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Abstract

This paper introduces and investigates best-response improvement paths under a
hierarchy. A best-response improvement path under a hierarchy is a sequence of action
profiles such that, at each step, one player is selected among players who are ‘closest’ to
the previous deviator under the hierarchy, the selected player deviates to a best-response
action, and the others does not change their actions. It is shown that in a nested H-
indicator best-response game proposed in the paper, every best-response improvement
path under hierarchy H leads to a Nash equilibrium of the game.
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1 Introduction

This paper proposes and studies an adaptation process under a hierarchy. When analyzing
a situation where myopic players interact with others in the long run, we often consider an
adaptive process (Milgrom and Roberts [7, 8|, Young [17], Kandori and Rob [3]|, Monderer
and Shapley [10], Milchtaich [6], Friedman and Mezzetti [2]|, Kukushkin [4], Kukushkin, et al.
[5], Park [13]). In the literature an adaptation process takes place in an unbiased way within
the whole people. In the real world players are segmented in different groups (firms, cities,
etc.) within which interaction is most frequent. These groups also are segmented in upper

level groups (industries, countries, etc.) within which interaction is less frequent than that

*Correspondent: Graduate School of Economics, Osaka Prefecture University, 1-1 Gakuen-cho, Nakaku,
Sakai, Osaka 599-8531, Japan. E-mail: uno@eco.osakafu-u.ac.jp



within the lower level groups, and so on. There is a hierarchy of interaction levels and it is
sometimes appropriate to suppose that an adaptation process is restricted by the hierarchy.

To capture such an adaptation process we define a (unilateral) best-response (improve-
ment) path under a hierarchy. Recall that in the standard definition of a best response path, a
sequence of action profiles is formulated in such a way that in each step, one player is selected
from the set of all players and his action is changed so that it would be a best response to
the current action profile of other players. Let a hierarchy be denoted by a nested sequence
of partitions of the player set. A best-response path under a hierarchy is a best-response
path such that, in each step, a player is selected among players who are ‘closest’ from the
player whose action is changed in previous step under a distance on players defined by the
hierarchy.

We provide a sufficient condition for the convergence of a best-response path under a hier-
archy in terms of nested indicator best-response potentials (nested indicator BR-potentials).
Nested indicator BR-potentials generalize the best-response potentials (BR-potentials) in-
troduced by Voorneveld [16], applying the idea of ‘nesting’ developed by Uno [14]. A BR-
potential is a real valued function on the set of action profiles that ‘incorporates’ information
about every players’ best-response. It is known that every maximizer of such a potential is
a Nash equilibrium of the game. An indicator BR-potential is a BR-potential such that its
maximizer equals the set of all Nash equilibria of the game. It is as if such potentials are
payoff functions of one representative agent who chooses strategies for all players.

In considering a nested indicator BR-potential game, we think of a representative agent
for a subset T of players instead of all of them. Suppose that there is a partition 7 of players
such that, for each member T" of T, there is such a representative agent whose payoff function
is fr.! Then the collection of fr’s can be seen as a new game, where each member 7" in 7 is
regarded as a single player. That is, the original game is reduced to a game with a smaller
number of players.

Notice that such reduction can be nested: the new game among step 1 representative
agents may be reduced to a game with an even smaller number of players, by considering a
step 2 representative agent for step 1 representative agents, and then a representative agent
of these, and so on. We say that a game is a nested indicator BR-potential game if the game
can be reduced to a game with one representative agent through this process.

We show that in nested indicator BR-potential games every best-response path under
a hierarchy leads to a Nash equilibrium (Theorem 8). We call such a property the finite
best-response path property under a hierarchy (FBRP under a hierarchy).

In the literature the FBRP under a hierarchy relates to the finite best-response path
property (FBRP) and the weak finite best-response path property (weak FBRP) discussed

!This idea also has appeared as g-potential in Monderer [9].



by Milchtaich [6], Kukushkin [4], and Kukushkin, et al. [5]. A best-response (improvement)
path is a best-response path under the only two-level hierarchy, where, for each player, the
distance between any two players is the same. A game has the FBRP if every best-response
path leads to a Nash equilibrium; a game has the weak FBRP if, for every action profile, there
exists a best-response path from the action profile leading to a Nash equilibrium. Games
with the FBRP under a hierarchy locate between those with the FBRP and those with the
weak FBRP. This implies that our condition of Theorem 8 is also a sufficient condition for
the weak FBRP (Corollary 9).

2 Hierarchical Adaptations

A strategic form game with ordinal preferences consists of a finite set N = {1,... ,n} of
players, a finite set A; of actions for ¢ € N and an ordinal payoff function g; : A — R for
i € N, where A := ],y Ai. Since we fix the set A of action profiles, we denote a strategic
form game (N, (A;)ien, (gi)ien) simply by gV := (g;)ien. For notational convenience, we
write a = (a;)ieny € A; for i € N, A, = Hj;éiAj and a_; = (aj);z € A_;; and for
T C N, Ar = [Licr A, ar = (04)ier € Ap, A_p = HieN\T A, and a_p = (@;)ien\r € A_r.
We write (ar,a_r) € Ap x A_p. We write (a;,a—;) instead of (ag;y,a_g;y) for simplicity.
For ¢ € N, let BR; be i’s best-response correspondence, i.e., for i € N and a_; € A_;,
BRi(a_;) := argmaxy,ca, gi(a;,a_;). Given a strategic form game gV, for any T C N and
any a_p € A_p, let gV|, . be the game restricted by a_p, where, for each i € N\T, i’s
action set is replaced by {a;}. We often regard such a restricted game g™|, . as a m-person
game, where m is the number of elements of T'.

For T'C N, a hierarchy of T is a nested sequence (T*)K_, of partitions of T, i.e., (T*)E_ is
an increasingly coarser sequence of partition of T such that 7° = {{i}|i € T} and T* = {T'}.
We call a hierarchy of N simply a hierarchy.

We introduce the best-response improvement path under a hierarchy.

Definition 1. Let H := (T*)K_ be a hierarchy. A sequence (a’,a',...) of action profiles is
a best-response improvement path under hierarchy H if, for each m = 1,2, ..., there exist a
player i(m) € N and an integer k(m) with 0 < k(m) < K such that

o for T € TF™~! with i(m — 1) € T, for each i € T, "' € BR;(a™"); and

e for each k with k(m) < k < K, for T € T* with i(m — 1) € T, i(m) € T, am ., €

i(m)
m—1

BR;m) (GTZ-_(;)), Giemy (@™) > Gimy (@™ 1), @,y = a

A game has the H-finite best-response path property (H-FBRP) if there exists no infinite

best-response improvement path under hierarchy H.
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It is clear that we can replace g;(m)(a™) > gigm) (@

BRin) (ji))-

In the above definition, for each step m, k(m) means to be the least level k of hierarchy

m=1) in the above definition by a’.”_)l ¢

1(m

such that there exists a player ¢ in a set T € T* such that player ¢ does not take i’s best-
response action and the deviator i(m — 1) in the previous step also belongs to the set T

A best-response improvement path under a hierarchy H can be interpreted as follows. A
hierarchy can be represented by an acyclic graph, where {T|T" € T* for k = 0,... ,K} is
the set of nodes and, for each k = 1,... K, each T € T* ' and each 7" € T*, if T C T'
then there is an edge between T and T".> We can define a distance between players (or
nodes) under the hierarchy as the minimum number of edges between the players in the
acyclic graph. Given the distance, a best-response improvement path under a hierarchy H
is a best-response improvement path such that at each step one player is selected among
the players that did not take a best-response action at the previous step who is closest from
the previous deviator. In a game with the H-FBRP, every best-response improvement path
under hierarchy H leads to a Nash equilibrium in a finite number of steps.

If a hierarchy has only two levels, i.e., H = ({i[i € N},{N}) , then a best-response
improvement path under hierarchy H is called a best-response improvement path and the
H-FBRP is called the finite best-response path property (FBRP) in the literature. A game
has the weak finite best-response path property (weak FBRP) if, for any action profile a, there
exists a best-response improvement path that leads to a Nash equilibrium. It is clear that
the FBRP implies the H-FBRP for any hierarchy H; and these imply the weak FBRP.

3 Nested Indicator Potential Games

This section introduce the nested indicator best-response potential (BR-potential) games.
To do so, firstly, we introduce the partition 7-BR-potentials by a construction similar to
Monderer [9] and Uno [14].> Let T be a partition of N. A partition 7-BR-potential of
a game g is a tuple (T, (Ar)rer, (fr)rer) Where, for each T € T and each i € T, i’s
best-response against the other players’ actions a_; in the alternative game where i’s payoft

function is given by fr is equivalent to that in the original game g':

Definition 2. Let 7 be a partition of N. A tuple (T, (Ar)rer, (fr)rer) is a partition

2A graph is acyclic if there is no cycle in graph.

3The idea of partition 7 potentials is same as that of g-potential defined by Monderer [9] independently
and earlier than Uno [14]: a game g is a ¢g-potential game if, and only if, gV has a partition T-potential,
where g refers to the number of elements in 7. For convenience to define nested potentials we use the partition
T-potentials.



T -BR-potential of gV if, for each T € T, fr : A — R satisfies that, for each i € T,

arg max fr(a;,a_;) = BR;(a_;) (1)
a; €A;
for all a_; € A_;. If there exists a partition { N}-BR-potential ({ N}, (A),(f)) in g" then f
is a BR-potential of gV, and g” is a BR-potential game defined by Voorneveld [16].*

Voorneveld [16] characterized the pure strategy Nash equilibria in a BR-potential game:
Proposition 3. Let gV := (g;)ien be a BR-potential game with a BR-potential f. The pure

strateqy Nash equilibria of g coincide with those of (f)ien, where (f)ien i an n person

game in which each player’s payoff function equals f.

Proposition 3 implies that in every BR-potential game we can find all pure strategy Nash
equilibria by locally maximizing a BR-potential.

Notice that we can regard each partition 7 BR-potential f7 as a strategic form game,
where 7T is the player set; for each T' € T, Ar is the action set of T'; and for each T € T, fr
is the payoff function of 7'

For each T' C N and any a_r € A_r, let Er(a_r) be the set of pure strategy Nash

equilibria of the game g™|, . restricted by a_z of gV:
Er(a_7) := {ar € Ar| ar is a pure strategy Nash equilibria of g™¥|, ,.}.

We introduce the partition 7-indicator BR-potential. A partition 7-indicator BR-potential
is a partition 7-BR-potential of g/ such that, for each representative agent 7' € T and any
action profile a_7 of players outside T, the best-response correspondence of representative

agent T against a_z equals the set of all Nash equilibria of g™|, .

Definition 4. Let 7 be a partition of N. A tuple (T, (Ar)rer, (f7)rer) I8 @ partition T -
indicator BR-potential of gV if (T, (Ar)rer, (fr)rer) is a partition T-BR-potential of gV
such that, for each T € T,

arg max fr(ar,a_r) = Er(a_r) (2)
ar€AT

for all a_r € A_r.

It is clear that the notion of partition T-indicator BR-potential is strictly stronger than
that of the partition 7-BR-potentials. However, in a game with a partition 7-BR-potential,

we can always find a partition 7T-indicator BR-potential:

4Morris and Ui [11, 12] also introduced alternative BR-potentials, which are special classes of (ordinal)
BR-potentials of Voorneveld [16] and the pseudo-potentials of Dubey et al. [1].

5Proposition 5 implies that a game is a BR-potential game if, and only if, it is an indicator BR-potential
game by setting T = {N}.



Proposition 5. Let T be a partition of N. A game g" is a partition T -BR-potential game
if, and only if, g is a partition T -indicator BR-potential game.

Proof. See Appendix. O

Now, we define the nested (resp. indicator) BR-potential games by applying the nested
construction of Uno [14] to the partition (resp. indicator) BR-potentials:

Definition 6. Let H = (T*)X_ | be a hierarchy. A game g" is a nested H (resp. indicator)

BR-potential game if there exists a sequence (£7°)K = ((fF)rer+ ), of tuples such that

e £7" is the original game g": for each i € N, fon(a) = gi(a) for all a € A; and
o foreach k=1,2,... K, f7" is a partition T* (resp. indicator) BR-potential of £

For two person game g2} note that a nested BR-potential game is a BR-potential game,
an indicator BR-potential game, and a nested H-indicator BR-potential game, where H =
({{1},{2}},{1,2}) by Proposition 5. However, with more than two players, the nested indi-
cator BR-potential game strictly generalizes the BR-potential game, which is demonstrated
in Example 14 later. Note also that the nested indicator BR-potential game is a special class
of the nested BR-potential game, as shown in Example 15 below.

A nested indicator BR-potential game includes a stag hunt team game inspired by Van
Huyck [15].

Example 7 (Stag hunt team game). There are n players and m teams. Each player is a

member of either a team. Let 7 = {711, Ts, ... ,T,,} be a partition of N, where T} is a set of

members of team k. FEach player i € N chooses an effort ¢; € {0,1,...,10} =: A; with cost
ce;. For each team k = 1,... ,m, let e, := min;eq, e; be the minimal effort in team k. For
k=1,2,...,m,let hy,(e) be the common payoff for members of team k as follows:
acy, (e, > max;zy )
hr () =  ae,/nle) (e, = max.x €) »
0 (otherwise)

where a is a positive real number and n(e) is the number of teams that take the maximal of
the minimal effort max; e; of each team. Then, for each team k£ and each member i € T}, i’s
payoff function g; : A — R is given by

gi(e) = hr,(e) — ce;

for all e € A. It is easy to show that the game has a H-indicator BR-potential, where
H={{T1,Ts,..., T}, {N}}.



4 Hierarchical Adaptation in Nested Indicator Potential

(Games

This section provides a sufficient condition for the H-FBRP in terms of nested indicator

BR-potential games.

Theorem 8. Let H = (T*)E_, be a hierarchy. If gV is a nested H-indicator BR-potential
game then it has the H-FBRP.

Theorem 8 implies that a nested indicator BR-potential game has the weak FBRP.

Corollary 9. If there exists a hierarchy H := (T*)E_, such that gV is a nested H-indicator
BR-potential game then it has the weak FBRP.

To prove Theorem 8, we introduce the notion of Nash response cycles. Let T be a

partition of N. A finite sequence (a°,a,... ,a™) of action profiles is a Nash response cycle
under T if a® = a™, and, for each m € {1,2,..., M} there exists T(m) € T such that
WLy € ET(m)(aTT_(lm)) and a”y, = aTT_(lm); and there exists m € {1,2,..., M} such that

a}”(;nl) & Ergm) (aTT_(lm)). If a partition 7 is finest, i.e., T = {i|i € N}, a Nash response cycle
under 7 corresponds to a best-response cycle defined by Voorneveld [16].
Voorneveld [16] characterized the class of BR-potential games in terms of no best-response

cycles:

Proposition 10. A finite strategic form game g is a BR-potential game if, and only if, gV

has no best-response cycle.

We provide a characterization of nested indicator BR-potential games in terms of no Nash

response cycles by applying Proposition 10 iteratively.

Proposition 11. Let H be a hierarchy. A game gV is a nested H-indicator BR-potential
game if, and only if, for each k = 1,2,... K, each T € T*, and each a_p € A_r, g, ,
has no Nash response cycle under T Y|z, where TF Yy = {T" € TFYT' C T}.

Proof. Suppose that g is a nested H-indicator BR-potential game. We will prove by math-
ematical induction on K that, for each k =1,2,... ,K, each T € T*, and each a_p € A_p,
g"]._, has no Nash response cycle under 7#!|7, where 7" |p = {T" € TFYT' C T}. If
K =1 then the statement is true by Propositions 5 and 10. Assume the statement holds for
K — 1. Fix an integer h (1 < h < K), T € T* and a_r € A_p. Forany h < K — 1, it is
clear that the game g|, . restricted by a_r is a nested (7%|7)"_,-indicator BR-potential

game. For each k£ = 1,2,..., K — 1, the statement holds by the assumption of induction.

6Voorneveld [16] allowed action sets to be countable rather than finite.
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Let £f7°7" be a TX Lindicator BR-potential of 7" . Regarding f7" ' as a game with
player set 751, f7°7" is a BR-potential game and the best-response cycle of £7°7" is the
Nash-response cycle under 75~! of gV since gV is a nested H-indicator BR-potential game.
By Propositions 5 and 10 the statement holds.

Suppose that, for each k = 1,2,... K, each T € T*, and each a_r € A_7, g"|,_, has
no Nash response cycle under 7*~!|;. Firstly, for each T € 7! and each a_r € A_r, since
no Nash response cycle of gV |la_, under TO\T is no best-response cycle of g lazs gV la_p has
no best-response cycle. By Proposition 10, there exists a 7'-BR-potential £7 of fTO, and so
there also exists a T'-indicator BR-potential f7" of £7° by Proposition 5.

Assume that there exists a 7% -indicator BR-potential £7° " of f7" . Since f7" " is a
T*=1indicator BR-potential of ka72, for each T € T*~!, we have

Er(a_r) = arg max fr(ar,a_r)
aTEAT
for any a_7 € A_p. Then, for any T% € T* we can regard the Nash response path under
T* Y« as a best-response path of £7""" . Since fk_1|a7Tk has no Nash response cycle, we
can interpret that fk_1|a7T,€ has no best-response cycle. By Proposition 10 and Proposition
5, there exists a T*-indicator BR-potential f7" of £7" . O

If g has no Nash response cycle under 7 and, for each T € T and each a_r € A_p,
g"|,_, has no best-response cycle under a hierarchy Hr of T' then g” has no best-response

cycle under the hierarchy H generated by (Hr)re7 and {N}:

Lemma 12. Let T be a partition of N. If, for each T € T, there exists a hierarchy Hr of
T such that, for each a_7 € A_7, g"|._, has no best-response cycle under Hr; and gV has

no Nash response cycle under T then gV has no best-response cycle under the hierarchy H
generated by (Hr)rer and {N}.

Proof. Suppose that, for each T € T, there exists a hierarchy Hy of T such that, for each
a_r € A_p, g"|._, has no best-response cycle under Hr; and g has no Nash response cycle

under 7. Fix any o € A and fix any T(g) € 7. Since gV |a0T has no best-response cycle
~To)

under Hr,, , every best-response improvement path from a%(o) under Hr, connects a Nash

equilibrium ag, of g¥[q0 -
~To)

Let o' := (o, , a2 ). Let
T*(a') :=={i € N\T(o)|lo; & BR;(a",)}.

If T*(a') = 0 then o' is a Nash equilibrium of g". Suppose that T*(a') # 0. Fix any
i € T*(a'). Let Ty) € T be such that ¢ € T. Since g"[,1  has no best-response cycle
~T

8



under Hrp,,,, every best-response improvement path from aclp(l) under Hr,, connects a Nash
equilibrium o2, of g|1 .
(1) —T(1)

m—1 )

We apply the above arguments tom = 2,3, ..., iteratively. That is, let o™ := (oz?ﬁ(wl) L

Let

If T*(a™) = @ then o™ is a Nash equilibrium of g". Suppose that T*(a™) # (). Fix any
i € T*(a™). Let T(,ny € T be such that ¢« € T. Since gN|a£Tm has no best-response cycle
under Hr, , every best-response improvement path from agm) under Hr,, connects a Nash
equilibrium a?ﬁ(::)l of gV |aTT(m)' Then, (a’, o, ...) is a Nash response path under 7. Since
g" has no Nash response cycle, every best-response improvement path under H from o also

connects a Nash equilibrium of g". O
Let us prove the theorem.

Proof of Theorem 8. Suppose that g” is a nested indicator BR-potential game with a hier-
archy H := (T")E,. We will prove the theorem by induction on K. Let K = 1. Then,
since g" is a BR-potential game, it has no best-response cycle under H by Proposition 10.
Assume that, for any K < L — 1, g" has no best-response cycle under H. Let K = L.
By the assumption of induction, for any 7' € T*! and any a_7 € A_r, g"|,_, has no
best-response cycle under a hierarchy (7%|7);Z of T, where T*|r := {T" € TH|T' C T}
for k =0,...,L — 1. And, by the definition of nested indicator BR-potentials, £f7°7" has a
partition { N }-indicator BR-potential. By Proposition 10, f7""" has no Nash response cycle
under 7. By Lemma 12, g" has no best-response cycle under H. O

5 Examples

The converse of Theorem 8 does not hold: a game with the H-FBRP may not be a nested

‘H-indicator BR-potential games as shown by the following example.

Example 13. Consider the three-person game gi!>3} represented as Table 1, where player 1
chooses the row, player 2 chooses the column, and player 3 chooses the matrix. We can show
that g{’?% has the H-FBRP, where H := ({{1}, {2}, {3}}, {{1, 2}, {3}}, {{1,2,3}}). How-
ever, g{123} is not a nested H-indicator BR-potential game. Indeed, since g{’?3} has a Nash
response path cycle (@}, ay, az) — (af, a3, a3) — (af,af, ay) — (a}, dy, ay) — (a}, ay, as) under
partition {{1,2}, {3}}, g{»*3} is not a nested H-indicator BR-potential game by Proposition
11.



~
<

as  ap al ay ay  ap al ay
a | 2,2,2]1,0,1]0,0,0|@a |1,1,0]0,0,0]1,0,1
a, [0,1,1]0,0,110,0,0 |, [0,0,0|1,1,0]0,0,1
o [0,0,0]0,0,0 | L1,0|a [0,1,1]0,0,1]0,0,1

Table 1: A game with the H-FBRP, where H := ({{1}, {2
but without a nested H-indicator BR-potential

—

30 ({123 331 {{1, 2,3} )),

The nested indicator BR-potential game strictly generalizes the BR-potential game intro-
duced by Voorneveld [16]. A BR-potential game may be not a nested indicator BR-potential

game, as demonstrated in the following example.

Example 14. Consider the three-person game gi!?3} in Table 2. Note that g{»?3} has
a best-response cycle (ay,aq,al) — (a},aq,ay) — (a},ay, ay) — (a1, ah,al) — (@), aq,dl).
By Proposition 10, this game is not a BR-potential game. However, g{»?3} is a nested #-
indicator BR-potential game, where H = ({{1}, {2}, {3}}, {{1,2},{3}}, {{1,2,3}}). Indeed,
(f{ll’z}, f{lg}) given in Table 2 is a {{1}, {2, 3} }-indicator BR-potential of g{"?3}. Regarding
the {{1}, {2, 3}}-indicator BR-potential (f{ll}, f{12’3}) as a strategic form game, we can show
that f defined in Table 4 is an indicator BR-potential of (f{,,, f{,4,). Thus g{123} i a nested

indicator BR-potential game.

as  ap ay ay  a ay
a; | 1,1,111,0,1 |a; |0,1,0 | 1,0,0
a [0,1,1]0,0,1|d, [1,0,0]0,1,0

Table 2: gi123} is not a BR-potential game but a nested indicator BR-potential game.

! / / !
ag,a3 Ag,a3 A2,03 dg,03 N S
aq 1,3 1,1 0,1 1,0 2, %3 2,23 2,43 2, %3

a 03102 1,001 | 3 1 0 1
ay 2 0 1 0

Table 3: A partition {{1},{2,3}}-
indicator BR-potential ( f{ll}, f{1273}) of
gl123}

Table 4: A nested indicator BR-
potential f of g{172,3}

A nested BR-potential game may not have the weak FBRP as shown by the following
example. This implies that, for any hierarchy H, a nested BR-potential game may not have
the H-FBRP.

Example 15. Consider the three-person game g{1?3} represented as Table 5. gi!23} is a
nested BR-potential game. Indeed, g{%*3 has a partition {{1},{2,3}}-BR-potential as in

10



Table 6. Moreover, fil1}{23}} has a partition {{1,2,3}}-BR-potential as in Table 7. Thus,
g{123} is a nested BR-potential game.

However, for any hierarchy H, g{»?3} does not have the H-FBRP. Indeed, pick an action
profile (a}, al, a}). Since we can show that g{»*3} has no best-response path connecting from
(a, aly, a%) to a Nash equilibrium, g{»*3} does not have the weak FBRP. So, for any hierarchy
H, g{123} does not have the H-FBRP.

as  as al ay ay  ap a al
ap | 4,4,410,0,00,0,0|a |0,0,0]0,0,0]0,0,0
a, [3,3,3(0,0,00,0,0 |, [0,0,0]1,2,2]21.1
o' [3,3,3]0,0,0]0,0,0]a [0,00]21,1]122

Table 5: g{123}: A nested BR-potential game without an nested indicator BR-potential

ap,a3 GH,a3 Q5,43 d, a3 05, Ay AY, a3
a1 | 4,4 0,0 0,0 0,0 0,0 0,0
ay | 3,3 0,0 0,0 0,0 1,2 2,1
al | 3,3 0,0 0,0 0,0 2,1 1,2

Table 6: A partition {1,{2,3}}-BR-potential f{1{23}} of gil.23}

/ " !/ !/ / " !/

a [ 4 0 0 0 0 0
a, [ 3 0 0 0 1 2
a [ 3 0 0 0 2 1

Table 7: A nested BR-potential of g{!:>3}

A Appendix

Proof of Proposition 5 It is clear that we have the if-part, since a partition 7 -indicator
BR-potential of g is a partition 7-BR-potential of g.
We show the only if-part. Suppose that g has a partition 7-BR-potential f7. Let ¢ > 0

be a sufficiently large number such that ¢ > pax fr(a). For each T' € T, define a function
(SRS

fT : A — R such that, for any ar € Ay and any a_r € A_7,

A . c if ap € ET(CL_T)
frlar,a-7) _{ f(a) otherwise
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Then, for each T' € T, we have Er(a_7) = arg max fT(aT, a_r) for all ar € A_p. And, we
arE€EAT

can show that f7 := ( fT)TeT is a partition 7-BR-potential of g. Indeed, fix any T € T,
any 1 € T'and any a_r € A_r. Let

Eri(a-r) = {ar\@ € An\(iyl(ai, ar\piy) € Er(a—r) for some a; € A;}
M ap\piy € Ervgiy(a—r), we have

arg max fr(a;, a_;) = arg max fr(a;,a_;)
a; €A a;€A;

by the construction of fT. Since f7 is a partition T-BR-potential of gV, we have

arg max f(az‘, a_;) = arg max g;(a;, a_;).
a;€EA; aiEAi

Suppose that a3 € Ep\y(a—7). Then, by the construction of fT, we have

ET(a—T) = arg gﬂéﬁi_ f(% ar\{i}, a—T) X {aT\{i}}'

Since Er(a_r) is the set of Nash equilibria of g|, .., we have
ET(a—T) = arg gﬂeigi_ gi(ai> ar\{i}, G—T) X {aT\{i}}-
Thus we have

arg 5?62% f(as, ar\{i}, a_r) = arg 5?62% gi(ai, ar\{i}, a_r).

Hence 7 = (fT)TeT is a partition 7-BR-potential of g .
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