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 The paper describes experimental observations of the effect of rocket thrust on the dynamics of cantilevered columns

subjected initially to a conservative load. Four vertical test columns were set up, to which a solid rocket motor was

mounted at their tip ends. Selflweight of the rocket motor made a conservative loading to the columns. The colufnns were

then subjected to a tangential fo11ower force which was realized as rocket'thrust. FEM formulation has been made for

theoretical predictions of the dynamics of the columns. The mathematical model of the columns can be characterized by a

rigid body at their tip ends. Four test runs were conducted for such columns. Rocket thrust was applied to the columns

which were subcritical and critical to the di･vergence-type instability. It was observed that the column under a conservative

load oscillated with a low frequency, while under the action of rocket thrust, in addition to the conservative one, it

oscillated with a higher frequency. It was even observed that a buckled column could oscitlate about its venical straight

configuration when the rocket thrust was applied to the column in qddition to the buckling load. Thus it was

experimenta11y verified that a follower force induced by a solid roeket motor can stabilize dynamically a column which

was subjected to a critical conservative load.

                   1. Introduction

  The dynamic stability of elastic columns subjected to non-

conservative/follower force has been the subject of a great deal

of lnterest for structural dynamists in these decades. General

aspects of the nonconservative stability problems have been

compiled in the books by Bolotini), Leipholz2) and Huseyin3). As

to the origin of follower forces, rocket thrust which acts upon

free-free missiles can be modeled into a ,tangential fo11ower

force. The dynamic stability of free-free beams subjected to a

fbllower fOrce has been studied by Bea14), Matsumoto and

             '                                'MoteS), and Park and Mote6> etc..

  Through the development of nonconservative stability

problems, the relation between the conservative and

nonconservative stability problems has been one of the

interesting topics. Thus many papers7}'i2)have been published on

the stability of columns under the combined action of

conservative and nonconservative forces. The conservative fbrce

can be realized easily by a dead load or a self-weight of columns.

'Ihe nonconservative force can be produced as rocket thrust of a

solid rocket motor which is mounted to a cantilevered column-at

its tipi3)-i5). The combined action of the two kinds of forces

makes a subtangential force. During the course of study of the
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stability p;oblems of columns subjected to the subtangential

force, it has been theoretically predicted that the subtangential

force yields a higher critical force than a conservative force.

However, there has been presented so far no experimental

evidence for the effect of the subtangential force.

  Therefore, the intended aim of this report is to describe the

experimental observation of the effect of a subt'angential

follower force on the stability of vertlcal cantilevered columns.

Selfiweight of a solid rocket motor fixed at the free end of the

column makes a conservative loading which acts on the column

initially, while rocket thrust of the mosor yields a

nonconservative loading which acts on the column in addition to

the conservative one, thus the total compressive load is much

more greater than the buckling load of the coRsidered column.

The present report will give an experimental observation that

application of rocket thrust to a column under the action of

critical conservative force can make the column dynamically

stable as long as the thrust acts on the column. ,

               2. Mathematical Model

  Figure 1 shows a mathematical model of a vertical

cantilevered column subjected to a subtahgential fOree. The

column is assumed to be a slender uniform column. The force

can be produced by the combined action of rocket thrust and

selfiweight of the rocket motor.･ln Fig. 1, pis the density of the

uniform column, A the cross-sectional area of the ,columm, M the
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    Fig.1 Mathernatical model ofa venical,cantilevered column

mass of the rocket motor, J the rotary inertia of the rocket motor,

and,LR means the distance between the ftee end of the column

and the mass center of the rocket motor. The rocket motor is

considered as a rigid body, not a mass point as it has been

assumed in many papers published so fart). The subtangential

force can be represented as the resultant vector P of a vertical

force Mg and a pure tangential follower thrust P,. The direction

of the resultant subtangential force is specified by or¢ as shown

in Fig. 1, where q is the angle of inclination of the tangent at the

tip end. The parameter ar can specify the angle between the

direction of the resultant force and the z-axis and it is called

"tangency coefficient". Whena=O, the direction of the force is

vertical, i.e. the force is conservative. When a =1.0, it is

tangential to the,tip end, i.e. the force is purely nonconservative.

Thus the coefficient a is sometimes referred to as the

nonconservatlveness parameter.

           3. Finite Element Formulation

  The energy expressions for the above mathematical modet can

be written in the forms;

T= -ltf; pA(gfPtz+tMl g- L, ,a,2g,lit.tl JI( ,a,2g ,fl,,s-?

      '

            '

ve £4(g:s )2 de ' '(2}

Wb- -StfZ (P,+Mg)( gf )2 d,,
(3)

6whc= -a I g,u 6 ul,., ,

wsw- Y:, pA, (L-,) ( gf. )2 dz.

(4)

(5)

In the above expressions, T is the total kinetic energy of the

considered system, V the potential energy, W} the work done by

the conservative component of the subtangential force, 6W),, the

virtual work done by the nonconservative component of the

subtangential force, Vl?k.., the work done by selfiweight of the

column.

  In order to derive the equation of motion, let us start with the

following extended HamiEton's principle;

6fli (T- V+ "XL+Xk.,)dt +f ii6 VVh,4-O. (6)

Substitution of Eqs.(1)-(5) into Eq.(6) leads to

fii lf[][ E,, g i.f .s (-g-;,g,t) + , A -g-i,fs, .s , - p g f. 6 (-g-f,-) --,, A, (L-,)a (-g･f,-)l dz

 +M gl,u6u ,.,+ ,vfL,[ gi,udi(gf)+a9,3ua,6u ,.,

                       '
 +(MLk+J)[ ea,,3"a,6(g," )I,., +ctP[ 3," 6u ,., dt-O･ (7)

where P = Mg + a and a = P,/P.

In order to obtain a characteristic equation related to the flexural

vibration of the column, let us rely on finite element formulation.

Now, the column is divided into N segments having an equal

length l, as shown in Fig. 2.

Z
i-11

1 2 3 4 i N
kl,N Fz'

z

                         L

                 Fig.2 Finite elements

For coqvenience of dealing with the equations in dimensionless

forms, the following dimensionless quantities are introduced;

      z'=z-(i-1)l, eLz;,7, i7=tdT, (8)

wherei(=1,2,3,･･･ ,N) is an integer.

Now the dimension!ess displacement ocan be assumed to take

the form
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                           Fig. 3. The thrust curve of the rocket motor is shown in Fig. 4.

     q(1 ,t)=n(4)est. (9)
Substitution of Eq.(9) into Eq.(7), together with the

expressions(8), results in the fo11owing matrix form; ･

 N･
   li}t' 6Hr. [m] Hi+6Hi [k]Hi-7I}6Hr. [p]HtrjH,r, [w]Hi2
i=!

                             '                   --+ Aiiil[ii .H k ,AIFHN + A 2NM,LR <-j Hk-L,･ptN "'i"H･:' PrdiN )

+A2
(MNL;,R+ -kl-)jH: J-. H.+ct S6H}e]P,,hr},=o, (io) .

where the dimensionless parameters are defined as fo11ows;

A2= -`2'iAi il!t'L,`S2 ･ Tt ZL:j2, M"pMAL' [71=p;ILs'

                  '        tt
[R=' fiR'ct= MgP+'p,={lt'' . . '(il)

IR Eq.(10), the fo11owing shape function vector a(e) satisfying

the compatibility condition, and the nodal displacement vector

Hi are introduced:

aK{P={1-342+2;3,4-242+;3,3{;2-2g3,-42+g3}, (l2)

                   '                                              '
H,'-- {q,.,, o',.i, iji, q',}･ (13)

Finally, Eq.(10) can be written in the global charactenstic

equatlon

{[K*]+X2[M*]}{G}=O, (14)
where {G} means the generalized coordinate vector, and [K*]

and [M*] denote the global stiffhess matrix and the global mass

matrix, respectively.

  'Ihe stability of the system under consideration is determined

by the sign of eigenvalueZ2. The stability criterion are as

follows;

Re(-z2)>O, lm(-Z2)=O ;stable (ls)

Re(-z-7)<O, Im(-22)=O ;divergence (16)

Re( -z .7.)> O, Im( -JZ2 )iO ;fi utter (l7)

lnitial mass of. the rocket,m6tor lncluding propellant of O.9kg is

given in Table 1. The nominal initial mass of the m6tor is

assumed to be 14.65kg. The rotary inertia J of the rocket motor

and the distance LR between the center of gravity of the rocket

motor and the free end of the column were kO.l l96 kg･m2 and

LR=2oomm, respectively. Test beams in the present experiment

have the width b=30mm,,and the thickness h=8mm, 9mm. The

beams were made of aluminum. The densityp =2672 kg/m3, and

Young's modulus E=6.903× 103 kg/mm2, which was found by

the bending test described laten
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          4, Rocket Motor and Test Beams ,

  The rocket motors used in the present experiment are small-

sized solid rocket motors designed for the combustion test of

propellant. The motors were made by Daicel Chemical

Industries, Ltd.. A detail plan of the rocket motor is' shown in
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Table 1. Mass of the rocket motor.

5

Numberofrocketmotor Mass(kg)

RocketmotorNo.1 l4.65

RocketmotorNo.2 14.60

RocketmotorNo.3 14.70

RocketmotorNo.4, 14.60

              5. Static Bending Test

5.1 Bending stiffness of beams

  In order to correctly predict instabiiity boundaries by

calculation, it is needed to know the exact bending stiffuess of

n
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test beams. The bending stiffriess EI can be obtained by the

bending test of the beam, as shown in Fig. 5. When a

conce'ntrated lateral force W is acted upon the beam at the

position a apart from the free end of the beam, the displacement

d at the point c apart from the free end is given by

                           '

      d. (L-a)2(2L+a-3c)VV '(ls)
                  6EI

This is a well known formuia in a textbook of the strength of

materials. Therefore, the bending stiffhess of the beam EI can be

obtained by the following expression;

      EI. (L-a)2 (62L+a'3c)W. dW (lg)

ijziili

L
am
c l

ts

             Fig. 5 Horizontal cantitevered beam

5.2 Static bending test of beams

  Figure 6 depicts the sketch of the static bending test of a

beam. The procedure of the static test can be read as fo11ows;

CI) Two test bearns were provided, and then the dimensions of

the test beams were measured. The measured dimensions of the

test beams were as foIlows;

  Test beam(A); width b=30mm, thickness h=8mm, length

                L=133lmm

  Test beam(B); width b=30mm, thickness h=9nim, length

                L=1481mm

   The acting position a of the lateral force and the measuring

point c were assumed to have the same values for the two test

beams and they were taken {o be a=70mm and c=iOmm.

@ Horizontal of the test beams was checked by a water level.

@ In order to apply the concentrated lateral force W at the

             '
        '

                                              L

                          Test beam

                                   [l･
                            ,. i Support block l i

                            U. rv , )

  position a, a small dish was hung from the test beam c apart

  from the tip end, and then put a counter-weight on the dish.

  @ Displacement d was read by a microscope. The displacement

  d was kept within l% of the length of the test beam.

' 5.3CalculationofYoung'smodulus

    Figure 7 shows the relation between the applied force VV and

  the dispiacement d for the two test beams. The value of (VW was

  obtained from Fig. 7;

    Test beam(A) : cVW = O.0249 (inl]kgf)

    Test beam(B) : ew = O.0295 (,nl)kgD

  Therefore, the experimental bending stiffness EI given by

  Eq.(19) yielded experimental Young's modulus of test beams;

    E= 6.903 × 103 (kg/mm2)
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                6. Numerical Results

6.1 Eigenfrequency of test columns

  As to the basic dynamics of the columns in the present

experiment, the first and second eigenfrequencies of the columns

with and without the rocket thrust were calculated by the

characteristic equation(l4). The frequencies of the columns with

and without the thrust for the test column No. 2(see Table 2) are

plotted in Figs. 8(a) and 8(b). rn Fig. 8(a), the points Ci and C2

denote the first and second eigenfrequency of the column under

the conservative loading due to the rocket motor, respectively.

The point Di and D2 mean the first and second divergence fbrce,

respectively, while the point F represents the flutter point on the

eigenvalue curve for ct=O.74. In Fig. 8(b), the curve ACi shows

the first eigenfrequency for a conservative loading( or=O ), while

the curve BCi depicts the frequency for a subtangential loading

of or=O.74(refer to Eq.(20) given later).

6.2.Stability maps of the test columns

  Type of instability of the columns depends on the, tangency
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coefficientaof the total compressive force(Mg+P,). When the

tangency coefficient of the rocket thrust is chapged from zero to

unity, the divergence-type instability in the first mode can take

placp for the coefficient a $O.5, while for a )O.5 fiutter-type

instability can occur. Typical stability maps of the test columms

are shown in Fig. 9. These maps also contain the broken curves

which show the relation between the total compressive force

P=Mg+P, and tangency coefficient a. The curve.s are plotted on

the assumption that the conservative load Mg is fixed to be

14.2kgf, wh.ile the rocket thrust P, is increasing from zero.

  In the actual experiment, the rocket thrust Pi is assumed

constant and 40kgf. Thus the tangency coefficient a is taken as

                        '  aL 4QI('14.2+40)= O.74, (20)
                                      '                        t.                                tt                                          '
where the average weight of the rocket motor during burning is

taken as l4.2 kgf, since it was assumed that the initial weight of

the motor is 14.65 kgf and the weight of the propellant is O.9 kgf

(thus the final weight of the motor is 14.65-O.9=13.75 kgD.
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6.3 Design of the test columns

  Since one run of a rocket motor is expensive, only four test

runs were planned in the present experimental project. Thus

detailed considerations on the design of the test columns were

needed. The stability limits of the total compressive force acted

upon the columns having different dimensions are shown in

Table 2. Relation between buckling load and length of columns

are shown in Figs. IO(a) and 10(b) for different thickness of the

columns. Table 3 depicts the buckling length of the four test

columns. It is noted that the applied conservative force was fixed

a,s 14.65 kgf.
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Tabie 3. Buckting length of the column
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(The width of the cotumns is fixed to be 30mm)
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 Fig. 10 Buckling load-column length relation

Table 2. Detaits ofthe candidate columns.
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          7. Test Runs with Roeket Thrust

7.1 Outtine of experiment

  The intended aim of the present experiment is to demonstrate

the stabilizing effect of rocket thrust on the dynamics of

cantilevered,qplurnns, which are initially subjected to a

conservative load. As seen in Fig. 8(b), the first eigenfrequency

decreases as the conservative load (cr=O) increases, while it

decreases slowly as the subtangential load of cz=O.74 increases.

It is now confirmed that the term "stabilizing" effect here implies

"higher" frequency. Four stability maps in Fig. 9 depict

straightforward the state of stability of the column when it was

subjected to a conservative load of a=() and to a subtangential･

load of a =O.74. In Figs. 8(b) and 9(a), (b), (c), (d), the point A

means the coltimn under a conservative load (a=O), while the

point B the column under a subtangential load of a =O.74. When

the tangency coefficient a =O, the column loses its stability by

divergence i.e., buckling. When the coefficient a=O.74, the

columm loses its stabitity by fiutter. It is noted that the flutter

load is much more higher than the divergence one, as seen by

Fig. 8(a). Application of rocket thrust to the colerrm in addition

to a conservative load can change the type of instability. This is

the physical mechanisM of the stabilizing effect of reeket thrust.



Through detailed consideration

present experiment are focused on

two cases;

Case1:Initially the column under a conservative load sways

       with a low frequency, since the load is close to but

       lower than the buckling load. Then the rocket thrust of

       40 kgf will be applied to the column. The column may

       oscillate with a higher frequency during the burning of

       the rocket motor. After the burn out of the motor, the

       column shall again sway with a low frequency.

Case 2 : Initially the column under the buckling load is at rest in

       a bent configuration. Then the rocket thrust of 40 kgf is

       applied to the column in addition to the conservative

       buckling load. The application of the rocket thrust may

Experimental Verijication qf the Stabilizing Efilect qfRocket 11hrust on the D.vnaniics

       of Vertical Cbntilevered Colunins "nder a Conservative Load

of Table 3 and Fig. 9, the make the column dynamically stable as long as

 demonstrating the following thrust is alive. After the burn out, the column shall

                                   again have the bent configuration.

67

the

  Figure 11 shows the sketch of the experimental setup. A

vertical column was cantilevered upward and equipped with a

solid rocket motor at its free end. The free end was loosely

hamessed by two thin wires which prohibited the column to

sway out extremely, but allow it to oscillate freely with small

and moderate amplitude. Figure 12 shows the photographs of the

experimental setup. Measuring devices were installed for axial

compressive strain and lateral displacement of the test columns.

Dynamic behavior of the columns was recorded by a video

camera and a motor-driven camera

  It is again noted that the nominal weight of the motor before

igriition was 14.65 kgf, while the weight of the propellant was
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".

  (b) Bottom end of the vertical column

                  Fig. 12

                 (c) Rocket motor mounted at
                    the tip end of the cotumn

Photographs ofexperimental setup

O.9 kgf. This means that the weight of the motor after burn out

was 13.75 kgf. Thus the average weight of the motor during

buming was 14.2 kgf. The rocket thrust was assumed to be

constant and of 40 kgf during the burning period of 4 seconds.

7.2 Results of experiments

  Four test runs were conducted in the present experiments.

Testrun No. 1:This test run corresponds to the stability map

   shown in Fig. 9(a). The dimensions of the test column were

   given in Table 2; the length of the column is 1040mm, the

   width 30mm and the thickness 9mm. The vertical column

   without rocket thrust swung with a Iow frequency and rather

   a large amplitude. Under the action of rocket thrust, it

   oscillated with a higher frequency and a smaller amplitude.

   After burn out of the rocket, it again swung as it was before

   ignition.

Test run No. 2: The run corresponds to the stability map shown

   in Fig. 9(b). The dimension of the column were given in

  Table 2; the length of the column is 1130mm, the width

   3(]irnm and the thickness 9mm. Since the test column of the

  run No. 2 had a longer length than that of No. 1, the fbrmer

  oscillated with a lower frequency than the latter. Recorded

  displacement and axial strain were shown in Fig. 13. It was

  observed that the column under a conservative load oscillated

  with a low frequency, and that, under a rocket thrust in

  addition to the conservative load, it oscillated with a higher

  frequency. Table 4 shows the comparison of the first

  eigenfrequency obtained by theory(refer to Fig. 8(b)) and

  experiment(see Fig. 13) for test run No. 2.
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  13 Recorded axial strain and displacement for test run No. 2

Table 4. First eigenfrequency of the column in test run No.2.

Withoutrocketthrust

a=O
Withrocketthrust

a=O.74

Theory O.227Hz O,544Hz

Experiment O.29Hz O.66Hz

Test run No. 3: The stability map shown in Fig. 9(c) predicts the

   stability behavior in this test run. The dimensions of the test

   column were given in Table 2 and they were 1330 x 30 x 9

   mm. The length of the test column was chosen to close to the

   critical length for buckling. Because of the offSet between

   the free end of the column and the center of weight of the

   motor (therefOre the offset caused a bending moment to the

   colurnn at its free end), the column could bent even when the

   weight of the motor is slightly lower than the buckling load.

   Thus the column without rocket thrust was in the state of bent
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  configuration. Application of rocket thrust yielded the total

  compressive load of l4.65 + 40 kgf. At the moment of the

  application of rocket thrust, the bent column stood up and

  began to swing with a moderate frequency. After the burn out

  of the motor, the column swung with a very Iow frequency.

  The reason why the column could not retain its bent

  configuration was that all the propellant was consumed and

  thus the weight of the motor after the bum out was deceased

  by O.9 kgf.

Test run No. 4: The stability map shown in Fig. 9(d) depicts the

   stability behavior in this run. The dimensions of the column

   were given in Table 2 and they were 1 r25 x 30 x 8 mm. The

  dimensions were chosen to realize the critical state for

  ofRocket T7irttst on the Dsnamics 69

   buckling. Because of the effect of offset of the conservative

   load( the weight of the motor), the column was in the state of

   bent configuration. Under the combined action of the motor's

   weight and rocket thrust, the cQlumn oscillated with a

   moderate frequency around the undeformed configuration.

   After the burn out of the motor, the column retained its bent

   configuration.

  A sequence of frames of the column's behavior observed in

the test run No. 4 was shown in Fig. 14. Figure 15 depicts the

records of the axial strain and dynamic displacement in the test

run No. 4. The records demonstrates the stabilizing effect of

rocket thrust on the dynamics of the column subjected initially to

the conservative buckling load.

(a) Bent column without

  rocket thrust

(b) t=O.O sec; Ignition (c) t=O.5 sec (d) t=1.0 sec (e) t=1.5 sec

(D t=2.0 sec (g) t=2.5 sec (h) t=3.0 sec (i) t=315 sec

Fig. 14 Sequence of frames of the column's behavior observed in test run No. 4

ij) t=4.0 sec; Bent column

  without rocket thrust
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Fig. 15 Recorded axial strain and displacement fbr test run No. 4

8. ConcludiRg Remarks

  The present paper has reported the first experimental

demonstrations of the stabilizing effect of rocket thrust Qn the

dynamics of vertical cantilevered columns having a tip rigid

body. As shown in test runs Nos. 1 and 2, rocket thrust can cause

the column's oscillation with a higher frequency than when it

was subjected only to a conservative load. More dramatic

demonstrations were made by the test runs Nos. 3 and 4, where

the bent column under a conservative load regained their straight

configurations during the application of rocket thrust.

  During the course of the experiment, i{ was found that the

basic study on the dynamics of columns having a rigid body at

its free end was needed, especially the effect of the mass center

of the body on the dynamics and static stability of the column

should be investigated both theoretically and experimentally.

The authors are now working on the needed basic study to

enhance the discussions of the present experimental results.
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