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   Using the direct method of analysis, the second .and third order intermodu-

lation noises in a FDM-FM signal passed through a transmission system in which a

AM-PM converter fbllows a linear network is expressed in terms of the parameters

of the system and modulating signal. When the transfer function of the network

is represented by a polynomial series up to the fifth order in angle frequencies, the

resulting intermodulation noise for both cases with and without pre-emphasis are

presented. Further, the effects of carrier flrequency offset on signal-to-interference

ratio in the case of a single-pole filter are investigated by the analysis carried out in

this paper and Monte Carlo method.

1. Introduction

    The distortion in a FM signal passed through a transmission system is one of

the important subjects on the design of the system. Therefore, this subject has been

studied by many authorst""'), and the many efforts have been made to express

intermodulation noise as a function of the given transmission deviation. Also,

computer-simulation methods for the distortion have been developed because of

the diMculty of its analysisB'9'.

    When the transfer function of a network in the system is represented by a poly-

nomial series in angie frequencies, the authors have pointed out that the series must

approximate suMciently the transfer function within a frequency band of the spectral

distribution of FM signal which influences significantly the distortion6'.

    Further, the authors have shown that the output power spectrum consists of the

components of four kinds by applying the so-called direct method to the spectral

analysis fbr the case of Gaussian noise modulation6). Their components are the

linear signal, the cross-power signal, intermodulation noise components, and the

spectral component due to the term fa11ing on the linear term from the third-order

distortion. Bedrosian and Rice have expressed the output power spectrum by the

components of three kinds: the linear signal, the cross-power signal, and inter-

modulation noise and presented their numerical results for the case of a symmetrical

single-pole filter4'.

    In this paper, when the transfer function is represented by a polynomial series

up to the fifth order, the second and third order intermodulation noises in the system

with AM-PM converter are presented for the cases of a bandlimited, zero-mean,
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white Gaussian noise and the one colored by pre-emphasis network. For the case

of a single-pole filter of interest in FM communication systems, the effects of carrier

frequency offset on signal-to-interference ratio (SIR) are investigated, and examined

by Monte Carlo computations. Further, it is illustrated that the interference quantity

imprQved by inserting CCIR pre-emphasis network depends on the carrier offset.

These results will be usefu1 in evaluating FM systems in which carrier offsets must

be taken into consideration.

         2. The Second and Thirdi Order Intermodulation Neises

   Let ei(t) denote FM signal at the input of a transmission system in a complex

form as fbllows:

                '
          ei(t)=expV{to,t+dnS'¢(t)dt+eo}],, ' ' (1)

where to. is a carrier angle frequency, Atu an angle deviation coefucient, ¢(t) a modu-

lating signal, and eo a constant phase angle. Let the normalized transfer function

ZN(jto) of a linear network in the system be represented by a polynomial series up

to the Nth-order in radian frequencies, within a frequency band, as fo11ows:

                    N         ZN(jtu)=1+]X (an-l:iBn)(tu-tuc)", (2)
                   n=1
where N is an arbitrary integer and the frequency band is that of spectral distribution

of FM signal which influences significantly the distortion noise of the output power

spectrum. When the distortion up to the third order is considered, one half of the

frequency band is given by

         L-3･max (B, D.), (3)
where B is the top frequency ofa baseband signal and D. the rms frequency deviation.

Hence, the coethcients a. and B. in the polynomial series are determined by Taylor

expansion or least-square'method or other methods so that the series approximates

suMciently the linear network within the frequency band fL .

   Let a(t) and e(t) be the amplitude modulation and phase components of FM

signal ei(t) at the output of the network, respectively, as shown in Fig. 1.

   Then, the phase rate of FM signal eo(t) passed through the transmission system

is given by' e('t)>+rca((t'i where rc is a constant AM-pM conversion coemcient in

eiCt) eiCt) eo(t)Linearnetwork

Zstjdy

AM･PMcoriverter

x

  e,(t)=cos{wot+AoStvdir+eo},

  el(t)==exp(a(t)]cos{wct+crt)},

  eo(t)==exp(oft)]cos{wct+crt)+xa(t)}.

Fig. 1. Model ofFM transmission system
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radians and the superscript (1) denotes the first derivative with respect to time t2'3'.

                          (1) (1)These output phase rate terms e(t) and a(t) can be represented by the power series

of Atu as fo11ows:

           (1) oo ' (1) ee          e(t)=:ZD.dto", a(t)=ZA.dtu", - (4)
              n=1 n=1
where the nth order distortion terms D. and A. are rebresented by the nth terms of

     (1) (2) (li) (t2) (ln)
¢(t), ¢(t), di(t), ...: ¢(t)･¢(t)･･･¢(t) (li, l2, ..., l.=O, 1, 2, ...) and a,, 3j (i, 1'-----1,2,...,

N) and their higher order terms: cri,.ai, ･･･ Bj,･B/, ･･･ (it, ..., ]'i, ... = 1, 2, ...), up to the

terms determined from the order N of the polynomial of the transfer function.

    Now, let us consider the distortion up to the third order, then the output phase

rate is represented by the terms D.Atu" and A.Adi" up to n=3.

    Let a modulating signal be a stationary, differentia61e, bandlimited, zero-mean

Gaussian noise having a variance s2 and a spectral density PV(f). Further, let w(f)

be normalized spectral density such as w(f)= va(f)fa2 and ¢(t) be the normalized

noise represented by a Fourier series in a complex form such as ¢(t)=:2" 2 Cm,.exp

                                                         Ml
[1'{2icf;.,t-q.,}]underconditionsC.,=C-.,andop.,=-g-.,,whereC.,=V2W((7;52i7f;. I,)4f;

Jf;ni=Mi4fl 4f= 117; and Tis a period of ¢(t).

    Then, upon replacing dto by a, Eq. (4) can be applied to the spectral analysis

for the case of noise modulation.

    For a transfer function represented by the polynomials up to the fourth order

in the amplitude and phase characteristics versus the angle frequency, Cross has

tabulated the amplitude modulation and phase terms which contribute to the dis-

tortion up to the third order and derived intermodulation noise by using the cor-

relation method in the analysis. When a. and Bn up to n ==4 are composed of the

coeMcients in the series of these characteristics by Taylor expansion, the distortion

terms obtained from Eq. (4) include his results in the table.

    In this paper, we assume that the transfer function is suMciently approximated

by the polynomial series up to the fifth order; that is, a. and B. up to n:==5, vvithin

a given frequency band .fL. Applying the direct method to the spectral analysis as

described in Ref. (6), the power spectrum PVb(f) of the output phase rate can be

expressed by

          M7b(f)-WL(f)+WL'(f)+WC(f)+Wi(f), (5)
where WL(f) is the linear signal component, var`'(f) the component arising firom the

third order distortion term, rvC(f) the cross-power component betWeen the linear

and third order distortion terms, M'(f) intermodulation noise. Further, M'(f)

consists of the second order intermodulation noise n7i"(f) and the third order

one Mi"'(f); that is, Wi(f)-W"'(f)+PVi"'(f).

    Each spectrum can also be expressed by the components due to the distortion

term e((ti)) in the network, due to the AM-pM conversion rca((t') ), and due to their inter-
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action. The subscripts D, A, and DA are used to classify +those components in the

fbllowing expressions.

   In noise loading test on the transmission system, the spectra JVLU), va'L'(f),

and MCif) are made to vanish by slotting the input. Therefore, let us investigate

only intermodulation noise here.

   Let D:(lfl, ...,f)) and A'.(fi, ...,A) denote respectively the cosine-sine components

of the nth order distortion terms D. and A., independent of the spectral density of

the modulating signal, where r is equal to c or s and the superscripts c and s express

respectively the cosine- and sine-components. Further, for simplifying the expres-

sions, we use the fbllowing notation:

         "za(f; '"' f;i)=I2i."Effi'l ll'i ff;;Il l (6)

   Then, the second and third order intermodulation noises can be expressed as

fo11ows :

      Wi(f)-vai"(D+Wi'"(f), (7)
      Wi"(f)- rvS"(n+ vai."(f)+ WS'2(f) (8)

      MS"(7)/o, -pvl･･(f)/(,2.4) l =2"iJ-.[F2C(x,f){Fg(x,f)+F,a(f-x,'f)}

   +Fg(x, f) {Fg(x, f) + Fg(fL-x, f)} ] w(x) ･ w(f:-x) du,

W}'2(f) - rca`
J:..[D,C(x, f) {Ag(x, f) +A,C(f- x, f)}

   + Dg(x, f) {Aij(x, .f) + Ag(f- x, f)} ] w(x) w(f:- x) cix,

mi･"if)- MS"'(f)+ W2"'(D + vaS'2'(f),

l iD,il12Big2,.,) l - 2-2f:. J:..[Fg(x･ y･f) {Fg(x, y,f)

   +Fg(x, fLFx-y, f)+F,a(y-x, fLx, f)+Fg(y-x, y, f)

   +Fg(f:-y, fL-x, f) + Fg(f=y, f:-Fx-y, f)} +Fg(x, y, f)

   ･ {Fg(x, y, f)+Fg(x, f+x-y, f)+Fgo,-x, fLx, f)

   +Fg(y-x, y, f)+Fg(f-y, f=x, f)+Fg(f=y, f+x-y, f)}]

   . w(x) w(y - x) w( fL x) ducly,

wS'
g'if) - 2-irca6f:. f:.[D,i (x, yr f) {Ag(x, y, f)

   + Ag(x,fL-x-y, f)+Ag(y-x, fL-x, f)+Ago2-x, y, f)

   +Ag(f:-y, f= x, f) +Ag(f-y, f:F x-y, f)} +Dg(x, y, f)

   ･ {Ag(x, y, f)+Ag(x, f+x-y, f)+A,s(y-x, fLx, f)

   +Ag(y -x, y, f) +Ag(f:-y, fL x, f) +Ag(f-y, fLF x-y, f)} ]

   ･ w(x) w(ly -x) w(.f=y) `ixcly.

(9)

(1O)

(1 1)
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   When a network in the system is symmetrical with respect to carrier frequency,

the spectra MJ."(f), WS'.'(f), WA"'(f), and rvS'2'(f)become zero; that is, the second

order intermodulation noise is caused by the amplitude modulation after AM-PM

converter, and the third order intermodulation noise is equal to that of the output

phase rate of the network.

         3. Intermodulation Noise for the Case of Gaussian Noise Modulation

(A) Case without preemphasis

   As mentioned in Section 2, when the spectral density of a modulating signal

and the parameters of a transmission system are given, intermodulation noise can

be derived from Eqs. (7)--(11). A modulating signal of particular interest is band-

limited, zero-mean Gaussian noise having a uniform spectral density

                    ffo2
                                  A sgfs{ B,
          Pv(f)= B-A,                                                                (12)

                  O, f elsewhere,

corresponding to a multichannel communication signal, where A and B denote the

lowest and top baseband frequencies respectively, and ao2 the variance of the noise.

    By putting a=ao and w(f)== 11(B-A), the first terms of the second order inter-

modulation noise components, which are applicable to the interference calculation

in the case where the distortion is small in comparison, are written from Eq. (9) as

fo11ows:

          PVS"(f) =B-2a`(27of')2 (2BV')l'D , As{ff{l2B,

          UiA" (f) == rc2B '2d4(nf)2 (2B=f)]A, A:{gf :{{2B, (1 3)

          WS'.'(f)-rcB-2o`(2nf)2 (2B-f)rDA , As{fs 2B,

where IN'D, rA and I'DA are given by cr. and R. as described in Eq. (A-1) in Appendix.

Further, the third order intermodulation noise components can be written from (11)

as follows:

          vas･･･(f) -- {}Eg,3g,6S92.g6,(<]ge'

          rvA･･･(f)-{;i'z2-B,3g,o;,(",f,).',9}gf,lti,"'

          rvs･2･(f)-={?Eigge2,:f,],2.G,iE,f],A:cj

where dD, AA, ADA, Gi(f), and

   Thus, the second and third order

substituting Eqs. (13) and (14) in

AsgfsgB,

Bf{:fS3B,

As{ff{gB,

Bf{fE{3B,

AE{ff{:B,

Bs{ffg3B,

G2(f) are given by Eqs. (A-2) and (A-4).

        intermodulation noises can be

  Eqs. (8) and (10), respectively.

(14)

obtained by
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(B) Casewithpre-emphasis . i
   The power spectral density of the Gaussian noise colored by the pre-emphasis

network having the characteristic 1(6 exp [(ij7B] is expressed as follows:

         "2(f)==I,B",k5-OA02e""B' Afif,,li.B,',,,,l (i5)

where oo2 is the variance of the input Gaussian noise; Kb=O.3 and a==2.1 for the

CCIR network3'. Then, the variance a2 and the normalized power spectrum w(f)

can be written as

         a2=K6o2/K,

              (K
         w(f)- i B-A

              Ko,

where K== a/(e"-1).

eaflB , AsgfsgB,

f elsewhere,

(16)

(17)

   The half frequency band .fL for the case with pre-emphasis is given by Eq. (3),

where rms frequency deviation D, is equal to if/(2n) from Eq. (16).

   From Eqs. (9), (I6) and (17), the first terms of the second order intermodulation

noise components can be written as fbllows:

         wi.･･(f)-Iii-t,B.-;.IIi,O;(f')n.f),i;Ei)k(iilrD･

         rvA"(f)-I:iSlif.-i,Ki.O;(f,22,,Es9.f"'

         ms'2(f)-I:>--'ij.llii,al`2f,'.'i,;l(.f2,{]D"'

where Z=2a: Ei(f) and E2(f) are given by Eq. (A-3).

   Further, upon using G3(f), G4(f), Gs(f) in Eq.

Af{gfsB,

Bs{ff{!2B,

AfgfsgB,

Bsfsg2B,

AE{ff{:B,

Bf{gfsg2B,

                                        (A-4), each
the third order intermodulation noise can be written as fo11ows:

Ws･t.(f)

rv1"'(D

vaS'2'(f)

 (z-2B-3KSa6(zf)2 Gs(f)AD,

=SZ-2B-3K3o6(zf)2 G,(f)AD,

 kB"3K3a6(zf)2 Gsif)dD ,

 (3-irc2x-2B-3KSo6(rrf)2 Gsif)AA ,

= S3-trc2Z-2B-3K366(rrf)2 G,(f)dA ,

 k3-irc2B-3K3a6(nf)2 Gs(f)AA ,

 (2rcx-2B-3K3o6(zf)2 G3(f)dDA ,

=S2rcZ-2B-3KSd6(nf)2 Gd(f)dDA,

 t2rcB-8K3if6(zf)2 GsU)nDA,

Af{gff{B,

Bsgfs2B,

2Bs{f:fll3B,

ASfs:B,

Bf{gfEg2B,

2Bf{gffi{I;3B,

,AsgfgB,

B<-fg2B,

2BSfsg3B.

(18)

component of

(19)
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   Thus, the second and third order intermodulation noises can be obtained by

substituting Eqs. (18) and (19) in Eqs. (8) and (10), respectively.

                         4. Analytical results

   Let SIR(DA) be the ratio of the interference power to the output power in the

elementary band [i f+zif], signal-to-interference ratio (SIR), in the systems.

   When the distortion is comparatively small, the output power in the elementary

band may be approximated suMciently by ai(f)4f: Therefore, SIR(DA) is re-

presented in decibels as follows:

          SIR(DA) -- 10･log lW(f)/ -i'(f)]. (20)
    Let SIR(D) and SIR(A) be SIR's for the output phase rate of the linear network

and for AM-PM conversion respectively, then they are given by

          SIR(D)-10･log[W(f)1{WS"(f)+PVS'"(f)}] (21)

          SIR(A) === 10･log [M7(f)1{PV2"(f)+ rvi."'(f)}] (22)

    These ratios are defined in the frequency band A<ff{ B.

    For a single-pole filter of interest in FM systems, let us consider the effects of

carrier frequency offset from the midband frequency of the filter on SIR.

    Let.f6 be the midband frequency of the filter, fb be the half 3 dB filter band-

width, and xo be the ratio of the offset to the half 3 dB bandwidth, i.e., xo=(.ft -fo)M,

then each of the real and imaginary parts of the transfer function in the frequency

band [-nM,nra] from Eq. (3) can be expanded in a polynomial series with respect

to the ratio of the frequency deviation from the carrier to fi.

    Let a. and bn be the coeMcients of the series for the real and imaginary parts

respectively, then a.=a.1tu: and B.=:b.1tuZ. In this section, both a. and b. up

to n=5 are determined by least-square error method in the frequency band [-O.6,

O.6]. The coeMcients a. and 3. up to n=5 which are obtained from a. and b. are

used to calculate SIR.

    Fig. 2 shows the analytical results of SIR(D), SIR(A), SIR(DA), and the corres-

ponding simulation results versus the offset. The behaviors of SIR(D) and SIR(A)

are symmetric on the offset, while the behavior of SIR(DA) is asymmetric due to the

spectra WS'.'(f) and MiS'2'(f). The calculated SIR's are in good agreement with the

simulated ones. Fig. 3 shows the interference quantities improved by inserting

CCIR pre-emphasis network versus the relative frequency .fZfb for the offsets xo,s.

   The
without

pressed

 second and

pre-emphasis

as a function

         5. Conelusions

third order intermodulation

in FDM-FM systems with

of the coeMcients a.ts, Bn's,

 noises for both cases with and

AM-PM converter has been ex-

 and the power spectrum of a



62 Hiroji KusAKA and Fiijio NisHiDA

co

v
-=-

oc
a
s

60

50

40

30

20

SIR(DA)
SIR( D)

   -o.
.i-' o     -.-...

        BUb= O. 2
       D,/B===1.0

          x==O.1516
        J)IB=1.0

   oa:::."'-"-"-='to=::

    o
-..-A------.

    A
A
 A

A

A

g
o
A

:without pre-emphasis
:with pre-emphasis
:SIR(DA) simulated
:SIR(D) simulated
:SIR(A) simulated

SIR(A)

Fig. 2.

        -o.ls -o.1 -o.os o e.os o.1 o.ls
                    carrier offset xo

SIR in a singlepole filter versus carrier offsets; DvlB=1 ; Bl[fb =O.2; f7B=1 ;

rcFO.1516.

an

v
.E

G
o
E
g
eR
n.E

M
en

6

4

2

o

-2

-4

6

 x=O.1516
 DA(xe=:O)
DA(xo='O.1)
 DA(xo=O.1)
D(xo== O. 1, -O. 1)

  M=1.0
Arx ,=o. 1, -o. O

  Afxo=O)/

-

'

 -

D(xo=O)

o

'

M-

O.2

'

o.4     O.6 O.8
Relative frequency ,L!B

A SIR(A)
D :SIR(D)

DA:SIR(DA)
D./B=1.0

Blfb±O.2

Fig. 3.

1.0

The improvement quantity of SIR by pre-emphasis in a
DvlB==1; BIYb ==O.2; rc ==O.15i6 or 1.0.

single-pole filter;

baseband signal.

   It is confirmed that Eqs. (13), (14), (18) and (19) coincide with the first terms of

intermodulation noise in the case where the transfer function is represented by the

polynomial series of the higher order than the fourth.

   The variation of SIR(D) for carrier offSet is small in comparison with that of

a three-pole filter as shown in Ref. (9), while the variation of SIR(DA) fbr the same

offset amounts to several dB as shown in Fig. 2. Further, the improvement effect

of the interference by the pre-emphasis fluctuates with the offset as shown in Fig. 3.
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   The authors have clarified the effects of carrier offlset on the intermodulation

noise in a FM system. The above results shows that these effbcts must be taken

into account when evaluating the interference in the system.

1
)
2
)3
)4
)5
)6
)n
8
)9
)
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                           Appendix

   In order to simplify the expressions of the second and third order intermodula-

tion noises derived from Eqs. (7)･---(11) fbr both cases with and without pre-emphasis,

we use the constants rD, rA, rDA, dD, AA, and dDA determined by a.,s and B.,s

and the functions E(f) and G(f) of frequency .f: .
   They are expressed as fbllows :

where

rD=B;, rA=4a:-4a;a2+ai, rDA=2a2B2-alB2･

AD==3Bg-2txiB2B3+3alB;,

AA=9ag+25ala;+a?-30aicr2a3+6a?a3-10ofa2,

dDA=3a3B3-5aia2B3+a?B3-3aiasB2+5crra2B2-atBa･

E,(f)=-2Bg,(f)-(2B-if)S2(f), l

E,(f)==(2B--f)g,(f). 1

G,(f)=3B2-:f2, G,(f)=9B2-6IlfLhf2,

G,(f) -- 6B(B+ ZB- Zf) g,(f)+ {1 2B2-6Zoj+ (Zf)2} g,(f)

      -6B(3B-ZB+Zf)gi(f),
G,(f) =- 6B2 g,(f)- {6B2+ 6ZB(2B-:f) +Z2(3B2- 611f+ 1lf 2)} g,(f)

G,(f)-=(9B2-6IifLif2)g,(f),

gi(f)-:exp[a(2B-.f)1(2B)], g2(f)-exp[z.f7(2B)],

g3(f)-=exp[Z(2B-if)1(2B)], g4(f)==exp[Z(4B-f)1(2B)].

'

(A･･1)

(A-2)

(A-3)

(A-4)


