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The Kbpler Motion and the Harmonic Oscillator on Spaoes of Cbnstant Curvature

The Kepler Motion and the Harmonic Osci1lator
     of Constant Curvature

on SpaGes

Noriaki KATAYAMA'
   ABSTRACT

 Two dynamical systems such as the Kepler motion and the harmonic oscillator on constant curvature spaces are
defined from the vievvpoints of dynamical symmetry. These systems in Euclidean space are well known as celebrated

examples for both classical and quantm mechanics. Our systems under comsideration are regarded as the
generalization Qf the usual systems: (]ine property common to our systcms is that any "bounded" orbit is closed. The

period of these closed orbits is calculated analytically and the dependency on the constant curvature K of our
configuration spaces is clarified.
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1. imdoetim
lnusualcerrtralpotenialdynamicalsystems,KepkrirKxion

atbehammicoscillatorarewellknownastyplcalexanrpks

which admit dynamical symmetry. One property of these

sysmmistuayboundedmbitisclosedoroertualpomitl

dynamicalmaBertrandslxrvveduaboundedomhis
closed iix (mly these systms, d)e Kepler mion and tlre

hamonic oscillatrx. This imrm is kmm as Bertraad's

tm Ttre other property ofthese systms is that proper

quadraticfirstimegralsareadmhedNarrrely,Rmgo-Lenz

vector is oonserved fu be Kepkr mctim at oonserved

symneaictmserforbehannmicoseilhr.

ln paviorts papas [12pm pmial dynamical sysuns

onmmcurvaturespaDeshmbeendeiinedatinvesttgated

fierntheviewpointsofdynamicalsymmetry.theKepkrrrK,tion

at be hmmic oseMan are goneratized to be ones on

mmcurvaturespaoesThesesysterrrsarednntfrombe
existenoe of the proper q"adratic first intngrals [1]. ln [2], the

periodicity ofak bouoded erbits kads be Kepkr modon nt be

hamxmicoseilimonmmcurvaturespamswhichhave
alreaclybeerifoundin[1].Ttms,dmsereseartheshavesl)(,wnthe

reamablemsults

 in this shcxt me (mr attention is paid to periods of these

systums. ArKi vve wi11 slx)w bow the periods deperKl on the

constantcurvatureKofouro(mfigutationspace.

2. Preliminaries,

lnthissection,wegivesomepreliminariestirlateruse.At

Reoeiyod Angust co,2009
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firsq kt us assurrre in be coniigmakn spaoe is an

Ndimensional oonstarrt curvature spaoe (N 2 2). The

imentalimisgimby

where

ds 2 = h(r)Zl., (dx `)2 , (1)

h(r) = (1 + (Kr 2/4 ))'2 ,r = Z,"• =, (x`)2 . (2)

'IlnmapanmeterKstandsforthecurvature.Thismeaic

iskrKrwnasaocmformallyflatmetricarKithecoordinatessysteni

issimilartotheCmsianinafiatspaoe.

 Here we ma the rnotion of the unit particle in our

configurationspaoe.lmforethehmenergyTtakesthe

fobowingttm

T = (1/2)h(r)Z ,"..,(dx i/di )2 . (3)

AndbepomialfunctionUisassurrredtobeoerntraLThis

meansthatUisafunctionwhichdependsotilyonthevariahle

r.

      U=U(r). (4)
Trmswehave(lynamicalsystcmswhichareconsideredas

rmalpomialdyrmicalsystenrsonconstantcurvatme

spaces•

 ln [21 our N-degreeof fieedorn systrms are sl)ovvn to be

ieducndtotvvo-degree-ofiieedomsystmsbymalcinguseof

angularmmwhicharekmmaslimaiminopds.
immemayumsiderbedymmicalsysunsdeiinedby
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T = (112)h (r) ((dx '/ dt + dx 2/ dt )2 ). (s)

  U=U(r), r= (xi)2+(x2)2

 Here vve adopt a vvell4crK,wn polar coordinates systm

(r, rp) given by

   xi =rcostrp), x2 =rsin(rp). ((D

 Soourdynamicalsystmtakesbefollowingim

  T=(112]"i(r)((dr/dt 2+r2(d /dt)2) (7)

  U=U(r), r= (xi)2+(x2)2.

 ln [ll, pcrtential function U(r) have been investigated in

ordertabesystms(3)ut(4)admitpreperquadraticim

integrals Hcte ymper' qanic im integtals rmn be

constarrts ofmion whicli are ut in generalized velocity

dx' /dt ancl are rpt eExp!essed with limar first integrals ercoept

detoulenergy•

Asawtwithconstarrtparanreter a

    U.(r)=ar-'(1-k2/4) , (s)
mh
    U.(r)Å}ar2(1-Kr214)-2 , (g)

have been fOund to be graeralized potcatial functk)ms in the

Keplermotionandthetmos(illatoronoonstantcurvature

spaoes, respectively. Qf oourse in addibon to the form of

pomialrmquatlraticfitwintegralsfu(8)ut(9)are
slKwnmpliciby.

lnimmattpaperconcemingoermalpctentialsysunsen

rm curvature spaces [2) the orbds have been studied. Of

thedynamicalsystern(7>aneeessaryarKlsufiicientoondition

fuay`bounded'orbittobeclosedistubepctentialfunction

U(r) takes the fbrm U.(r) or U.(r)given by (8) and (9),

iespec tively.

3. MainResuMs
 ln this sec tion, we calculate the periods ofthe ck)sed orbks for

U.(r) and U.(r).

Energyatarrgularmmentumoomservabonma

   2E=h(rX(dr/dt)2+r2(dep1dt)2)+2U(r), (10)

L=h(r)r2(drp/dt) , (11)

vvhere E and L are the tDtal enctgy and the areal vek)city

iespecrivelyaiKltheEyaieoonstaritsofrrKim

 Lctusintrodu)ebevarial)le u by

     u=r-'(l-Kr2/4).

1hn (1O) at (1 1) are tmsim)ed im be fomis

(12)

(du 1dt)2 = 2(E -- V(u)Xu2 + K)2 - L2 (u2 + K)' ,(13)

drp/dr=L(u2+K) , (14)

where V(u) is a oeatral pomial im of u throqgh the

transficrmation(12).Thegoneiali2edKepkrmod(mpoternial(8)

utbehmmicoseMatorpctmial(9)tm

  V. (u) = U. (r) = ar"(1 - Kr2/4) = au , as)

ut
  VH(U)=U.(r)=ar2(1-Kr2/4)-2 =au'2 ,aol

respecttvely.

 Sinoe the case Of K = O is vvell known, vve are restricted to

the case of K=O

 (msE L '7he hcmrmic ascidotcr in lhe czzse of K > O .

 We wiIl rhake a mamu of(rbit calculaticn slK)wn in [2].

By taking im aocount of (13) and (14> vve can Show the

perioclieity ofthe orbit "Ule dencte by ui,U2 (UiSU2)

the values of u suCh that du / dt =O then vve have

  2(E-au,'2)-L2(u,2+K)=O (i=1,2) . (17)

 When u varies fiem u, to u, the inorease of tp

becomes

 Arp = X,2 (drp/du)du -- f.U,2 (dtp / dtXdu 1dt)du

   = f.",2 (2(E - au -2 )L-2 - (u2 + K))-"2du . as)

Making use of(17]L the pm (18) can be easily calcu1ated to

be

     IArp1=z/2. ag)
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 Tlms vve havve ttn periodicity of the bounded oibit for the

hmmicoscil1atnronoonstantcurvaturespaceskistobenoted

tusomeassunptkmsareneededfordeerbittobebourNbd

As eur (mse is K>O we assume a>O and             'E ) KLi /2+VML. These tads have beert slM,vvn in the

peperPl
 Vile focus (nr atturtion to the period ofthe ck)sed (rbit and'the

dependencry of the period on the ma ma K is

consim.
 Wth a Sliglrtly !rx)dification ofthe orbit caiculaticn, vve can

get the period ofthe closed odrit Fmm (19) the period T. is

gisan by

 T. = 4C,21/(du/dt)du

 = 4ecudul((u2 + KX(2E - KL2 )u2 - L2u` -.. 2a)"2 ). (2o)

 We put w = u2 arKi also vv, = u,2, (i = 1,2) . lm the

periodbeoornes

TH =2j 3dw/((w+KX(2E-KL2)w-L2w2 -. 2a)"2).

                        (21)
Frm (1 7) we have

 (2E-KL2)w,-L2w,2-za=o (i=g2). (22)

Thenvvegn

    w,+w,=(2E-KL2)/L2, (23)

      w,w,=2a/L2 , cztl)

at

    ((2E--KL2)w--L2vv'-la)=L2(w,-wXw-w,). (25)

ime1)istransformedmb

  T.=(2/L)S7dwK(w+KX(w,--wxw-w,))i'2). (2(D

Fdvvvetakethevariable e deiinedbelovv

  W=(W,+W,)/2+(w,-w,)sine)/2. (27)

'rlrmtheperiod T. beoemes

T. = (2/L)f-S.'f, de l(K + (w, + w,)/2 + (w, - w,)sine)/ 2) .

                        (28)
Here we put

   A=(w,-vv,)/2, B=K+(w,+w,),/2, (29)

timwe(tuatkracaiculation,

T. = (21L)r..',2, de/(Asine) + B)) . (2x/L)1 VEi-:715' .

                        (so)
Finally, fiom (23),(P4mo) and (30) vve have gotberi

     T, =(jrt)/VEk"1 :' (31)

 be(thercasescanbediscussedinbesamcvvayasinCase1.

The results ere as fobows

 (:4sa2. 7hehannonicasciteiminthe(zzseofK<O.
 lf a>O and a/(-K)2E2KL2 /2+hiL are valid ,

we gn

      T.=(Vliz)/Viii(';ii . (32>

  It should be ncted that the pcriod (31) bokis in ab cases

irK ledingthe case for K=O.

 asE3. 71ieKepla',nodoninthectzseofK>O.

 if a<O and E2(KL` -a2)/(2L2)boki good, vve gct

befobowingperiod

  T.=(zlal)/( (E2+a2K)-E+ E2+a2K(l)3s

 (ww4. IheKeplermottoninthecaseofK<O.
 if a<O a[Nl aV:'ie2E2(KL`-a2)/(2Li) bokl

good,afterak)ngcaiculation,vveget

 T. =(zlal)/( (E2+a2K)-E+ E2+a2K ll4j

It is also pointed out that the expression (33) for K >Ois

same asthe one fix KSO.

4. ConcndingRenzatsutfurdrerDtsxrm
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 We have slKrwn the periods for the Kepkr motion arKl the

hamonic oscillator witli the total energy E and constarrt

pmK , whi`th stands for the curvature of the

configurationspaoeunderconsimorwwourresuhs
are easily seen to ercactly coincide with the ones for K = O.

This means that our results are said to be a generalization ofthe

usualKep1ermction'ntharmonicosciltu.

 As for the restilts, tctal energy E depends on K thtDqgh

kir)ctic energy and potential im ifwe assume that E is

fixed asaconstat E,,it sl)oukl be conchided that periods for

ourgmeraiizeddynamicalsystenrsaremmdeneasng
withrespectto K .

 As arKxher go)eralization of the Kepler mc,tion arKl the

hmmicoseillattr,multifokiKepkrsytmrsimbeenimd,

whichcanbecharactuizedfuarryboundedmhittobeclosed

[3,4]. The dependency ofthe periods on the parameters in the

multifokl Kepler systens wi11 be studied in the fimire.
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