn. Therefore,

− log inf{∥z − w∥ : w ∈ ∂Ω} = − log d∥·∥(z, ∂Ω)

is subpluriharmonic on Ω.

Remark.
Oka 0-pseudoconvex = pseudoconvex
Notice that − log ∥λz∥ = − log |λ| − log ∥z∥ is harmonic in λ ̸= 0.
This gives one zero eigenvalue.
So every open set Ω in Cn is Oka (n− 1)-pseudoconvex!
See also Abe-Honda-Shima (2022) for pre-Hilbert spaces.
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Notation. ∥z∥∞ := max{|zj | : j = 1, . . . , n} and ∆n
r := {∥z∥∞ < r},

and let ∆r := ∆1
r, and ∆ := ∆1 the unit disc in C.

Definition
Let n ≥ 2 and q ∈ {1, 2, . . . , n− 1}. An (n− q, q) Hartogs figure H is
the set

H = Hn−q,q
r,s := {∥z′∥∞ ≥ s} ∪ {∥z′′∥∞ ≤ r} ⊂ ∆n,

where z′ = (z1, . . . , zn−q) and z′′ = (zn−q+1, . . . , zn).
Sketch.

T. Pawlaschyk, Workshop on pseudoconvexity of general order, Osaka, 2024 15/43
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Foliations of continuous q-pseudoconcave graphs

Definition (Rothstein, 1955)
An open set Ω in Cn is called Hartogs q-pseudoconvex if for every
holomorphic injective Φ : U(∆n) → Cn and every (n− q, q)-Hartogs
figure H we have:

Φ(H) ⊂ Ω =⇒ Φ(∆n) ⊂ Ω

Remark. (n− 1)-pseudoconvex = pseudoconvex

T. Pawlaschyk, Workshop on pseudoconvexity of general order, Osaka, 2024 16/43

Foliations of continuous q-pseudoconcave graphs

Example. (1, 2)-Hartogs figure in C3

H1,2
r,s = {|z1| > s} ∪ {∥(z2, z3)∥ < r}

T. Pawlaschyk, Workshop on pseudoconvexity of general order, Osaka, 2024 17/43
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Foliations of continuous q-pseudoconcave graphs

Example. (1, 2)-Hartogs figure in C3 with boundary surface

Boundary of a domain which is not Hartogs 2-pseudoconvex, i.e., not
pseudoconvex in C3

T. Pawlaschyk, Workshop on pseudoconvexity of general order, Osaka, 2024 18/43

Foliations of continuous q-pseudoconcave graphs

Example. (2, 1)-Hartogs figure in C3

H2,1
r,s = {∥(z1, z2)∥ > s} ∪ {|z3| < r}
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Example. (2, 1)-Hartogs figure in C3 with boundary surface

Boundary of a domain which is not Hartogs 1-pseudoconvex in C3,
but surface of previous example is admissible.
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Hartogs figures carry the following

Definition (Fujita, 1964)
A domain Ω in Cn admits the (n− q)-continuity principle if for every
family of analytic subsets {At}t∈[0,1] such that

At continuously depend on t,
dimz At ≥ n− q for every z ∈ At and t ∈ [0, 1],
the closure of

⋃
t∈[0,1] At is compact,

we have: ( ⋃

t∈[0,1)

At ∪ ∂A1

)
⊂ Ω =⇒ A1 ⊂ Ω

See sketch on next slide.
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Sketch.
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Foliations of continuous q-pseudoconcave graphs

Theorem (Dieu, Eastwood-Suria, Fujita, P.-Zeron, S lodkowski,
Tadokoro,...)
Let Ω be a domain in Cn. Then the following are equivalent:

Ω is Hartogs q-pseudoconvex.
Ω admits the continuity principle wrt. (n− q)-dim. analytic sets.
Ω is Oka (n−q−1)-pseudoconvex.
− log d∥·∥(z, ∂Ω) is (n−q−1)-psh on Ω for any C-norm ∥ · ∥ on Cn.
Ω is (n− q)-complete with corners, i.e., it admits an exhaustion
function which is locally the max of finitely many (n− q)-convex
ones.
. . .

Remarks.
cf. P.’s doctoral thesis/Dissertation, 2015
It is an open question if the existence of a smooth q-psh exhaustion
function can be added to the list.
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Theorem (Duality principle, P., 2015, P.-Shcherbina, 2022)
Let Ω be a domain in Cn which is not Hartogs q-pseudoconvex. Then
there exist a point p ∈ ∂Ω, a neighborhood V of p and a set G such that

G is strictly Levi (q − 1)-pseudoconvex in V , i.e., there is a
C2-smooth strictly (q − 1)-psh function ϱ on V with ∇ρ ̸= 0 and
G = {ϱ < 0},
and Ωc ∩ V is contained in G ∪ {p}, i.e., Ωc ∩ V touches ∂G from
the inside of G only at p.
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Proof.
If Ω is not Hartogs q-psc, then there is a Hartogs figure H in Ω, but
a polydisc P with H ⊂ P touches ∂Ω.
Since H = {∥z′∥ ≥ s} ∪ {∥z′′∥ ≤ r} with z′ ∈ Cn−q and z′′ ∈ Cq,
consider

φ(z′, z′′) := − log ∥z′′∥∞ + ∥(z′, z′′)∥2.

Notice that φ is strictly (q − 1)-plurisubharmonic outside {z′′ = 0}.
Approximate φ by Bungart, and take {φ < c} such that
G = {φ < c} fulfills desired properties after a perturbing if
necessary. □

T. Pawlaschyk, Workshop on pseudoconvexity of general order, Osaka, 2024 25/43
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Foliations of continuous q-pseudoconcave graphs

Application of duality principle.

Corollary
Let Γ be a closed subset in Cn such that ∂Γ is filled by analytic sets with
dimension at least q, i.e.,

for every point p in ∂Γ there an analytic subset A ⊂ ∂Γ with
dimz A ≥ q for every z ∈ A.

Then Γc is q-pseudoconvex.

Remark.
Let f : Cn → Cm be a holomorphic map. Then Γ = Graph(f) is
n-pseudoconcave in Cn+m.
This is =⇒ in Hartogs analyticity theorem for maps!
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Proof of Corollary.
If not, then by the duality principle there exists a strictly
(q − 1)-psh function ψ at some point p ∈ ∂Γ such that Γ touches
G = {ψ < 0} from inside at p (locally).
But then φ peaks at p, i.e., it attains a strict maximum on some
analytic set A ⊂ Γ of dimension ≥ q.
This violates the maximum principle for (q − 1)-psh functions on A.
□

T. Pawlaschyk, Workshop on pseudoconvexity of general order, Osaka, 2024 27/43
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Foliations of continuous q-pseudoconcave graphs

Part II
A. What about ⇐= in Hartogs analyticity theorem for maps?

B. If Sc is H-q-psc, is S filled by submanifolds of dimC S ≥ q ?

T. Pawlaschyk, Workshop on pseudoconvexity of general order, Osaka, 2024 28/43
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Question II.A directly follows from the following

Lemma
Let f = (f1, . . . , fm) : Cn → Cm be a continuous map.
Then for every j = 1, . . . ,m we have:

Graph(f)c is H-n-psc in Cn+m =⇒ Graph(fj)c is H-n-psc in Cn+1

Remark.
This means that Graph(fj)c is psc in Cn+1, so we can apply
Hartogs analyticity theorem to fj for every j = 1, . . . , n.
Hence, each fj is a holomorphic function, so f is a holomorphic
map.
This gives ⇐= in Hartogs analyticity theorem for maps.
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Foliations of continuous q-pseudoconcave graphs

Proof of Lemma.
If not, Graph(fj)c violates (n+1 − n = 1)-continuity principle for
j = 1 (without loss of generality).
So there is family of analytic curves {At}t∈[0,1) in Graph(f1)c

whose limit A1 touches Graph(f1) at some point of (z0, f1(z0)).
Then consider the family

St = At × ∆r(f2(z0)) × . . .× ∆r(fm(z0)).

It is a family of m-dimensional analytic sets outside Graph(f)
whose limit S1 touches Graph(f) at (z0, f(z0)).
Thus, Graph(f)c violates the m-continuity principle.
But then Graph(f)c cannot be Hartogs (n+m−m = n)-psc, which
is a contradiction. □
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Question II.B.
Recall that, locally, every smooth real submanifold in CN has the
form

S = Graph(f) ⊂ CN ,

where f : Cn × Rk → Rk × Cm is smooth, CN = Cn+k+m and
Ck = Rk + iRk.
Hence, we can define continuous submanifolds to be, locally, graphs
of corresponding continuous functions f : Cn × Rk → Rk × Cm.

T. Pawlaschyk, Workshop on pseudoconvexity of general order, Osaka, 2024 31/43

Pseudoconvexity of General Order 27



Foliations of continuous q-pseudoconcave graphs

Theorem (case n=k=1, m=0, Shcherbina, 1993)
Let f : Cz × Ru → Rv be continuous, and consider its graph:

Graph(f) = {(z, w) : v = fv(z, u)} ⊂ C2
z,w=u+iv

Then:

Graph(f)c psc ⇐⇒ Graph(f) is locally filled by analytic discs

Remark.
In fact, these discs are graphs (!) of the form Dα = Graph(hα)
with hα : ∆α → Cw holomorphic on a disc ∆α ⊂ Cz.
It only suffices to prove =⇒ due to part I.

T. Pawlaschyk, Workshop on pseudoconvexity of general order, Osaka, 2024 32/43

Foliations of continuous q-pseudoconcave graphs

Proof. (Shcherbina, 1993)
Recall f : Cz × Ru → Rv.
Let B be a ball in Cz × Ru. Then G := B + iRv is spsc in C2

z,w.
Let φk : ∂B → Rv be sequence of smooth functions with φk ↓ f
uniformly on ∂B.
Now Graph(φk) ≃ S2 lies inside ∂G, so by Bedford-Klingenberg
there is a foliation (Cα,k)α by curves with disjoint

⋃
α Cα,k ≃ B2

and ∂
⋃

α Cα,k = Graph(φk).
In fact, Cα,k = Graph(hα,k) with hα : Sα,k → Cw holomorpic on a
simply connected Sα,k ⊂ Cz.
Fix p ∈ B and αk with p ∈ Graph(Re(hα,k)).
Then there exists a uniform disc ∆R with pz ∈ ∆R ⊂ Sαk

for every
k, where R only depends on p (and max |Im(hαk)|) !!!
Since (hαk

)k is uniformly bounded on ∆R, there is a holomorphic
limit hp for some subsequence with Graph(hp) ⊂ Graph(f).
This gives the filling of Graph(f) by discs as desired. □

See sketch on next slide.
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Sketch.
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Main theorem (case n=k=m=1 in P., 2015, P.-Shcherbina, 2022)
Let f : Cz × Ru → Rv × Cζ be a continuous map. Consider its graph:

Graph(f) = {(z, w, ζ) : v = fv(z, u), ζ = fζ(z, u)} ⊂ C3
z,w=u+iv,ζ

Then:

Graph(f)c H-1-psc ⇐⇒ Graph(f) is locally filled by analytic discs

Remark.
It suffices to prove =⇒ due to part I.
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Proof.
Recall f = (fv, fζ) : Cz × Ru → Rv × Cζ .
If Graph(f)c is 1-psc in C3

z,w,ζ , then Graph(fv)c is 1-psc in C2
z,w,

hence, pseudoconcave!!! (Same proof as in Lemma above.)
By Shcherbina, Graph(fv) is filled by discs Dα = Graph(hα) with
hα : ∆α → Cw holomorpic on a disc ∆α ⊂ Cz.
Define new discs Hα : ∆α → C3

z,w,ζ by

Hα(z) := (z, hα(z), fζ(z,Rehα(z)).

Assume that at least one of them is not holomorphic.
This means that, for some α, the map g : ∆α → C2

z,ζ with

g(z) := (z, fζ(z,Rehα(z))

is not holomorphic.

T. Pawlaschyk, Workshop on pseudoconvexity of general order, Osaka, 2024 36/43

Foliations of continuous q-pseudoconcave graphs

By Hartogs theorem, Graph(g)c is not pseudoconvex in Cz,ζ , so by
duality princple there is a strictly Levi pseudoconvex set G, so that
Graph(g) touches G from inside at its boundary.
This gives a smooth strictly plurisubharmonic function in Cz,ζ which
peaks at a point in Graph(g).
Now construct smooth strictly plurisubharmonic function ψ in
Cz,w,ζ which peaks at a point in Graph(f) (using the curve foliated
structure of Γ(fv)).
Then Graph(f) touches a strictly pseudoconvex set {ψ < 0} from
inside.
But then we can easily construct a family of analytic sets with
dimC = 2 violating the 2-continuity principle for Graph(f)c.
Hence, Graph(f c) cannot be 1-psc, a contradiction.
So (Hα)α gives the desired holomorpic filling. □
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Corollary (case n=k=1, m≥1)
Let f : Cz × Ru → Rv × Cm

ζ be a continuous map. Consider its graph:

Graph(f) = {(z, w, ζ) : v = fv(z, u), ζ = fζ(z, u)} ⊂ C2+m
z,w=u+iv,ζ

Then:

Graph(f)c H-1-psc ⇐⇒ Graph(f) is locally filled by analytic discs

Proof.
Get again from Shcherbina discs hα : ∆α → Cw.
Then by case n = k = m = 1 the discs

Hα(z) := (z, hα(z), fζj (z,Rehα(z))
are holomorphic for every j = 1, . . . ,m.
Hence the discs

gα(z) := (z, hα(z), fζ1(z,Rehα(z)), . . . , fζm
(z,Rehα(z)))

are holomorphic. □
T. Pawlaschyk, Workshop on pseudoconvexity of general order, Osaka, 2024 38/43

Foliations of continuous q-pseudoconcave graphs

Theorem (case n≥1, k=1, m=0, Chirka, 2001)
Let f : Cn

z × Ru → Rv be continuous. Consider its graph:

Graph(f) = {(z, w) : v = fv(z, u)} ⊂ Cn+1
z,w=u+iv

Then:

Graph(f)c H-n-psc ⇐⇒ Graph(f) is locally filled by analytic
hypersurfaces

Proof.
Use Shcherbina result on each line L ⊂ Cn

z .
Glue discs to a hypersurface, since the variation of discs cannot be
too wild beacuse of the graph structure and continuity. □
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Theorem (case n≥1, k=m=1)
Let f : Cn

z × Ru → Rv × Cζ be continuous. Consider its graph:

Graph(f) = {(z, w) : v = fv(z, u), ζ = fζ(z, u)} ⊂ Cn+1
z,w=u+iv,ζ

Then:

Graph(f)c H-n-psc ⇐⇒ Graph(f) is locally filled by analytic
submanifolds of dimension n

Proof.
Use Chirka to get (locally) hypersurfaces Hα = Graph(hα) in
Graph(fv) with hα : Cn

z → Cw holomorphic.
Show that gα(z) := (z, hα(z), fζ(z,Re(hα(z))) is holomorphic.
If not, one gα is not holomorphic on a complex line, so we use case
n = k = m = 1 to get a contradiction. □
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Theorem (case n≥1, k=1, m≥1
Let f : Cn

z × Ru → Rv × Cm
ζ be continuous. Consider its graph:

Graph(f) = {(z, w, ζ) : v = fv(z, u), ζ = fζ(z, u)} ⊂ Cn+m
z,w=u+iv,ζ

Then:

Graph(f)c H-n-psc ⇐⇒ Graph(f) is locally filled by analytic
submanifolds of dimension n

Proof.
Use case n ≥ 1, k = m = 1 on for Γ(fu, fζj

) for j = 1, . . . ,m and
proceed as before from case n = k = m = 1 to n = k = 1, m ≥ 1.
□
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Open question 1 (case n=1, k=2, m=0)
Let f : Cz × R2

u → R2
v be continuous. Consider its graph in C3

z,w=u+iv,

Graph(f) = {(z, w1, w2) : v1 = f1(z, u1, u2), v2 = f2(z, u1, u2)}.

Then:

Graph(f)c H-1-psc ?⇐⇒ Graph(f) is locally filled by analytic curves

Open question 2
Do we have an analog of Hartogs theorem on separate analyticity for
maps f : Cn × Rk → Rk × Cm ? I.e., if Γ(f |πz,u(γ))c is H-1-psc for
every complex curve γ in Cn+k+m

z,w,ζ , is it true that Γ(f)c is H-n-psc?

Open question 3
Is it true that Ω is Oka-q-pseudoconvex if and only if there exists a
C2-smooth q-psh exhaustion function on Ω?
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q-complete with corners open sets and
vanishing cohomology groups

Shun Sugiyama

(National Institute of Technology, Kitakyushu College)

1 Introduction
An open set D in a complex space X is said to be
q-complete with corners, 1≤ q ≤ n, if there exists a
q-convex with corners exhaustion function on D. If D is
q-convex, then D is q-convex with corners, whereas the
converse is not valid even if D is an open set in Cn in the
case 2≤ q ≤ n−1 (see Diederich–Fornæss [5]).
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Th 1.1 (Andreotti–Grauert [2]). If there is a q-convex
exhaustion function on a complex space X , then
Hk(X ,F) is finite dimensional for every coherent analytic
sheaf F on X and for every k ≥ q.

Th 1.2 (Eastwood–Vigna Suria [7, Theorem 3.8]). Let
X be an n-dimensional Stein manifold, q an integer with
1≤ q ≤ n−1 and D an open set in X . If D satisfies
Hk(D,O)= 0 for every k = q, . . . ,n−1, then D is
q-complete with corners.

Watanabe [17] gave an elementary proof of the theorem
of Eastwood–Vigna Suria in Cn.

I considered the injectivity of Hn−1(D,O)→ Hn−1(D,M),
which is a generalization of the Cousin-I condition, and
proved that an open set D in an n-dimensional Stein
manifold is (n−1)-complete with corners if
Hn−1(D,O)→ Hn−1(D,M) is injective [14].
In this presentation, I give a new proof of
Eastwood–Vigna Suria’s theorem. Precisely,
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Th 1.3. Let X be a reduced Stein space of pure
dimension n, q an integer such that 1≤ q ≤ n and D an
open set in X . If D satisfies the following two conditions:

(⋆1) Hn−1(D,O)→ Hn−1(D,M) is injective.
(⋆2) Hk(D,O)= 0 for every k = q, . . . ,n−2.

Then D is locally q-complete with corners at every point
x ∈ ∂D \Sing(X ).

To prove this, we use methods of Abe [1] and
Kajiwara–Kazama [10]. As a corollary, we present a
characterization of Steinness.

2 q-complete with corners open
sets

Throughout this presentation, we denote by |·| the
maximum norm on Cn, and assume that complex spaces
are reduced and of pure dimension n. Lemmata in this
section are from my previous paper [15]. Let
Pn(c, r)= {

z ∈Cn ;
∣∣z j − c j

∣∣< r j ( j = 1, . . . ,n)
}

for every
c = (c1, . . . , cn) ∈Cn and r = (r1, . . . , rn), where
r j > 0 ( j = 1, . . . ,n). We call the set Pn(c, r) the polydisc
of polyradius r with center c in Cn. We write
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0k = (0, . . . ,0) ∈Ck. Put

Hn
q (ε)= {

(ζ1,ζ2) ∈Cq ×Cn−q ; 1−ε< |ζ1| < 1+ε, |ζ2| < 1+ε}

∪{
(ζ1,ζ2) ∈Cq×Cn−q ; |ζ1| < 1+ε, |ζ2| < 1

}
for 0<ε<1,

Sq(δ)= {
0q

}× [0,δ)×{
0n−(q+1)

}
for 1≤ δ< 1+ε and

HSn
q (ε,δ)=Hn

q (ε)∪Sq(δ).

The set Hn
q (ε) (resp. HSn

q (ε,δ)) is called a q-Hartogs
figure (resp. q-Hartogs figure with a spike).

Lem 2.1 (cf. Sugiyama [15, Lemma 2.1]). Let n ≥ 2 and
a ∈Pn(0,1+ε)\Hn

n−1(ε). The function
g=1/(z1−a1) · · · (zn−an) is not trivial in Hn−1(Hn

n−1(ε),O).

Def 2.2.(1) Let D be an open set in X . A C2-function ϕ

is said to be q-convex, 1≤ q ≤ n, if its Levi form has at
least n− q+1 positive eigenvalues at each point of D.

(2) A real-valued function ϕ : D →R is said to be q-convex
with corners if every point x ∈ D has an open
neighborhood U of x with a finite number of q-convex
functionsϕ1,. . . ,ϕlonUsuch thatϕ|U=max

{
ϕi ; i=1,. . ., l

}
.

(3) An open set D is said to be q-complete with corners if
D has a q-convex with corners exhaustion function.

(4) An open set D is said to be locally q-complete with
corners at x ∈ ∂D if there exists an open neighborhood
U of x such that U ∩D is q-complete with corners.
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Lem 2.3 (Sugiyama [15, Theorem 2.4]). Let D be an
open set in Cn. Then the following three conditions are
equivalent.

(1) D is q-complete with corners.
(2) D is locally q-complete with corners at every point

x ∈ ∂D.
(3) There do not exist a q-Hartogs figure with a spike

HSn
q (ε,δ) and a biholomorphic map ϕ :Cn →Cn such

that ϕ(HSn
q (ε,δ))⊂ D, ϕ(Hn

q (ε)) ! D and
ϕ

(
0q ,δ,0n−(q+1)

) ∈ ∂D.

3 Kajiwara–Kazama’s Lemmata
Lem 3.1 (cf. Kajiwara–Kazama [10, p. 8]). Let X be a
reduced complex space of pure dimension n and D an
open set in X . Assume that there exist a holomorphic
map F : X →Cn, x *→ (w1, . . . ,wn), an open set U ⊂ X and
a point a = (a1, . . . ,an) ∈Pn(0,1+2ε) such that F(U) is
biholomorphic to the polydisc Pn(0,1+2ε), U ∩D ̸= , and
a ∉ F(U ∩D). Put T1 = {x ∈ X ; |w1(x)| < 1+2ε},
T2=

{
x ∈ X ; |wj(x)| < 1+2ε ( j = 2, . . . ,n)

}
, T3 = T1 ∩T2 ∩U,

T4 = {x ∈ T2; |w1(x)| > 1+ε}∪ {x ∈ T2 \ T3; |w1(x)| < 1+2ε},
D1={x ∈ D∩T3;w1 ̸= a1}∪ {D∩T4}, D j=

{
x ∈ D;wj ̸= a j

}
for

j = 2, . . . ,n. Then D= {D j}nj=1 is an open covering of D.
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Lem 3.2 (cf. Kajiwara–Kazama [10, p. 8]). Let
T1,T2,T3,T4, D j ( j = 1, . . . ,n) and D be the same objects
as in Lemma 3.1. Assume that X is Stein. Then there
exists ρ ∈M(T2) such that

(1) f = ρ

(w2 −a2) · · · (wn −an)
∈ Zn−1(D,O)∩δ

(
Cn−2(D,M)

)
,

(2) ρ = 1
w1 −a1

+ρ3 on T3, where ρ3 ∈O(T3).

4 Main Theorem
Th 4.1. Let X be a reduced Stein space of pure
dimension n, q an integer such that 1≤ q ≤ n and D an
open set in X . If D satisfies the following two conditions:

(⋆1) Hn−1(D,O)→ Hn−1(D,M) is injective.
(⋆2) Hk(D,O)= 0 for every k = q, . . . ,n−2.

Then D is locally q-complete with corners at every point
x ∈ ∂D \Sing(X ).

Proof. In the case where q = n, this is a direct
consequence of Ohsawa’s theorem [12]. So we can
assume that 1≤ q ≤ n−1. To obtain a contradiction,
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suppose that D is not locally q-complete with corners at
x0 ∈ ∂D \Sing(X ). Therefore there exists an open
neighborhood U of x0 such that D∩U is not q-complete
with corners in U. Since X is Stein and x0 is regular
point, we find holomorphic functions
ψ j ∈O(X ) ( j = 1, . . . ,n) which satisfies the following two
conditions:
• ψ j(x0)= 0 ( j = 1, . . . ,n).
• The family {ψ1, . . . ,ψn} forms a coordinate system in

the connected component U of
{x ∈ X ; |ψ j(x)| < K ( j = 1, . . . ,n)} containing x0 for some
K > 0.

We define a holomorphic mapping
ψ : X →Cn, x *→ (ψ1(x), . . . ,ψn(x)), then ψ maps U
biholomorphically onto

{
z ∈Cn ;

∣∣z j
∣∣< K ( j = 1, . . . ,n)

}
.

By Lemma 2.3, there exist a biholomorphic map
ϕ :Cn →Cn, (w1, . . . ,wn) *→ (z1, . . . , zn), ε> 0, and
a = (a1, . . . ,an) ∈Cn such that ϕ(Hn

q (2ε))⊂ψ(U ∩D),
ϕ(Pn(0,1+2ε))⊂ψ(U),
a1 = a2 = ·· · = aq = aq+2 = ·· · = an = 0, 1≤ |aq+1| ≤ 1+2ε
and ϕ(a) ∉ψ(U ∩D). We put
φ=ϕ−1 ◦ψ : X →Cn, x *→ (w1(x),w2(x), . . . ,wn(x)). The
family {w1, · · · ,wn} forms a coordinate system in U.
Moreover we have Hn

q (2ε)⊂φ(U ∩D), Pn(0,1+2ε)⊂φ(U)
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and a ∉φ(U ∩D). By Lemma 3.1 and 3.2, we find open
sets T1,T2,T3,T4, an open covering D of D and
ρ ∈M(T2) with the properties from Lemma 3.1 and 3.2.
Let f , g and h be functions defined by

f = ρ

w2 ·w3 · · ·wq · (wq+1 −aq+1) ·wq+2 · · ·wn
,

g = 1
w1 ·w2 · · ·wq · (wq+1 −aq+1)

,

h = ρ3
w2 ·w3 · · ·wq · (wq+1 −aq+1)

.

Since D= {D j}nj=1, by definition f ∈ Zn−1(D,O) and we

get f = 0 ∈ Hn−1(D,M). Since Hn−1(D,O)→ Hn−1(D,M)

is injective, f is trivial in Hn−1(D,O). We take a
refinement U= {Uλ}λ∈Λ of D which fulfills the following
two properties:
• Λ=Λ1 ∪·· ·∪Λn, Λi ∩Λ j is empty if i ̸= j.
• {Uλ j }λ j∈Λ j is a Stein covering of D j and U is a Stein

covering of D.
By Lemmata 5.1 and 5.2 of Abe [1], we have
F(q+2···n) ∈ Zq(U,O). Since Hq(U,O)= 0, there exists
f (q+2···n) ∈ Cq−1(U,O) such that F(q+2···n) = δ f (q+2···n).
By a simple calculation,
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F(q+2···n)
ν1···νq+1 =−

n∑
j=q+2

(−1) j−q−2wj f (q+2··· ĵ···n)
ν1···νq+1

+ (−1)(n−q−1)+(q+2)+···+n ρ

w2 · · ·wq(wq+1 −aq+1)

=
q+1∑
j=1

(−1) j−1 f (q+2···n)
ν1···ν̂ j ···νq+1

,

on Uν1 ∩·· ·∩Uνq+1 . By putting
Lq = {wq+2 = ·· · = wn = 0}⊂ X , we obtain

q+1∑
j=1

(−1) j−1 f (q+2···n)
ν1 ···ν̂ j ···νq+1

=(−1)n−q+···+n+1 ρ

w2 · · ·wq(wq+1 −aq+1)

= (−1)n−q+···+n+1 (h+ g)

on Lq ∩T3 ∩Uν1 ∩·· ·∩Uνq+1 , where

ν j ∈Λ j ( j = 1, . . . , q+1). The set {D j ∩Lq}q+1
j=1 is an open

covering of D∩T3 ∩Lq and
U∩Lq ∩T3 =

{
Uν j ∩Lq ∩T3 ; ν j ∈Λ j , j = 1, . . . , q+1

}
is a

refinement of it. By setting

h(0)
ν1 ···νq =

{
−h if (ν1, . . . ,νq)= (µ2, . . . ,µq+1), µ j ∈Λ j ( j = 2, . . . , q+1),
0 otherwise,
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we can define h(0) =
(
h(0)
ν1···νq

)
∈ Cq−1(U∩Lq ∩T3,O) since

h ∈O(T3 ∩D2 ∩·· ·∩Dq+1). Additionally, we can define
g ∈ Zq(U∩Lq ∩T3,O). In addition, we obtain

q+1∑
j=1

(−1) j−1 f (q+2···n)
ν1 ···ν̂ j ···νq+1

+ (−1)n−q+···+n+1
q+1∑
j=1

(−1) j−1h(0)
ν1 ···ν̂ j ···νq+1

= (−1)n−q+···+n+1 g

on T3 ∩Uν1 ∩·· ·∩Uνq+1 , where ν j ∈Λ j ( j = 1, . . . , q+1). It
follows that g = 0 in Hq(T3 ∩U∩Lq ,O). Recall that
Hn

q (2ε)⊂φ(U ∩D), so we get g = 0 in
Hq(φ|−1

U (Hn
q (2ε))∩U∩Lq ,O). This contradicts Lemma

2.1. Thus D is locally q-complete with corners at every

point x ∈ ∂D \Sing(X ).

Cor 4.2 (Eastwood–Vigna Suria [7, Theorem 3.8]). Let
X be an n-dimensional Stein manifold, q an integer with
1≤ q ≤ n−1 and D an open set in X . If D satisfies
Hk(D,O)= 0 for every k = q, . . . ,n−1, then D is
q-complete with corners.

Cor 4.3 (Sugiyama [14, Theorem 5.1]). Let X be an
n-dimensional Stein manifold and D an open set in X . If
Hn−1(D,O)→ Hn−1(D,M) is injective, then D is
(n−1)-complete with corners.
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Cor 4.4. Let X be an n-dimensional Stein manifold and
D an open set in X . Then D is Stein if and only if D
satisfies the following two conditions:

(⋆1) Hn−1(D,O)→ Hn−1(D,M) is injective.
(⋆2) Hk(D,O)= 0 for every k = 1, . . . ,n−2.

When n = 2, we get the well-known theorem of
Cartan-Behnke-Stein [3],[4] in Stein manifolds.

Cor 4.5 (cf. Cartan–Behnke–Stein [3], [4]). Let X be a
2-dimensional Stein manifold and D an open set in X .
Then the following three conditions are equivalent.

(1) D is Stein.
(2) D is Cousin-I.
(3) H1(D,O)→ H1(D,M) is injective.
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5 Problems
The following is an extremely challenging problem, and it
remains unresolved even in the case of q = 1, that is, in
the Stein case.

Prob 5.1. Let D be a relatively compact open set in
complex projective space Pn.
If Hk(D,O)= 0 for q ≤ k ≤ n−1, is D locally q-complete
with corners?

Rem 5.2. For q = 1, Kajiwara [9] solved Problem  5.1
for n = 2, and Watanabe [16] solved it for n = 3. For all
other cases, the problem remains unsolved.

In the case of a Riemann domain (D,π) over a Stein
manifold, it is unexpectedly difficult. But when assuming
local univalence, the proof becomes simpler, and a
manuscript is being prepared. Here, local univalence
means that for any α ∈ ∂̆D, there exists a CU ∈α such
that π|CU : CU →π(CU ) is biholomorphic.
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Prob 5.3. Let X be a Stein manifold of dimension n, q
an integer such that 1≤ q ≤ n and (D,π) an Riemann
domain over X . If D satisfies the following two
conditions:

(⋆1) Hn−1(D,O)→ Hn−1(D,M) is injective.
(⋆2) Hk(D,O)= 0 for every k = q, . . . ,n−2.

is D locally q-complete with corners ?
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