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(Received June 16, 1990)

This is a study of period-doubling bifurcations of 4/7—harmonics in the
nonautonomous piecewise linear systems with unsymmetrical restoring force
in the case of the damped systems.

In this report we have examined part of a sequence of period doublings, and
the homoclinic orbits by making use of numerical calculations.

1. Introduction

In the nonlinear systems such as mechanical systems, astronomy, hydrodynamics,
meterology, plasma physics, electronic oscillators, and solid state systems, etc., the
many phenomena that are caused by the inherent nonlinear nature that under some
conditions leads to strong irregular behavior, chaos, and at other time to characteris-
tic ordering phenomena are known?.

It is well-known that there is no universal route from regular behavior to chaos but
some routes to chaos exist. A very popular model to chaos is said to be a route based
on a sequence of period doublings?, in which the period of oscillations undergoes a
doubling at specific values with increasing (decreasing) value of the parameter.

There are famous period doubling bifurcations as to 1/2-harmonics®, and 3/
5-harmonics?. In this paper we deal with period doubling bifurcation in 4/7-
harmonics in the neighborhood of 1/2-harmonic solutions in the case of non-
autonomous piecewise linear system with unsymmetrical restoring forcet®9,

We have studied periodic solutions in piecewise linear systems because certain
calculations can be made explicitly and a certain of the results will carry over to
more general equations.

This paper will give the period doubling bifurcation condition and some results as
to the bifurcation diagrams both qualitatively and numerically.

* Department of Electrical Engineering, College of Engineering
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2. Periodic Conditions

In this section the system with restoring force (see Fig. 1) expressed in equation (1)
will be considered.

¥ +2ax +f(x)=Ecoswt 0y
I2x— K% (x=2%) -

= 2

fx) { k2x (x=1x) @

There 2=k*+K?, and kLK, and % are positive constants. In this paper dots over
a quantity refer to differentiation with respect to time t.

Assume the initial conditions as follows;
x0)=M }
x(0)=N
In this paper the periodic solutions are classified according to the number of times
the solution reaches the corner point, %, during the period”. For 2% times the
solution is designated A type solution in case M >, or B(M <x). Here we have
derived the periodicity conditions for ,B type (M <x) periodic solution with period
T, shown in Fig. 2.
From Fig. 2 we have following equations.
n(t)=x%

&)

%(b)=%

»(T)=M

x(T)=N
where x,(t) means the solution for the interval #_,<¢<£(/=12,3, and £,=0, 4=T
=2"T";p:positive integer) and the solution x,(¢) which reaches the corner point x, at
t=1{i=1,2) is connecting the solution x.,.(#) smoothly at every corner point.

Given the system, that is, for given kK, and x equations (4) are the periodicity

conditions for obtaining ;B type solution with period 7. Then, if initial values M and

4

Af(x)

Px-Ko Xo N

KXo|--=

Fig. 1 Restoring force characteristics Fig. 2 Periodic solution of type B
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N, loss factor a, and amplitude E of the external force are known, the remaining
elements are obtained, that is to say, basic frequency @ of the external force, and
transition time 4 and %, which lead to periodic solution, will be found.

Finally, we write down the concrete form of equation (4) under the conditions (3).
In the following solutions, we set

@1 —V kz_dz and @2 — V 12"'(1’2 (5)
Thus

xl(t1)= e""'x {A1C08w01t1 +"—1_(CYA1 +Bl)Sinwmf1}
@o1 (6)

+ CICOSwll +Dlsin&)t1 =X

B(h)=e &Y {Acosap(b—4h)

1

K?
+ (@A;+ Br)sinwo,(— )} + > %0 7
@o2 l

+ Cycoswt, + Disinwl, = X

xs( T) — e—a(T-‘z) {A3COS&)01(T - tZ)
1

Go1

+CcoswT + DisineT =M

+

(aA;+ Bs)sinwo (T — tz)} ®)

1 T)=e T8 {Bscoswo (T — &)
1

@o1

+ wDicoswTl —wCsinwT =N

+

(k2A3+a’Ba)Sinwox(T”‘ é)} . )

where

C.— (F*—w?E D= 2awE
T (R ) Hatw? T (B2~ w?)? +datw?
C.= (l*—d)FE D= 2awkE
2 (-0t dete? ] 2T (- 0 tiate?
A,ZM—Cl y B],:N_'GJDX

A,=x,— C,coswt, — Dysinet;

A;=x—Ccoswt,— D;sinwt, ,
Bz = k l(tl)— G)DzCOSG)tx 'I" GJCZSinCDtl s
B,=x,(t)— wD,coswt, + wC sinwt; ,
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2 (h)=e*"{Bcoswnt
_ﬁ).%(kZAl + a’Bl)SinﬁJ(n tl }
1

+ wDcoswh — wCisinwt, ,
%)= e =4~ {Bycoswo(t,— 1)
1

@o2

+ wD,coswt, — wCysinwl, , (10)

(12A,+ B,)sinwqa(f, — )}

T=p %;L (p: positive integer)

3. Stability and Period-doubling Bifurcation Condition

The problem of the stability of the periodic solutions of our nonlinear systems
always leads to the equation of Hill's type.

Let the ;B type T-period solution obtained from the periodicity conditions given
in section 2 be denoted by x°(¢). The stability of x°%(¢) can be determined by the first
variational equation of the solution of equation (1)”.

Let the variation be y.
The first variational equation is given by

¥ +2ay +a(t)y=0 (11)
_
a(t): ox x:xo(t) (12)

Also, a(?) is understood to have the following properties:
a(ty=a(t+7T)
2 @)>%) (13)

ah= {k2 (1)< %)

Let the indepe:ndent solutions of equation (11) be denoted by ¢(¢) and y~(¢) where
$0)=v(0)=1, ¢ (0)=(0)=0.

Let the two characteristic roots of equation (11) be p, and p,. Then

p1p2=e‘2"7
o+ = (T)+4(T) } : (14)

From equations (14), we have three cases of the stability of periodic solutions as
follows®.

(1) completely stable (C.S) if [ p | <1, | o | <1
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Fig. 3 Coefficient a(a) of periodic solution type ,B

(2) directly unstable (D.U) if p,>1>p,>0
(3) inversely unstable (LU) if p<—1<p,<0

From equations (14), it is clear that the conditions for the stable and unstable

region boundary are followed:
(i) $(D)+¢(T)=—1—¢"" (15)

(ii) $(T)+y(T)=1+¢ 2T (16)

The equation (15) means the period doubling bifurcation condition. Finally, we give
the concrete form of equation (15) in terms of a, 4, &, and @ when the periodic
solution is the T-periodic solution type ;B as shown in Fig. 2 (or Fig. 3)

e=T (2coswoz(t, — h)coswo {T —(L—4)}

_(20_2"'{" ZOI)SlnGJoz(tz—‘tl)Slnwol{T (&—4)}] n

®@o1

- _1___e—2aT

4. Branching Phenomena

It is well known that bifurcation theory concerns the solution x(¢;4)of a problem
which depends upon a scalar or vector parameter 1.* The solution is said to
bifurcate from the solution x°(#; A,) at the parameter value A =2, if there are two
or more distinct solutions which approach x°(f; 1) as A tends to A,. _

The first problem of bifurcation theory is to determine the solution x°(#; A,) and
parameter value A, at which bifurcation occurs (see section 2,3). The second problem
is to find the number of solution which bifurcate from x°(¢; A,). A third problem is
to determine the behavior of these solutions for A near A,. The behavior of the
solutions for A outside a small neighborhood of 1, is also important, but is not
considered here.
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Though the essential aim of this section is the identification of the branching
behavior near bifurcation point of equation (1), we have reported some results in the
preceding articles.*» :

The solution of equation (1) with x=M and x =N at {=0 is written by x(; M ,N,
E) and the functions F and G are defined as follows.

FM,N,E)= xnT;M,N ,E)—x(0;M ,N ,E) } 18
GM,N,EY=x(nT;M,N,E)—x(0;M N ,E)

where n = 1 and 2.

It is now clear that solution x(¢; M, N, E) has a period »7T if and only if
FM N,E)Y=GWM,N ,E)=0 (19)

Analysis of branching at an endpoint of an unstable are of the curve F=G=0
involves the computations of several partial derivatives of the functions F (M, N, E)
and G(M, N, E) at the point.

Since these computations are long and tedious, we shall omit most of them in what
follows. When the equation (15) or (16) is satisfied, let the point satisfying equations
(4) be denoted by (M,, N,, E;) and then we have following results in the analysis of
(M — E) plane.

In case » = 2, (equation (15) satisfied) at the bifurcation point (M,, E;) we have two
branches, one is tangent to £ =FE; and the other M — M,=C,(E — E,), (C;; constant).

On the second branch, the solution curve, satisfies x°(¢)=x°(¢+ T). The first
branch tangent to E =E, behaves like

E—E,=C,(M—M)? (C,: constant)
and

x%(t+ Ty=—2¢)

Thus the first branch becomes the solution period 27T existing only on one side of
E =E,. This is means period doubling bifurcation.
In the case of n=1, (equation (16)), we have

E=FE, M—Mo+C,(N—M,) (Gs:-constant)

The branching which occurs in this case is the well known jump phenomena for
which a stable periodic solution coalesces with an unstable solution and disappears.

5. ‘Numerical Analysis

In this section we analyse the behavior of the period doubling bifurcation of 4/
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7-harmonics numerically by using the results obtained in sections 2, 3. Here we set

the parameters as follows: A2=1.0, /2=9.0, %=1.0, and w=2.2. As to damping
coefficient 2, we use 24 =0.01 and 0.02.

Numerical results in M —E plane are shown in Fig. 4(a), (b), (c) in case 2&=0.02 and

in Fig. 4(d) in case 2a =0.01, where we discriminate the solution x(f) as the periodic
solution with period 7" under the following conditions.

| x(T)—x(0) | <107, | x(T)—%(0) | <10

In these figures the branching phenomena are very much in agreement with
analysis obtained in section 4.
Also, homoclinic orbits in £=6.93 are shown in Fig. 5 and Poincaré section in M —

N plane is shown in Fig. 6, which was obtained by running the program for 20000
forcing cycles.

6. Conclusions

In the previous sections, analysis of period doubling bifurcations of 4/7-harmonics

for the simplest piecewise linear system with unsymmetrical restoring force are
present in the case of a single harmonic excitation with loss.
The results are summarized as follows:

(1) The results shown in Fig. 4, present two different phenomena, that is to say, one

is the jump phenomena, the other period doubling bifurcation phenomena,
giving the exact explanation of qualitative analysis in section 4.
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Fig. 4(a) Regions of 4/7-harmonics in Fig. 4(b) Bifurcation diagram of
M-E plane (22=0.02) 9/4-harmonics (2a =0.02)
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Fig. 4(c) Bifurcation diagram of Fig. 4(d) Bifurcation diagram of
29/56-harmonics from 9/14-harmonics from
9/14-harmonics (2a=0.02) 4/7-harmonics (2a=0.01)
Fig. 4 Branching phenomena of 4/7-harmocs in case k*=1, I*=9, @=22 and %=1
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Fig. 5

Homoclinic orbits of 4/7-harmonics in E =6.93 from fixed point of I.U
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Fig. 6 Poincaré section in case
k=1, 1)=9, @=2.2, %=1, and E=6.93
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From Fig. 4(c) we can assume a sequence of period doublings of 4/7-harmonics
infinitely. ’

Homoclinic orbits are obtained in Fig. 5.
Poincaré section, shown in Fig. 6, means that the mapping points of 4/7-
harmonics seem to grow up to strange attractor, but these converge to 1/
2-harmonics attractors.

Thus, the coexistence of multiple steady states and the appearance of chaos may
not be appeared in these period-doublings of 4/7-harmonics in this system.
The future work includes investigations of chaotic motions of other subharmonic
solutions in both dissipationless and dissipative system.
Finally, it is noted that numerical calculations were performed by using AC0S-930
as the computer center, University of Osaka Prefecture.



28 Yoshiaki SHIRAO, Hiroaki KAWABATA, Toshikuni NAGAHARA and Yoshio INAGAKI

6)
7
8)
9)

References

Lundgvist, S., N.H. March, and M.P. Tosi, ORDER AND CHAOS IN NONLINEAR
PHYSICAL SYSTEMS, 1, Plenum (1988)

THOMPSON, JM.T., and H.B. STEWART, NONLINEAR DYNAMICS AND
CHAOS, 162, JOHN WILEY & SONS, (1986)

May, R.M., Nature, 261, 459 (1976)

Y. Shirao, M. Kido and T. Moritani, [ECE, 62— A4, 11, 777, (1979)

Y. Shirao, M. Kido, T. Nagahara, and N. Kaji, Bull. Univ. of Osaka Prefecture, A, 31,
No. 1 (1982)

Y. Shirao, Y. Inagaki, H. Kawabata and M. Kido, IEICE, 72— A4, 6, 975, (1987)'
Stoker, J.J., Nonlinear Vibration, Intersciences Publishers Inc., New York (1950)
N.LEVINSON, ANNALS of Math. vol. 45, 4. (1944)

Keller and Antman, Bifurcation Theory and Nonlinear Eigen Value Problems, W.A.
BENJAMIN, 17, (1969)



