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Using the direct method of analysis, the second and third order intermodu-
lation noises in a FDM-FM signal passed through a transmission system in which a
AM-PM converter follows a linear network is expressed in terms of the parameters
of the system and modulating signal. When the transfer function of the network
is represented by a polynomial series up to the fifth order in angle frequencies, the
resulting intermodulation noise for both cases with and without pre-emphasis are
presented. Further, the effects of carrier frequency offset on signal-to-interference
ratio in the case of a single-pole filter are investigated by the analysis carried out in
this paper and Monte Carlo method.

1. Introduction

The distortion in a FM signal passed through a transmission system is one of
the important subjects on the design of the system. Therefore, this subject has been
studied by many authors’-?, and the many efforts have been made to express
intermodulation noise as a function of the given transmission deviation. Also,
computer-simulation methods for the distortion have been developed because of
the difficulty of its analysis®?®.

When the transfer function of a network in the system is represented by a poly-
nomial series in angle frequencies, the authors have pointed out that the series must
approximate sufficiently the transfer function within a frequency band of the spectral
distribution of FM signal which influences significantly the distortion®.

Further, the authors have shown that the output power spectrum consists of the
components of four kinds by applying the so-called direct method to the spectral
analysis for the case of Gaussian noise modulation®. Their components are the
linear signal, the cross-power signal, intermodulation noise components, and the
spectral component due to the term falling on the linear term from the third-order
distortion. Bedrosian and Rice have expressed the output power spectrum by the
components of three kinds: the linear signal, the cross-power signal, and inter-
modulation noise and presented their numerical results for the case of a symmetrical
single-pole filter®.

In this paper, when the transfer function is represented by a polynomial series
up to the fifth order, the second and third order intermodulation noises in the system
with AM-PM converter are presented for the cases of a bandlimited, zero-mean,
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white Gaussian noise and the one colored by pre-emphasis network. For the case
of a single-pole filter of interest in FM communication systems, the effects of carrier
frequency offset on signal-to-interference ratio (SIR) are investigated, and examined
by Monte Carlo computations. Further, it is illustrated that the interference quantity
improved by inserting CCIR pre-emphasis network depends on the carrier offset.
These results will be useful in evaluating FM systems in which carrier offsets must
be taken into consideration.

2., The Second and Third Order Intermodulation Noises

Let ei(t) denote FM signal at the input of a transmission system in a complex
form as follows:

ei(t)—=exp] j{wct—I—AwJ.’qS(t)dt—I—Go}] , ' )

where o. is a carrier angle frequency, 4o an angle deviation coefficient, ¢(¢) a modu-
lating signal, and 6, a constant phase angle. Let the normalized transfer function
Zy(jw) of a linear network in the system be represented by a polynomial series up
to the Nth-order in radian frequencies, within a frequency band, as follows:

sz(ja))=l—l-nE:(a,,-}—jﬁ.,)(w—wc)", | @

where N is an arbitrary integer and the frequency band is that of spectral distribution
of FM signal which influences significantly the distortion noise of the output power
spectrum. When the distortion up to the third order is considered, one half of the
frequency band is given by

fe=3-max (B, D,) , , 3)

where B is the top frequency of a baseband signal and D, the rms frequency deviation.
Hence, the coefficients a, and 3. in the polynomial series are determined by Taylor
expansion or least-square method or other methods so that the series approximates
sufficiently the linear network within the frequency band f..

Let a(¢) and 6(¢) be the amplitude modulation and phase components of FM
signal e,(¢) at the output of the network, respectively, as-shown in Fig. 1.

Then, the phase rate of FM signal eo(¢) passed through the transmission system

(1) (1) . .
is given by 6(r)+ra(t), where « is a constant AM-PM conversion coefficient in

e;{t) |Linear network eyft) AM-PM converter| eqft)
—— .
Zij) x

e;{t)=cos{wt+4 "’S ;S(r)dr+90} )
e, (t)=explaft)}cos {wt+ &t )},
eoft)=exp(aft)}cos {wet+ Qt)+xalt)} .

Fig. 1. Model of FM transmission system
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radians and the superscript (1) denotes the first derivative with respect to time ¥,

[¢D) 1)
These output phase rate terms 6(¢) and a(?) can be represented by the power series
of 4o as follows:

1) Ll (1) e
0(t)=3] Dydo", a(t)=3] A.do", ) @
n=1 n=1 :
where the nth order distortion terms D, and A4, are represented by the nth terms of

OS] B B

(1), (), #(t), ... d(t)-0(t)---(t) (h, b, ..., 1,=0, 1,2, ..)) and a4, B; (i, j=1,2, ...,
N) and their higher order terms: a; sas, -+ Bs,+8y -+ (its oo s 1, ... = 1, 2, ...), up to the
terms determined from the order N of the polynomial of the transfer function.

Now, let us consider the distortion up to the third order, then the output phase
rate is represented by the terms D, do" and A.do" up to n=3.

Let a modulating signal be a stationary, differentiable, bandlimited, zero-mean
Gaussian noise having a variance ¢2 and. a spectral density #(f). Further, let w(f)
be normalized spectral density such as w(f)=W(f)/s? and ¢(¢) be the normalized
noise represented by a Fourier series in a complex form such as ¢(¢)=2"1 3 C, +€xp

mi

[ {22f,t—¢m,} ] under conditions Cp,= C-, and gm,= —¢- ,, Where Cn, =v2w(fn ) 4f,
Jm=mudf, Af=1/T, and T is a period of ¢(¢).

Then, upon replacing 4w by ¢, Eq. (4) can be applied to the spectral analysis
for the case of noise modulation. ”

For a transfer function represented by the polynomials up to the fourth order
in the amplitude and phase characteristics versus the angle frequency, Cross has
tabulated the amplitude modulation and phase terms which contribute to the dis-
tortion up to the third order and derived intermodulation noise by using the cor-
relation method in the analysis. When a, and 8, up to n=4 are composed of the
coefficients in the series of these characteristics by Taylor expansion, the distortion
terms obtained from Eq. (4) include his results in the table.

In this paper, we assume that the transfer function is sufficiently approximated
by the polynomial series up to the fifth order; that is, a, and 8, up to n=5, within
a given frequency band f.. Applying the direct method to the spectral analysis as
described in Ref. (6), the power spectrum Wy(f) of the output phase rate can be
expressed by '

Wl )=WHH+W () +W)+W(f), )
where W(f) is the linear signal component, W*'(f) the component arising from the
third order distortion term, WC(f) the cross-power component between the linear
and third order distortion terms, W(f) intermodulation noise. Further, WI(f)
consists of the second order intermodulation noise W!”(f) and the third order
one W"(f); thatis, Wi(f)=W'()+ W (f).

Each spectrum can also be expressed by the components due to the distortion

( @
term 0(¢) in the network, due to the AM-PM conversion ra(t), and due to their inter-
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. action. The subscripts D, A, and DA are used to classify those components in the
following expressions.

In noise loading test on the transmission system, the spectra WZi(f), W*'(f),
and WE(f) are made to vanish by slotting the input. Therefore, let us investigate
only intermodulation noise here.

Let Di(fi,....fx) and A7(f3, ..., f») denote respectively the cosine-sine components
of the nth order distortion terms D, and 4., independent of the spectral density of
the modulating signal, where r is equal to ¢ or s and the superscripts ¢ and s express
respectively the cosine- and sine-components. Further, for simplifying the expres-
sions, we use the following notation:

Di(fiy .o fn) }
Afrs oos fu)

Then, the second and third order intermodulation noises can be expressed as

Fify o f) =1 ©)

follows:
W= W)+ W (), ™
W= W5 N+ WD+ W) ®)
WEDNG Vo[ [Fete £ 1FS0e )4 FI(f—
ey | = 2| LG DAFSC N+ FRF—x, )

+F5 PSS )+ (=3 ) W) - wi(f—3) d, ©

W) =50 DI 455, )+ AS(F—, /)
+Dix, NA5Cx, 1)+ A5~ ] W w(f—3) ds,

W= WE (+ WD+ W), (10)

ey =22 [T PSS S )
+F3(x, f[+x—y, )+ F{y—x, f—x, )+ F@y—x, 3, f)
+F§(f—y’f_x’f) + Fg(f_ya f"l'x"y’f)} +F§(x9 Y f)
AF0e, 3, N F3(x, fAXx—9, )+ F0—x, f—x, f)
—I—F?(}’—x, y,f)‘i_F%g(.f_y’ f_x’ f)‘l"Fg(f_y’ f+x—y’f)}]
W) W(y—X) Wl f—x) dxdy,

Wi =2 [ 1Dix 3, ) 1455, 9.0

+ A5(x, f+x—, )+ AZY—%, f—x, )+ A (y—x, 3, )
+A5(f—y, =%, ))+A5(f—y, f+x—y, )} +Di(x, y, )
A{A3(x, ¥, )+ A5(x, fHx—y, )+ A53—x, f—x,f)

+ A5 —x, 3, )+ A3y, =%, )+ A=y, [+x—y, )}]
w(x)w(y—x)w(f—y)dxdy.

(11
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When a network in the system is symmetrical with respect to carrier frequency,
the spectra W5L'(f), W), WL(f), and WL (f)become zero; that is, the second
order intermodulation noise is caused by the amplitude modulation after AM-PM
converter, and the third order intermodulation noise is equal to that of the output
phase rate of the network.

3. Intermodulation Noise for the Case of Gaussian Noise Modulation

(A) Case without pre-emphasis

As mentioned in Section 2, when the spectral density of a modulating signal
and the parameters of a transmission system are given, intermodulation noise can
be derived from Egs. (7)~(11). A modulating signal of particular interest is band-
limited, zero-mean Gaussian noise having a uniform spectral density

02
A<f<B,
w(f)=1{ B—4, / (12)

0, f elsewhere,

corresponding to a multichannel communication signal, where 4 and B denote the
lowest and top baseband frequencies respectively, and ¢,? the variance of the noise.

By putting 6=0, and w(f)=1/(B—A), the first terms of the second order inter-
modulation noise components, which are applicable to the interference calculation
in the case where the distortion is small in comparison, are written from Eq. (9) as
follows:

Wi (f)=B%*Q2rf): QB—)>p, A<f=<2B,
Wi(fy=r2B 264nf)2 2B—f)I 4, A<f<2B, (13)
WL(f)=kB20*2rf): 2B—f) pa, A< f<2B,

where I"p, I"4 and "4 are given by a, and 8, as described in Eq. (A-1) in Appendix.

Further, the third order intermodulation noise components can be written from (11)
as follows:

g (280G G s, A<f<B,
> = {B-sfrﬁ(nﬁz G«f) 4o, B<f<3B,
W) = {2'3'1152_1?'306(77:f)2 G(f)4s, A<[f<B, 14
3-12B30%(n )2 Go(f) 44, B<f<3B,
B~30¢(2x 2G1 ADA, A< gB,
W) = {x a*2nf )t Gi(f) f

26B-36%(xf)2 Go(f)doa, B<f<3B,

where 4b, 44, 404, Gi(f), and Go(f) are given by Egs. (A-2) and (A-4).
Thus, the second and third order intermodulation noises can be obtained by
substituting Egs. (13) and (14) in Egs. (8) and (10), respectively.
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(B) Case with pre-emphasis , ;
The power spectral density of the Gaussian noise colored by the pre-emphasis
network having the characteristic K, exp [af/B] is expressed as follows:

_Meaf/B , A<f<B, ’
w(f)={ B—4 (15)
0, f elsewhere,
where 7,2 is the variance of the input Gaussian noise; Ky=0.3 and a=2.1 for the

CCIR network®. Then, the variance ¢2 and the normalized power spectrum w(f)
can be written as ‘

o2=K,0?/K, (16)
e*//B | A< f<B,
w(f)=4 B—4 7
0, f elsewhere,

where K=af(e*—1).

The half frequency band f. for the case with pre-emphasis is given by Eq. (3),
where rms frequency deviation D, is equal to ¢/(27) from Eq. (16).

From Egs. (9), (16) and (17), the first terms of the second order intermodulation
noise components can be written as follows:

—— {1-13-21(204(27: 1) E(f)s, A<[f<B,
B*K20*(2n f)Eo(f) >, B<f<2B,

— {x:l‘-‘B'szG*(n: 3 E(f)T 4, A<f<B, 8
2B K204z f) Eo(f) 4, B<f<2B,

W) — {NA‘IB‘2K20'4(277: R E(f)bs, A<f<B,
£B2K642nf)? Eo(f) 04, B<f<2B,

where 1=2a: E\(f) and Ex(f) are given by Eq. (A-3).
Further, upon using G«(f), G«(f), Gs(f) in Eq. (A-4), each component of
the third order intermodulation noise can be written as follows:

2B3K36%(nf)E Go(f)do, A<f<B,
WE(f)=11"tB-3K 5 nf): G f)db, B<f<2B,

B K305 f): Gs(f)do, 2B<f<3B,

31520 2 B3 K 08(nf )2 Go(f)da, A<f<B,
WIL(f)=13""%22"2BK?c%(n )2 Gi(f)d4, B<f=<2B, (19)

3-12B-3K3%(nf)? Gs(f)dsa,  2B<f<3B,

2602 B3K % (n )2 Go(f)dpa, ~ A<f<B,
WL(f)=126a2B-3K36%(n f)? Gu(f)dps,  B<f=<2B,

26B-3K0%(n f)? Go(f)dpa, 2B<f<3B.




Effects of Carrier Offset on Interference in FDM-FM Transmission Systems 61

Thus, the second and third order intermodulation noises can be obtained by
substituting Egs. (18) and (19) in Eqgs. (8) and (10), respectively.

4. Analytical results

Let SIR(DA) be the ratio of the interference power to the output power in the
elementary band [ £, f+ 4f], signal-to-interference ratio (SIR), in the systems.

When the distortion is comparatively small, the output power in the elementary
band may be approximated sufficiently by W(f)4f. Therefore, SIR(DA) is re-
presented in decibels as follows:

SIR(DA)==10-log [W(f)/W(f)]. (20)

Let SIR(D) and SIR(A) be SIR’s for the output phase rate of the linear network
and for AM-PM conversion respectively, then they are given by

SIR(D)=10-log [W(/)/{W 5 (/)+W5 (NH}] 1)
SIR(A)=10"log [W(N)/{W5(N+Wi ()} 22)

These ratios are defined in the frequency band A<<f<B.

For a single-pole filter of interest in FM systems, let us consider the effects of
carrier frequency offset from the midband frequency of the filter on SIR.

Let f;, be the midband frequency of the filter, f, be the half 3 dB filter band-
width, and x, be the ratio of the offset to the half 3 dB bandwidth, i.e., xo=(f.—/f0)/f%,
then each of the real and imaginary parts of the transfer function in the frequency
band [—1./fs, f.If»] from Eq. (3) can be expanded in a polynomial series with respect
to the ratio of the frequency deviation from the carrier to f;.

Let a, and b, be the coefficients of the series for the real and imaginary parts
respectively, then a,=a./o} and p.=b,/w}. In this section, both @, and b. up
to n=>5 are determined by least-square error method in the frequency band [—0.6,
0.6]. The coefficients a, and 8, up to n=>35 which are obtained from a, and b, are
used to calculate SIR.

Fig. 2 shows the analytical results of SIR(D), SIR(A), SIR(DA), and the corres-
ponding simulation results versus the offset. The behaviors of SIR(D) and SIR(A)
are symmetric on the offset, while the behavior of SIR(DA) is asymmetric due to the
spectra W4 i(f) and W5, (f). The calculated SIR’s are in good agreement with the
simulated ones. Fig. 3 shows the interference quantities improved by inserting
CCIR pre-emphasis network versus the relative frequency f/f» for the offsets xvs.

5. Conclusions

The second and third order intermodulation noises for both cases with and
without pre-emphasis in FDM-FM systems with AM-PM converter has been ex-
pressed as a function of the coefficients a,s, B.'s, and the power spectrum of a
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B/fy=0.2
60F D,/B=1.0 -
SIR(DA) x=0.1516

50 S - Yar b ety - pladnbet
0
=]
£ 40} =7 B B __ s
e _\
a A A A

30f \SIR(A) .

e : without pre-emphasis
—~-—:with pre-emphasis

g :SIR(DA) simulated
ok 0 :SIR(D) simulated
2 A :SIR(A) simulated N

L 1 i 1 i L 1
—0.15 —0.1 —0.05 0 0.05 0.1 0.15
carrier offset x,

Fig. 2. SIR in a single-pole filter versus carrier offsets; Do/B=1; B/f»=0.2; fiB=1;

#=0.1516.
6 1 1 ¥ T
al x=0.1516
DA(x,=0)
DA(x,=—0.1)
DA(x0=0.1)
[ae]
=
=
]
%]
£
2
2
[=%
E
% A SIR(A)
D :SIR(D)
DA : SIR(DA)
D,/B=1.0
B/fy=0.2
_6 i i ] []

Fig. 3. The improvement quantity of SIR by pre-emphasis in a single-pole filter;
Dy/B=1; B/fs=0.2; £=0.1516 or 1.0.

baseband signal. ,

It is confirmed that Eqs. (13), (14), (18) and (19) coincide with the first terms of
intermodulation noise in the case where the transfer function is represented by the
polynomial series of the higher order than the fourth.

The variation of SIR(D) for carrier offset is small in comparison with that of
a three-pole filter as shown in Ref. (9), while the variation of SIR(DA) for the same
offset amounts to several dB as shown in Fig. 2. Further, the improvement effect
of the interference by the pre-emphasis fluctuates with the offset as shown in Fig. 3.
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The authors have clarified the effects of carrier offset on the intermodulation
noise in a FM system. The above results shows that these effects must be taken
into account when evaluating the interference in the system.
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Appendix

In order to simplify the expressions of the second and third order intermodula-
tion noises derived from Eqs. (7)~(11) for both cases with and without pre-emphasis,
we use the constants I'p, "4, I'ps, dp, 44, and dp. determined by a.s and Bas
and the functions E(f) and G(f) of frequency f.

They are expressed as follows:

Ip=R2, @'i=4ai—4data,-tai, [pa=2a,8,—a28,. (A-1)

AD=3B§—2a1ﬂ233+3a219§,
44=9a3+250203+ a8 — 30a1c5003+ 6aler;— 10aiar, (A-2)
Apa=3asfs— Sa1asBs+aiBy— 3aiasfe -+ Sata, 8, — B, .

E(f)=2B8§:(f)—(2B—1f)§(f), }
Ef)=2B—f)§(f).

Gf)=3B'—f* Guf)=9B'—6Bf+/*,

Go(f)=6B(B+2B—1f)§u(f)+ {12B*—62Bf+ (1)} §()
—6B(3B—1B+11)§:(f), | (A-4)

Gu(f)=6B*§u(f)— {6B°-+61B(2B—f)+12(3B*—6 Bf-+ 2 )} §:(f),

Gi( f)=(0B*—6Bf+1)§(f),

where  §i(f)=exp[d2B—/)/2B)], §:«(f)=explAf/(2B)),
§s(f)=exp(2(2B+f)/(2B)], §«f)=explA(4B—f)/(2B)].

(A-3)



