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EXAMPLES OF ALGEBRAIC VARIETIES WITH
KOBAYASHI HYPERBOLICITY

Takanori MATSUNO*

Abstract

Many interesting examples of hyperbolic hypersurfaces in the complex projective space P3(C) have been
known. In this paper, we give some examples of 2-dimensional hyperbolic algebraic varieties which are defined

as intersections of Fermat varieties in P4(C).
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1 Introduction

In [K], Kobayashi asked whether a generic hyper-
surface in the complex projective space P*(C) of de-
gree enough large with respect to n is hyperbolic or
not. This conjecture is true for n = 2. In fact, a plane
curve with genus greater than or equal to 2, does not
admits no non-constant holomorphic mapping from
C, because its universal covering space is a ball. For
n > 3 this problem is still open. But there have been
known many examples of hyperbolic hypersurfaces in
P3(C) ([Br-Gr][D][F2][Go][N][S1][S2]). In this paper,
we give some examples of 2-dimensional hyperbolic al-
gebraic varieties which are defined as intersections of
Fermat varieties in P4(C).

2 Preliminaries

‘We recall some definitions and a result.

Definition 2.1. For two entire functions f and g
which are not identically zero, we say they are equiv-
allent if there exists a constant ¢ (c # 0) such as
J = cg holds. This introduces an equivalence relation
in each set of entire functions which are not identically
zero. We mean by the notation f ~ g that f and g
are equivalent.

Definition 2.2. Let f be a holomorphic mapping of
C into P"*(C). A representation f = (fo,...,fn) of f
is a holomorphic mapping of C into C™*! such that
f71(0) # C and f(2) = (fo(2) : --+ : fa(2)) for each
z € C\ f~}(0), where (Xp : :-- : X;) is a homoge-
neous coordinate system. A representation f is called
to be reduced if f~1(0) = ¢.
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The following theorem was given by Green [Gr]
and Fujimoto [F1]:

Theorem 2.1. Let fy,...,fn be entire functions
which are not identically zero such that f¢+.--+ f3 =
0, where d is a positive integer. If d > n?, then

Efz

fi€l

for each equivalence class I of {fo,..., fn}. Especially
each class has at least two elements.

3 Main theorem

Let d be a positive integer. Put My := {X§ +
-+« 4+ X¢ = 0}, where Xp,..., X4 are homogeneous
coordinates, which is a Fermat varietiy of degree d in
P4(C). First take d as d is greater than or equal to
16. And then take d’ such as the set of d-th roots of
—1 and that of the d’-th roots of ~1 do not share any
element. We define a complex surface S in P4(C) as
S = MygN My . Then we have the following theorem:

Theorem 3.1. S is Kobayashi hyperbolic.

Proof. Assume that there exists a holomorphic
mapping f of C into P4(C) with reduced representa-
tion f = (fo, f1, f2, f3, fa) such that f(C) C S. Since
f(O) c My, f+---+fé=0.

First we assume that each f; is not identically zero.
By Theorem 2.1, the set {fo,..., fa} of entire func-
tions can be divided into each equivalence classes. Let
N be the number of elements of an equivalence class
of fo.
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(I) The case that N = 5. Cleary, f is constant in
this case.

(IT) The case that N = 4. This case cannot oc-
cur. Because each equivalent class has at least two
elements.

(IIT) The case that N = 3. In this case, say,
f1 = c1fo, fo = cafo, f3 = cafs. By Theorem 2.1,
we get 1+ cd+cf = 0 and ¢f +1 = 0. But by the
assumption for d’, this does not satisfy the conditon
that f(C) C My. Then this case cannot occur.

(IV) The case that N = 2. This case is as same as
the above. Then this case cannot occur.

(V) The case that N = 1. This case cannot oc-
cur. Because each equivalent class has at least two
elements.

Next we consider the case that f; = 0 for some
J. In the case f; = 0 for only one j, the each equiv-
alence class has 4 or 2 elements. If an equivalence
class has 4 elements, it is clear that f is constant. If
each equivalence class has 2 elements, the conditon
that f(C) C My is not satisfied, same as above (III).
Then this case cannot occur. In the case that f; =0
for more than 2 j's, it is clear that f is constant since
the image f(C) is included in a hyperbolic Riemann
surface.

We have shown that every holomorphic mapping f
of C into S is constant. So S is hyperbolic. The proof
is completed.

For example, if we take d such as d is even and is
greater than or equal to 16 and put d’ = 1, then S is
biholomorphic to the hypersurface Sy := {X¢ + X¢ +
X8 + 2% + (—Xo — X1 — X2 — X3)¢ = 0} in P3(C).
Then we have:

Theorem 3.2. S; is a hyperbolic hypersurface in
P3(C).

Remark. This example of a hyperbolic hypersurface
is not a new one. This is given in a rather complicated
situation in [S1].
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