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On Application of Symbolic and Algebraic Computation to Studies on Geometry

Noriaki KATAYAMA

ABSTRACT

When we investigate some geometrical properties for a given Riemannian metric, it is well known

that much tedious and long calculations must be made. In this short note, we consider an application

of the Symbolic and Algebraic Computation to study some geometrical properties for four dimensional

Riemannian spaces. It has been shown that an extended Taub-NUT metric is an Einstein metric with

developed Mathematica program.
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(* System of Computer Aided Research on Geometry %)

ClearAll[u, ds2, dse, g, gi, f, vijkl, rij, rik, ry, d1t, ffff, gges]

u={r, 0, q, p}:

x={Dt[ul[1]]],Dtlul[2]]], Dtlul(3]]], Dtlul(4]]1]};

(* metric input an extended Taub-NUT metric *)

fEff=(a/ul[1]]+b) ;

gegg-fEff ul[11172/(1+ (2b/a) ul[11]+(b/a) "2 ul(1]]°2);

ds2=ffff (x[[11]72 +r"2 (x[[2]1 2+(Sin[ul[2]]]) "2 x[[3]]72))+gege (x[[4]]1+Cos[ull2]]] x[[31]) 2:

dse=Expand[ds2] ;

g=Table[0, {xx, 4}, {yy, 4}];

glll, 1]]=Coefficientldse, x[[1]]72]):

gl[2, 21]=Coefficient[dse, x[[2]] 2]:

g[[3, 3]]=Coefficient[dse, x[[3]] 2]

g[[4, 4} ]=Coefficient[dse, x[[4]] 2] ;

gll1,2]]=gl[2, 1]]=Coefficient[dse, x[[1]] x[[2]]1/2;
gll[1,3]]=g[[3, 1]]=Coefficient(dse, x{[1]] x[[3]1]1/2;
gl[1,4]]=g([4, 1]]=Coefficient{dse, x[[1]] x[[4]1]]/2;
gl[2,3]]=g[[3, 2] ]=Coefficientidse, x[[2]] x[[3]1]1/2;
gl12,4]]=g[[4, 2] ]=Coefficientldse, x[[2]] x[[4]1]1/2;
gl[3,4]1]=el[[4, 3]]=Coefficient[dse, x[[3]] x[[4]1]1]1/2;
Simplify[g]

gi=Inverselg]:
(* f=Christoffel symbole )
f=Table[((1/2) Sum[(gil[i, 111(D[gl[1, 1], ullk]]]
“Dlgl[1, k]], ullj1]]-Dlgll], k)], ul[1]1D)), {1, 1,4} D), {1, 4}, {4, 4}, {k, 4} ]:
f=Simplify[f]:
(* rijkl=curvature tensor *)
rijkl=Table[D[f([1, i, k)], ul(5}}]-DI£LLL, 1, 51T, ul{k]]]
+Sum{f{[ma, i, k]} fl[1, ma, j]1, {ma, 1,4} ]-Sum{f[[mb, i, j]1 £L[1, mb, k1], {mb, 1, 4}]
AL 44, {4, 43, {5, 4}, k41 ]
rijkl=Simplify[rijkl];
(* rij= Ricci tensor *)
rij=Table[Sum[ (rijk1l[k, i, j, k]1), {k, 1,4} ], {4, 4}, {j,4}];
rij=Simplify[rij];
rik=Table[Sum[gi[[i, 13] rij[[1,k]], {1,1,4}], {i, 4}, {k, 4} ]:
(* rr=scalar curvature %)
rr=Sum(gi{[i, j1] rijlli, 311, {5, 1,4}, {i, 1,4} ];
rr=Simplify{rr]:

dlt=DiagonalMatrix[{1,1,1,1}];

zero:=Table[0, {4}, {4}, {4}, {4}]
If[MatchQ{rijkl, zerol, “Flat”, "Non Flat”]
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zero:=Table[0, {4}, {4}]

chk:=Position[zero, 0]

pos:=Positionl[g, 0]

com:=Complement [chk, pos]
rou:=rij[[com[[1, 111, com[[1, 2]1]]/g[[com[[1,1]], com[[1, 2]1]]]
schek:=Table[rij[[i, j11-rou g[[i, j11, {1, 4}, {j, 4}]
schek=Simplify[schek];

If [MatchQ[schek, zero], “Einstein Metric”, “Non Einstein Metric”]

zero:=Table[0, {4}, {4}]
If[MatchQ[rij, zerol, “Ricci Flat”, “Non Ricci Flat”]

dg:=Tableld1t([i, k1] g[[j, 111-d1tlli, 117 gl[3, K1), (L, 4}, {3, 4} 1k, 4}, {1, 4}
zero:=Table[0, {4}, {4}, {4}, {4}]
che:=Position{zero, 0]
pos:=Position[dg, 0]
com: =Complement [che, pos]
kk:=rijkl[[com[[1, 1], com[[1, 2]], com[[1, 3]], com[[1, 41111/

dg[lcom[[1, 11], com[[1, 2]], com[[1, 311, com[[1,4]]]]
schek:=Table[rijk1[[i, j, k, 11]-kk dgl[i, j,k, 111, {i, 4}, {5, 4}, {k 4}, {L,4}];
schek=Simplify[schek];
If [MatchQ[schek, zero], “Constant Curvature Space”, “Non Constant Curvature Space”]
(*TimeUsed[ ] [Second]*)
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