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Application of Position Angle Matrix to Calculation

          of Polyphase line Currents

Yoshio INAGAKI", Yoshiaki SHIRAO*, Hiroaki KAWABATA *,

       Toshikuni NAGAHARA* and Masao KIDO*

(Receiyed June 16, 1986)

   in this paper the line current along the combined dissymmetrical multi£onductor
transmission system is calculated by making use of the position angle rnatrix. Detailed

numerical examples are presented on calculation of the successive reflections of waves.

                          1. introduction

   In the previous paperi) we dealt with the boundary value problem in the cascade

connected symmetrical multi-conductor transmission system. Then we gave analytically

the 1ine potential of any point in the compact form by using the posltion angle matrix

and shgwed some numerical results fbr a practical example concerning such a problem.

Problems of this type are of special engineering interest in connection with the design of

ground wires and other protective schemes, and, in general, in the study of travelmg

waves.
   in this paper our method is applied to the calculation of the 1ine current along the

combined dissymmetrical multi-conductor transmission system. The assumption is more

generalized than that of the previous paperi),that is, different lines are connected in

series and the arrangement of conductors at any stage is dissymmetrical. But there is the

electric source at the sending point only and no initial value of voltage or current on the

transmission system in this paper.

   By introducing position 'angle matrices it has been able to describe most simply the

line current even in such a more generalized system. Moreovet it has been shown that

this acquisition may be construed well reasonably. Ehis does not lead only to carry out

the computations with ease, but also this leads to get equations of currents of such a

system from the diagram directly using the position angles. Thus the solution can be got

without solving the boundary value problem of partia1 differential equations. As a result

of this theory, a usefu1 methodology has been established so that the combined dis-

symmetrical multi-conductor transmission system may be analyzed very simply and

easily.

   The numerical calculations in the case of the three stage cascade connected sym-

metrical two-conductor transmission system as a simple and practical example for the

above method are given in this paper. They may carry out systematically programs for

calculating by using the digital computer and repeating the same calculation very

readily.

* Department of Elecuical Engineering, College of Engineering.
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              . 2.., ,General Solutions .

By way of Mustration of the general equations3 consider the circuit of Fig. 1 , which
is the i-stage combined dissymmetrical n-conductor transmission system. It shows a pair

of traveling voltage and current .waves at an arbitrary point x, on the s-th stage line,

IIIillti:{te2q[uisat(iosn)s]2)?nd [is{Xs)] in operationgi fotm･ 'ihen we have the following weil

Line 1 L1 n･e 2･ Linei

xt
[l,(k,t))
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Simplified equivalent gircuit,o, f m.any' stage cascade connected multix

conductor transmission system.

:d
  dXs
[es(xs)] = [zs (P)] [is(Xs)] (1)

d

dxs
[is(Xs)] = [4(p)] [%(xs)] (2)

where,

[lle(P)] = [Ls]p+ [Rs] =

[ Yie (P)l = [Cly]p + [Gs] =

[PLs + Rs]

[pCls ' Gs]

(3)

(4)

and [Rs] , [Ls] , [Cl,] and [G,] are n × n matrices representing the resistance, induct-

ance, capaeitance and leakance per unit length of transmission lme. From Eqs. (1) and

(2), we obtain

d2

dxs2
[is(Xs)1 . [&]2 [is(Xs)1 (5)

[qs(x,)] =, - [&*l d

dxs
[is(Xs)] (6)

where,

[&]2 . m(p)] [Zk(P)] = [pCl" + Gs] [PLs + Rs] (7)

[&*1 = [k (p)] -i . [Pq + (z,] -i (8)

The general solution for Eq. (5) is given3) by

[i,(x,)] = sinh [&] x,･[q,] + cosh [&] x,･[B,] (9)
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where integral eonstants [alo] and [%] are determined so as to satisfy the boundary

conditions.

   Substituting Eq. (9) in (6), and solving for the potential, there results

                                     '       Ee,(x,)]=- [&"] [&] (cosk [&]x,･[als] ,, .

               +sinh [&] x,･[A]) (10)
                                               '                                      '                                               '                                   tt                                   '                                              '

                         3. CurrentWaves
                                         tt t                                                     tt
   Consider first the circuit Fig. 2, a n£onductor transrnission system having a length
li . A group of voltage sources [Eo (t)] and a group ofimpedances [Zi] are in series at

the sending terminal and a group of impedances [Z2 ] is at the receiving terminal.

   Then the boundary condition's may be expressed as

            .       [Ei (O, t)] = [E,(t)] - [Zi] Ui(O, t)] ''. ' ' i '' (1 1)

                                        . ttt                                               '                                tt t       [E,(li,t)]=[Z2] [Ii(li,t)] .. (12)

                             Line ' 'l

XI

{tEb(t))

[I,]'

[EICx,,t)].

[l"xi,t)]

(z!la]

2
1                     Al - ,B ,

                             .t                  '           'Fig.2 'Fundamentalcirc.uitofn£onductortransmisslonsysterh. .

                                             'It veill be also conveni6nt to intfodug,e the.not'a' tion '  ' '

       [ei(X.ii)] ,= £ [Ei (Xi, t)]

       [ii(Xi)] = £ [Ii(Xi, t)]

       '
       [eol = £ [Eo(t)]

Then Eqs. (1 1) and (12) become ,

      Iei(O)]=[eo]-[2i][ii(O)] (13)
       [ei(li)]=[22][ii(li)] -. a4)
in which the matrices [2i] and [22] are the operational forms of EZi] and

From Eqs. (9), (10) and (14), [ai ] and gei ] turn out to be

                                      '                                                          '                                                       '                                        '     '                                                     '       [ai] =-SH([gi]li + [62"]) {CH([gi]li +'[6itsl)} -i [ii (O)]

                                                         (15)

[Z2]' '
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       [Bi]= [ii (O)] (1 6)
where

      tanh [6"] = sinh [6*] (cosh [6"D-'

              = (cosh [6"] )-' sinh [6"]

              =[g] -i [g*]-i [2] (17)

Substituting Eqs. (15) and (16) in (9) there results

       [ii (xi)] = CH {[gi ] (li - xi) +' [6 ,se ]}

               ×{CH([gi]li+ [62*])}-i [ii(O)] (ls)

It is evident that Eq. (18) is a type of natural multi-dimensional expansion when the

current' is represented using the position angle.

Equation (18) may be rewritten as

       [CH {[gi] (li -xi)+ [6cr]} ]-i [ii(xi)]

      ={CH([gi]li+ [62"])} -i [ii (O)] (lg)

'Ihe position angle matrices in the positive direction of xi from the point A and at

the point A, when the point B is assumed to be the standard point, are written by

[gi'] (li - xi) + [62"] and [gi]li + [62"], respectively. Equation (19) skows that the

matrix product at an arbitrary point ofa 1ine[CH{[gi ] (li -xi)+ [6"]} ]'i [ii (xi)]

has a constant value.

   Now take the case, Fig. 3, of the two-stage transmission system having the same

constants as in the previous case. Then the fundamental circuit equations are:

      [ei(xi)] =- [g!"] [gi] (cosh {gi]xi･[ori] + sinh [gi]xi･(Bi]) .

                                         ･ (20)

      [ii(Xi)] =slnh [gi] Xi･[ai] +cosh [gi] xi･[Bi] . (21)

                                              '      [e2(x2)] = - [gik] [g2] (cosh [g2]x2･[at2] + slnh [g2]x2･[B2]) '

                                                      (22)

      [i2(x2)] T sinh [g2] x2･[a2] +cosh [g2] x2･[B2] (23)

and ,the boundary conditions are

                                  '      [ei (O)]=[eo]-[2i] [ii (O)] ･ (24)
             '                                   '           tt                                       '                    '                           '                                                '                         tt                       -      [ei (li)] = [e2 (O)] =[Z2]([ii (li)] - li2 (O)]) " (25)
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(iiCOt Linel Ei,ce,1 ' [iaco} Line 2 tr,va1

 - xl-Cefipaij
      {ii(gD
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 Fig.3 An equivalent circuit

       system.

  [e2(l2)] = [23] [i2(l2)]

are only 'four integration

- X2 -;[e2{k)]
      (i2t=eg

(g]

e2

(k]

     i
   B
of caseade connected

i

 c
polyphase transmission

                                                            (26)

There constants to be determined from the terminal condi-
tions. Refening to above equations, there is

       [ori] = -([st"] cosh [gi]li + sinh [gi]li)-i ([st"l sinh {gi]li

                     '                                                '                                                       '             +cosh [gi] li) [ii (O)] (27)
                                    ttt t                                                     t.                                                       '       [Pi]= [ii (O)] '. (28)
       [a2 ] =- SH ( [g2 ] l2 + T[63"]) {CH ( [g2 ] l2 + [6 3"]) } 'i [i2 (O)]

                                                            (29)

       [621-[i2(O)] (30)
                                                  '       [st*] =[{U] +{TH([g2]l2 + [63"])} -' tanh [6il4,]]

           X(tanh [6 2"])-' (31)

       tanh I62f] m [gi]" [gi"] -i [2,]

       tanh [62".]" [g2]-' [gor]-' [2,]

                                  '
       tanh [63"] = [g2]-i [g2']-i [23]

   The impedance matrix [ii] looking from the end teminal of line 1 toward 1ine 2,

and the impedance matrix [i2] looking from the start terminal of1ine 2 toward the end

terminal are related as

       [ii]-i = [z2]-i + [i,]-i
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[ii]-' [gi]･Egi]=[22]'i [gl] [gi]

   + [i2]-i [g"] [g2] [g2]-i [g2"]-' [22] [22]-i [gi'] [gi]

(32)

Putting the p6sition angle matrix looking from the end terminal ofline 1 toward line 2

[¢i"],there is, , ,. ., ,
      TH [¢ i"1 = [gi] -i [g i'] -' [z-i]

and since ie2 1 l2 + [63"] is the position angle matrix looking from the start terminal of

lme 2 toward the end terminal, the next relation holds

      TH([g2]l2 + [63"])= [g2]-i [gik]-i [i2]

Therefore Eq. (32) becomes

      (TH [¢ i"] )'i = (t anh [6 "] )-' + {TH ([g2] l2 + [6 3"])} "

               . × tanh [6i;,](tanh [6cr1)"

                = [st*]

and Eq. (27) becomes

      [ai] =-{CH ([6i"] + [gi)li)} -' SH ([6i"I t [gi]li) [ii (O)] '

                                                     (33)

                                                           'where [6i] is the corljugate position angle matrix of [¢i] which satisfies the next

      SH [¢] (CH [¢] )-i =(CH [di] )-i Sil [di]

                             t ./Substituting Eqs. (28) 'v (30) and (37) in (21) and (23)

      [ii(xi)] =CH {[gi] (li -xi)+ [dii"]}

     ･, ･･× {CH([gi]li + '[¢i"1)} -' [ii(O)].-･ .- ･- ･(34)

                 '      [l2(Jc2)] ÷'CH{[g2i(l2 -'x2)i[6'j]} ' '''' ' ' ' ' ''

                 '
              ×{CH([g2]l2 + [6Se])}'i [i2(O)] ,', ,(35)

                                                  '                                      .t .                     '
   Comparison of Eqs. (34) and (35) with Fig. 3, it shows that the content of these

equations is the same as' that of Eq. (18). In other words, both Eqs. (34) and (35) show

that the equation multiplied the current matrix by the inverse matrix of the pseudo-
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hyperbolic cosine of the position angle from the left side has constant value.

   ln the following examples the application ofthe general equations derived above is

restricted to three stages. Increasing the number ofstages involved merely magnifies the

amount of calculation that must be done. In general, complete set ofequations fbr the

s-th stage may be Written:

       [i,(x,)] = CH {[&] (k - xs) + [ghs"] }

               × {CH([&]k+ [¢s"l)} -' {is(O)] (36)
           t tt t.tt tttt ... tt t. .t tt /..tt t tl /t t. ttt t. .t t
where [¢,"] is the position angle matrix lookmg from the end terminal of line a toward

the receiving terminal of transmission system. The details of the solutions for this case

wM not be undertaken here. - ･ ･
   Thus, the operation equations for the current at an arbitrary point on a transmis-

sion 1ine is

                                          tt. t
       [i,(x,)]=cH Ee,,*,l (sH [e,*b-i sinh {6wh.] fl' CH''[6.*] '''

                                          a=S-1
               × (SH [e."])-' sinh [6,iS,l･[2i]-' [eQ] , -(37)

where

[etsc*x] = [&] (ls - xs) + [¢s']

[ea"] " [6c n] + [ga] lo + [¢o"]

(TH [¢e"-i] )-i = [ [U] + { TH({go] la + [ipa"

              × (tanh E6.*])"i ･
 i
.U,CH [¢o"]'(SH [ea"])"' sinh [6c;n]=[U]

tanh [6."] " [g.-il" [g."-i]" [2.]

tanh [6, ;i]"[g.]-' [g."l-i [2.],

TH [¢i"] =tanh [6i"1 = [ts] -' [&*] -' [,Zi]

])}-1 tanh [6a;i]]

   This is the general operational equation, whose solution, subject to the circuit

conditions, yields the explicit equations of the transmission 1ine transients. If the posi-

tion angle matrix is used, the current equation can be obtained easily without solving

the boundary value problem of partial differential equations.

   Thus, if [e] is given ht the sending point as a function of tiMe and al1 the param-

eters are known in operational form, then the vbltages and currents alorig the 1ines are

determined by solving the ab6ve equations. In particular, ifei,e2,..., en are sinusoida1

waves, the solution may be obtained by operational calculus.

ln this chapter

        4. NumericalExamples

there are given the numerical results for the circuit of 3-stage line
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Si(t)

 N

Ii?cx,,t} i2ptk･t)Rg ?g2psi,t)

N
 al cx,,t)

  re1
e2(t)

. Ih,{k,f)

R2 Rs

 lst{ tl

R, k R6

                    ':- 21 --- - 22 - - 2s -"

            Fig. 4 Two-conductor system grounded threggh resistances.

system as Fig.4. These very simple 2-conductor circuits adequately Mustrate the

method of analysis with minimum amount of algebraic exercise. Referring to Fig. 3,

let

      [Li] = [L,] = [L31=[L ,M )

          ' LM Lj
      [Ci] = [C2] = [C3] =(C C')

                       Lc' cj
      [Ri] = [R2]' = [R,] = [R +Rt                                 Rt )

                        L Rt                                R+R'J

       [G,] = [G,] = [G31 = [O]

for which:

      L = 1.585 mH/km, M=O.364 mH/km

      C= O.O0746 ptF/km, C' = -O.OO167 ptF/km

and the line lengths are

      li = 450 km, l2 = 300 km, l3 = 450 km. ,

The line resistances, ground-return circuit resistances, grounding resistances etc., are

taken as shown in Table 1 .

   Now, it is obviously [2i] = [O] in Fig. 4, then Eq. (37), putting [6i".] = [O],

simplify to

                        Tablel Parameters

Conductor
1
Conductor
2
Eos(t)

(pu)

Eoa(t)

(pu)

R,

(st)

R2
(fl)

Rs
(st)

R,
(st)

R;
(st)･

Rs
(st)

R6
(st}

Line-reslst.

(st)

GTound-return'
circuitresist.

(st)

o e･ 1.0 O.5 1OO 1,OOO leo 1,OOO 10 20 30 O.02 1

D' - 1.0 O.5 1,OOO 100 100 1,ooO 100 20 30 O.Ol 1

A A 1.0 O.5 1,OOO 100 100 1,OOO 1,OOO 20 30 O.02 3

× * .smwt coswt 1eo 1,eoo 100 1,OOO lob 20 30 o.e2 3

w " 196.352 (IXs)
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                          '[ii(xi)1 =CH {[gi] (li -xi)+ [¢i"]} {SH([gi]li + [¢,*])} 'i

        × [gi]-i [gi"]-i [eo]

[i,(x,)] = cH [e.*,l･(sH[e,*])-i sinh [6,m]

         2･       ×..il, :, ･i CH [¢u"l '(SH [e a"] )-i Sinh [6 cMi ] CH [¢i"]i'

       × {SH([gi]li + [¢i])} -i [gi]-i [g,*]-' [e,l

where

       2
S)2, .U,CH [¢a"]･(SH[e."])-' smh [6th,]=[U]

Figures 5(a) to 5(h) show results ofnumerical calculation obtained. On these figures are

recorded the current distributions along the lines.

                         5. Conclusidns

   in view of the foregoing discussidnl we may conclude that introduction 'of the 'posi-

tion angle matrix makes for simplification the representation of line currents in a

multiple-stage, multiple-conductor transmission system. The lme current can be found

from the system circuit diagram without solving each tedious boundary-value problem

with partial differential equations. If this is done a relatively simple method ofcalcula-

tion is avadable as will be shown. Ihe results based upon this method show good agree-

ment with those obtained by solving the differential equations.
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