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(Received June 15, 1971)

We consider the surface displacements of the semi-infinite body by using the general
solutions given by Boussinesq. Within the loaded elliptical area horizontal displacements
are readily obtained, while over the unloaded surface their values are calculated through
the somewhat complicated procedures on the basis of the theory of residue.

The vertical displacements are given everywhere over the surface in the form of .
elliptic integrals,

The horizontal displacements direct toward the center of the loaded region at every
point on the surface and have the maximum values at the inner points near the boundary,
while the vertical displacements become maximum in the center of the elliptical area.

1. Introduction

In the theory of elasticity the boundary value problems are objects to which much
research has been devoted. At an earlier date Boussinesq completed the theoretical
outline, giving the solutions for a more general type of boundary conditions, since then
various practical problems have been dealt with on the basis of his solutions.

In this paper we deal with the surface displacements of the semi-infinite solid under
the distributed load in the elliptical area by using Love’s solution given in the integral
expressions. In practice the loaded area is considered to be elliptical, the assumption of
which seems to be more general than the case of the uniformly loaded circular area which
was solved by Timoshenko®. ’

In the case of rolling, pressing, etc., the results of this problem seem to offer an

effective suggestion of the behavior of the initial surface flow of metals to be compressed.

2. Notation

In this paper the following symbols are used:

(x, y, 2) coordinate of a point in the semi-infinite solid

¢, 7,0) coordinate of a loaded point on the surface of the body
7 distance of a point (x,,0) from a point (£,7,0)

g angle between generator and »
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distances of a point (x,%,0) from points on the elliptical boundary
angles between generator and two tangents to ellipse
major and minor axis of ellipse

eccentricity of ellipse

pressure acting on the surface of the body
components of displacement

complex variable (=x'-+14y")

conjugate of 2 (=x"—1iy’)

=V -1

residue of function ¢(2) at a point 2,

imaginary part of function F(z)

Lamé’s constants

harmonic functions

3. Analysis

3.1, Fundamental equations

The solutions of this kind problem are given by Boussinesq. When the semi-infinite

solid bounded by plane is subjected to the surface tractions, the expressions for displace-

ments are given by Love® as follows:

where

F
F
v

X

u

v

OF  0G  oH
O
= log{(z+r), & = zlog(z+7)

2ru Bz 47:,4;79; 44:7(/14—#) 0z 4rnu  Ox
106 1 oH, 2 oy, 1 oy

2zp 9z  4rmp Oy 47r,u(/1+/7) 3y 4npu oy (1)
1 0H+ 1 1 oy

1 0F_1 0H, 2 oy, 1 oy

4y 8z  An(A+u)  4dzp Oz

= {[xuaean,” € =([viracar, m=(|zuiar

_ SSX,,.QdEdn G, = H v,2dédy, H, = ngvgd&zn

OF,  8G,  oH,
— , =_+__‘_|_k
oy 0z v ox B8y Oz

X,,Y, and Z, are surface tractions acting in the x-, y— and z-directions respectively,
and the double integrations are taken over the elliptical area subjected to pressure.

Egs. (1) represent displacements at any point (x,¥,2) in the body produced by surface
tractions acting at the point (£,%7,0) on the surface of the body.
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3.2 Assumptions

For solving this problem, we take the following two assumptions:

i) The area subjected to pressure is the region corresponding to the following relation

2 2
§_+7L<1

@ b

(2)

ii) 'The pressure acts solely in the direction of z-axis and is denoted by the following

expression

p= (151

where p, is the maximum pressure in the center of ellipse.

3.3 Calculation

With the above assumption ii) egs. (1) are written as

_ 1 oH " 2 o°H, 1 62H

4z Ox 47r,u(/l + ) Ax0z 471:/1 Oxdz

1 oH 2 oO°H, 1 82H

ey Oy  4np(A+p) 6yaz 47zu 0yoz
_ _A+27 OoH_ 1 &H

= 2
drp(d+u) 0z 4rp 02

Substituting eq. (3) into egs. (4), we obtain

‘= _4-7r(/11+ﬂ)s ngﬂ—f))ﬂ d”+4§ﬂ“?(xr M aean
_4n(xl+ - SSI;(é +:7)) can+ SSP(y Naedy
~ %SS ? 4 d77+4WSS ? aedy

(3)

(4)

(3)

Substituting =0 into egs. (5), finally the surface displacements of the semi-infinite

solid are given as follows;

LT 47:(11 H)SSp(xr— Dacan |
v _4n(xl+u)ggp(yr: Datdn
= )

where the double integrations are taken over the elliptical area.

(6)

For the calculation of eqs. (6) we transform Cartesian coordinates (£, 7) to polar
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coordinates (7, £). From Fig. 1 we obtain

S

Fig. 1. A model of the region under the paraboloidal load.

x—& =rcos @, y—7n =rsinf.

Using this relation, eq. (3) is written as

p = p(A+2Br—Cr?) 3y
where
. P __xcosf  ysinf _cos’d  sin? 0
R A

Substituting these into eqs. (6), we obtain within the ellipse

U = — ——1)—9—5’282“ (A+2Br —Cr¥)cosfdrd b = — ,V,,,RQ*SMG(B)cosﬁdﬂ \
4z(A+ m)do Jo 47(A+u)do
¥, (27 P =
o ==, P ("7 4+ 2B —Crsinodras = —, P (" G(oyinoas (7)
4z(A+u)do o 47(A 4+ u)do
w = ,(ﬁ_zﬂ_)&,g“r (A-+2Br—Criyirao = CH2OP™ Go)ag
4zp(d+ p)do Jo 4zp(2+ p)do )

and without the ellipse

P 72( 02 . P 9, N
u= —-—-S (A+2Br— Cr®cosfdrdf = — *"—S H(6)cosbd 6
4a(d+p)I"Jo 4n(2+p)Je,
7,00
v = ——”°—S S * (A+2Br—Cr*)sinfdrd = —¢goz H(6)sin6d6 (8)
4u(A+ p)dride, 4r(1+ p)de,
7,00
w= (Lwog ZS *(A+2Br — Cr¥)drd = MS% H(6)d0
dru(A+p)lrde, 4rp(A+ u)Je
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where

G(0)=Ar,+ Br;’ —?Cf’f , H(O)=A(r,—1) +B(722—ff)—€ (r'—1))

and the following expressions are used

b°x cosf +-a’y sind — ab/ ¢? sin0 + b? cos®0 — (x sind — y cosf)?

r, = -
a? sin%0 - b* cos®0

b°x cosd +a’y sinf + aby/ a* sin0 + b? cos’d — (x sind — y cosh)?

r, = .
a? sin®6 + b* cos®0

and angles 0, and 6, are given as follows;

0 — tan- xy_\/b2x2+a2yz_a2b2

! x*—a°
o _ s8R —dF
2 '7352:’;1'2
where
xX—a?=+0,

3.3.1 Horizontal displacements at a point (x, y, 0) within the elliptical area
After integration of egs. (7), we obtain
o { b(b+2a) P xy* by }
2(/1—}—/4) 3a2(a+b)2 (a+b)} a+b

R
T 20+ Bb(a+bp” | (atbf atbh

(9)

3.3.2 Horizontal displacements at a point (x, y, 0) without the elliptical area

i) For a point (x, ¥, 0) in a region (I) (12| >a)
Eqgs. (8) can be written in the form

w— —_ Do (A Im+lluz)
2ei+a\3 6
1
6

(10)
V= —m bo (A Ivl+vIz)2)
2r(A4+u)\ 3
where
I, = 2abS 2\/ @ sin®6 + b? cos?0 — (x sinf — y cosﬁ) os0.d0 )
0, a® sin0 + b cos?d
7 S"z (b°x cosf +a’y sinf)’\/ g2 sin0 +- b? cos®0 — (x sinf — y cosﬁ) os0d0
“ = b (@® sin0 + b? cos®6)? (11)
I, — ZabS 2 \/ a?sin®6 + b* cos?0 — (x sinf — y cosf)? sind do
0, a? sin?f -+ b® cos?d
1. — _ 4 892 (b%x cosO -+ a*y sind)\/ g sin?0 + b? cos’6 — (x sinf — y coeﬁ) in0d6
% ab (@ sin®0 + b? cos’6 )
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Putting tanf =1, egs. (11) are expressed as follows;

I, = 2ab &'” V(@ =)+ 2yt + B — 5 4
f (@ +-b°)(t*+ 1)
I, =4 S’Z (@Yt + U0/ (@@ — )P + 2ayt B — 3% 4,
%2 tlb f (a2t2+62)2(t2+ 1)
I, = 2ab Stz V(@ =)+ 2yt + B —y* 4,
f (@ 4+-b7) (" +1)
. -4 S’z (@Yt + U5/ (82— )+ 2yt + B — 37, 1,
v2 tlb 4 (a2t2+b2)2(t2_|_ 1)

(12)

where

P @V — aPb?
= tand, = 2 \/;j;y a’b

(13)

Introducing the following new variable K

V(@— )+ 2yt + P —y* = (L,—1)K  (K>0)
egs. (12) are written

I, = 2ab(s*— a)(t,— t,)"

o r K(K?+ 5 —a?)dK 3
= (K 1P — )P+ (K4 2 — @K 1 — @) + 5K+ —aY]

I,= Y (w—ay,— 1y
ab

% §°° {(a’t,y + bBx)K® + (a®t,y + b*x)(x* — a®)} KA (K? + «* — a®)dK
—o [{t,K*+ (&% — a* )} + (K + & — a®|[@*{t ,K* + t,(x*— a®)}* + B(K? + &* — &)
{
1

o = 2ab(x*— (2, — 1)’

% S“’ K*{t,K* ¢ («* — a®)}dK
oo [{tsz + t,(xz— aZ)}2+ (K2+ xz__ 02)2][a2{t2K2+ tl(xz_ a2)}2 _|_ b2(K2+ xz __a2)2]

I,=* (e—ay,—ry
ab

% S"" {(@t,y +Ux)K? +(a’t,y + Ux)(x* — a®)} 2 K2 {2, K2+ ¢, (% — a®)}dK
oo [{t2K2 + tl(xz_ a2)}2_|_ (Kz _|_x2__ a2)2][a2{t2K2_I_ tl(xz— aZ)}z —|—b2(K2 +x2_ a2)2]2 )

(12y

Again replacing the variable K by the complex variable 2, we obtain
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oo N

I, — zab(xz—aZ)Z(tz—tl)ZS bu(2)dz

L= 2wyt =0y sueps
. (12)//
L, = 2ab* =@t~ 1| b,(a)d
L= 2 @w—ayt =1y s
where
b.u(s) = F(F+x*—db)
u [{tzzz + tl(xz _ a2)}2 + (22 _{__ xz _ a2)2][a2{t222 _|_ tl(xz _ a2)}2 + bz(zz + xz _ a2)2]
P.f3) = {(a’t,y + b*x)3* + (@t y + bPx)(a® — a®)} 2222 + 42 — @7)
“ [{t.28*+ t(x* — a®)}? + (2* + * — @] [@2{t,2* + t, (& — @)} + bP(2% + &% — a?)*]?
8,.(2) = {22+t (6" — )}
21 [{t222+ tl(xz_ az)}z + (2’2+x2—d2)2][a2{t22’2+ t](xz_aZ)}z _|_ b2(22 + xz _a2)2]
6,(2) = {(a’,y + b°x)s" + (a’t,y + VP)(o® — a®)}22*{t,2° + t,(¥* — a®)}
v2 -

[{t222+tl(xz_aZ)}2+(zz_|_x2_a2)2][a2{t22,2+tl(xz_aZ)}2+b2(zz+ xz_ az)z]z

For the calculation of egs. (12)”, we use the residue theorem. The singular points of

the integrand are obtained with the following equations.

At + (P —a)+ B+ ar—a?) = 0 )
{t222_|_ tl(xz_aZ)}2+(zz+xz_az)z =0 ®

Among the singular points obtained from egs. (D and @), those which exist in the upper
half of z-plane are given as follows (Fig. 2).

iy’

xZy xZy

X3 xIJa R

xl

Fig. 2. Path of integration and positions of singular points.

Fromeq. @

2 = —N/\/ﬁ—zz—Hl—l-x/\/ﬁ"’z_'_H‘i

3 = x/Vﬁzz“H‘ﬂ/‘/ﬁz;Hli
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Fromeq. @

3= —VV%_H3+VVI7;+H3i

2, = /\/\/Hiz_Hs_'_/\/\/Ez—'_Hai

where

VPP Py —24%° H = (a’t 2+ BY)(«® — @)’
—_JxTay—<«a9 , =

H, 2,2 | B2 ’ 2
a’t2+b a’t? + b

H, — xz—t—yz—az—bz’ H, = (o — Yy — &+ U+ 457y°
1 +1 2+ 1)

For example, considering the integration S $.. dz along the semi-circle Cp, we have the

following formula
R 4
[° puds | oude= 200 33 (Res(o, o).
-R Cr k=1

Approaching the radius R of semi-circle Cg to infinity, the integration along the semi-

circle vanishes, and the above expression becomes
oo 4
|"_ #uds = 200 3 Res(sten) .

Using this formula, egs. (12)" are written as

4
I, = —16ab(b°s*+a’y* — a'b’)z Imag kgl Res($,4(24))

I, = — %2) (B*%* + a*y*— a’b?)n Imag kz;‘i Res(¢..(Z4))
‘ 4 (14)
I, = —16ab(t’ +a’y*— a'b*)x Imag 3} Res($,(Zy))
32 22y 22 2 3
I,= — o (5 + a*y* — a’b")x Imag kZ}l Res(¢,/Z1))
where
Res(¢ (z )) — 2
T aD(at 2+ ) (22— 2, (2,2 + R)
R = &
es(¢u1(zz)) 2D(a2t22—|— bz)(zlz _ 512)(%12 + R)
Res(¢,, = — %
o) = T 1P e — 3+ R)
Res(du(z) = -

T2t 4+ 1)@ — B)(z’ — &)@+ R)



Res(¢,,(z)) =
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(a2 + a,R)
4‘(a2t22 + 62)2D2z1(212 . %12)3(212 + R)3

X [2D(z,2—7%)(2.2 + R){(2%, + R)(@,2, + a,R) + 22,%(2,+ R)a,}

— (a3 + OlzR){D(S'zl2 — &)=+ R)* +42,%(2,° — 2,°)
X (tt2+ £.R) + 22+ R)}]

Res(6,4(2) = — (@3 +a,R)

Ha®1,2 + b D%, (2, — 2,7)(2,2+ R)’

X [2D(2 — &,2)(%2 -+ R){(2%* + R) (@, + a,R)
42323, 4 R)ay} + (@, + a,R){D(5%,2 — 2.7)(3,*+ R)?
— 4322 — ) (L2 + LR + 32+ R)}]

Res(¢u2(za)) = 23(0‘1232 -+ Q’ZR)Z

20"+ 1)@ —b°Y(" — 2")(25" + RY’

Res(6,u(2,) = e + . R)°

2,7+ 1)@ — b) (2 — 32)(3," + R)’

Res(¢,,(z,)) = (3, + 1,R)

2a’t,’ +6)D(=", — 2,") (2" + R)’

Res(s,.(2,)) = z(t,2°+1,R)

2@ty +6")D(2"— ") ="+ Ry

Res(9,,(z,)) = 2y(t,3,° +1,R)

21+ )@ — B (e — 3w+ R

ReS(¢m(z4)) - '53(tz§32 + th)

2t 1)@ — B — 33+ R

Res(pa)) = — G TR

4_(a2t22 + bZ)ZDzzl(zlz _ 5,12)3(2,12 + R)A'
X [2D(=*— 2,")(3," + R)2{2a1212(t2z12 +t,R)
+ (2,2, -+ t,R)(a,2* + azR)} —(t.2, "+ 1, R)(a,3,° + a,R)

X {D(52." — ") (&" + R + 43,2 — &) (tts3° + 1,R) + 2,7+ R )}]

R93(¢02(zzj) = —(@3"+ aR)

4(a2t22 + bz)zDz.%l(le _ §12)3(§12 + R)4
X [2D(z,"— )=+ R)Z{Z‘xlglz(tzélz +4,R)
+ (2,2 + 1, R) a3+ OZZR)} + (27 + 1, R) (e, 32 + a,R)

X {D(SE‘IZ — 212)(%12 -+ R)2 — 45’12(312 — Elz)(tz(tzélz + th) . %12 " R)}]
Res(8,(z,) = 22l ThR)(@z" + a,R)’

2(t,7 + 1)(@® — b3 — 2,%)(2* + R)*

Res(d,(z,) = —olla3 TLR)(@Z +a Ry’

2t + 1)@ —b°)(2"— 2") (=" + R)!

2

, @ = a&y+bx, a,= aty+bx
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Substituting these expressions into the following equations, displacements % and v are

obtained as

v — 8 p (b3 + a*y* — a®b?)

{abA Imag Zl Res($,,(21) + ﬁ Imag ,Z:} Re8(¢u2(zk))} 1

3(A+ )
0 = 8p(b°%" + a*y* — a’b) {ab A Imag é Res(6,,(zs) + 1 Imag é R‘—’S(%z(zk))} J
348 k=1 ab k=i

(15)
it) For a point (x, y, 0) in a region (IT) 0=six| <a)
We introduce a new variable ¢ by using the following transformation

p=0—¢
in which
! 01+02
¢ 2

6, and 8, are calculated in eqs. (13).

Through this transformation, egs. (11) are written as

¢ —_
I, = 2abS *\/8sinfp+ v cos’ (— sing’cosg + cose’sing)
#1

de
X
(a* cos®¢’ + b?sin’p’ )sinp + 2(a® — b?)sing’ cosg’ sing cosg -+ (a*sin’p’ + bcos’e’) cos’p
(2 —
I, = ‘741; S: {(B*x sing’ — a’y cosg’)sing — (b%x cosg’ + 4’y sing’)cos@}®V/ 8 sinp +vcos®p
1

% (—sing’ sing + cosg’cosp)dp
{(a? cos®¢’ + b%sin’¢’)sin’p + 2(a* — b*)sing’ cos¢’ sinpcosg-+(a’sin®e’ + b cos’¢’)cos o}

(2 —
I, = 2abS *\/ & sin’p + v cos’y (cos¢’ sing+sing’ cosg)

(21
X dy
(@® cos’¢’ + b?sin’¢’ )sin’e + 2 (a® — b%) sing’ cos¢’sing cosp + (a°sin’p’ 4 b° cos’¢’) cos’p
(2 —_—
I,= ib S : {(BPxsing’ — a*y cosg’) sing — (b*x cosg’ + a’ysing’) cosp}*V/ 8 sin’p +v cos’p
ab Je,

% (cos¢’sing +sing’ cosp)do
{a® cos’¢’ + b?sin’e’)sin’p + 2(a*— b*)sing’ cos¢’ sing cosg + (a® sin’e’ + bcos’y’)cos’p}
(16)

where

01 — 02
2
8 = a® cos’¢’ +b* sin’¢’ — (wcosg’ + ysing')?

P = — @, =

v = a®sin’p’ + b* cos’p’ — (wsing’ + ycosg/)?
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Putting tang =1, then egs. (16) are expressed as follows;

I 2 bStz/ \/ 88 v (—t sing’ 4 cosg’) dt
w T 40y, [ (@ cos’e’ +b*sin’e’)t* + 2(a* — b°) sing’cosg’ - t + a* sin’e’ +b*cos®p’ 1+4#
4 (% 2., i’ 2 ’ 2 ’ PINCVAN T
I,= ). {(b%x sing’ — @y cos@’ )t — (b*x cosg’ + a’ysing’)}
aondiy

3 Ly (—1t sing” + cosg’) dt
X {(a® cos’y’ + b sin’y/ )i* + 2(a® — b*)sing’cosg’ « ¢ + & sin’p’ +b° cos’’} 141

I — 2ab 74 _ \/ 88 +v(t cosg’ +sing’) dt
o = 24 j ¢! (@ cos’y +-bsin’y’)t* + 2(a® — b*)sing’ cosg’ - £+’ sin’g’ +b%cos’y’ 141

t./
I, = ib S 2/ {(B*xsing’ — a%y cosg’ )t — (b%x cosg’ + @’y sing’)}*
aoviy

\/ 882+ v(t cosg’ + sing’) L, dt
. {(® cos’¢’ + B*sin’e)i* + 2 (a® — b) sing/cos ¢’ - t 4 a’sin’¢’ + b cos’’} 1417

(16)

where

t/ = tang, = ——-«/—_’;., t, = tang, = v_%

Introducing a complex variabe 2 and calculating in the same way as mentioned above,

displacements # and o are obtained as follows;

— 87, %
3A+u) (v—98)
4
abA Imagkz Res(yr,.(22)
X =1
[ (@ cos®y’ + b7 sin®e’)t,/* + 2(a®>— b*)sing’ cosg’ -, + a’sin’¢’ + b” cos’y’
4
Imag 2 Res(V.(2x))
" =
ab{(a? cos’e’ + b2 sin’¢’)t,”* + 2(a? — b%)sing’cosg’ - 2,/ + a’sin’e’ + b cos’p '} 2]
(17)
o = 8, o

32+4) (v—9)
y [ abA Imag »2:“1 Res(Vr,(2%))
(a® cos’y’ + b7 sin’g’ ),/ * + 2(a* — bP)singcos ¢’ 1,/ -+ a* sin’p’ + b* cos’e’
Imag g Res(yr,(21)
(@ cos'el + rsin'g)t; "+ 2 — B)singlcosg 1] + a*sin'y! 1 Foos's'} ]

in which
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Res(y/,,(s)) = Z(iBE(‘;;() Res(u(sa) = i‘%“(s)z)sﬁ
Res(,(s,)) = 2—@3—}%, Res(y,(s,) = X%
Res(,(5) = ﬁ% Res(yr,s,) = i%
Res((s) — — - B45)

45,(s" 5P (BYs))
[ 26— 8BH BB+ (cosg’ —sing! -1/ B (s + 252B(5)
X (8% sing’ — &%y cosg/)t,/ — bx cosg’ — aPy sing’)}
= BB {#5(s2+ EED) ey 1 50— 598G |

__ - 2(53)
et = T B

X [2(532 - 332)33(-.93){3 1(53)By(55) + (cosgo’ —sing’. t2/)3‘3232(§3)

+25B\(5,)| (0% sing’ — a*y cosg’)t,’ — b« cosp’ — oy sing’
y .

+B1(S~3)Bz(§3){ ( 2+(”+6)3)(s2 57+ (532 —s, )Bs(ss)}]

— $:Bq(s,) — §:By(s,)
Res(¥,(s) = m , Res(y¥,(s,) = m

_ 538(s5) — 5B (s5)
el = yi—immiy OV =y e

_ slBO(sl){Bz(sl)}z _ 31Bo(31){B2(§1)}2
Fetllodlod) = per—imiey  Festralod) = 25’ —3){BG)Y
Res(f,(s,)) = ———24%)

45(54* = 5°){By(s;)}*
X [2(.&‘32 —55°)By(s5){B(5:)B,(5,) + (cosp '+ £,/ -+ sing’)s;*B,(s,)
+ 25°B(s;)((6° sing’ — @y cosg’)t, — b cosg’ — a*y sing’)}
— By(s))B(s) { 455+ DN o5+ (55— 3:)33@3)}]

$)) = B,(5;)
Restylo)) = o =2

X [2(832 - 332)33(33){30(33)8 A83) +(cosg’ - tzl —+ Singp’)}asz(}a)

+ 25,2 Bo(fca)((bzx sing’ —a’y cose’)t, — b csogp’ — @’y sing’ )}

+ 30(33)32(33){ - 4332( 504 %)_5> (55— 5.+ (552 — s:)33(§3)}]
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By2) = (t,/cosg’ +sing’)s* — &(¢, cose’ 4 sing’)
B,(2) = (cos¢’ —t,/sing’)s*+ 8(2,'sing’ — cosg’)
B,(2) = {(b°x sing’ — a’y cosg’)t,) — (b°x cos¢’ 44’y sing’ NES
— 6{(b°x sing’ — @’y cos@’)t,’ — bx cos¢’ — a’y sing’ }
By(2) = 2*+ 2 +0)3 s +92
y—0
B(2) = 2*+2P*+0Q
8{(a® cos’y’ + b sin’¢')t,t, + a* sin’¢’ +b” cos’e’ 3
(& cos’y’ + b sin’¢! ), +2(a®— b?)sing’ cosg’ - 1, -+ a’sin’¢’ + b cos’y’
_ 8*{(a*cos’y’ +BPsin’e)z, 2t 2(a®— b))sing’ cosg’ - t,’ + a?sin’p’ +b* cos’¢’}
(a2 cos’e’ + B sin’g’)t,* + 2(a* — b)sing’ cosg’ - 1, + a’ sin’p’ + b cos’p’

P=—

Q

Singular points s,, s,, $, and s, are given as follows;

sz_v—w V&Z, __V—m 5 .
' s TN 5t = TNL TN 6

- _\/\/QZ_P+\/\/§2+Pi = VV%—P+VV§2+Pi

iii) For a point (v, ¥, 0) on a line x=a
Displacements u and v are readily obtained in the before-mentioned manner

U= — Do [_7 2ay® 2d*
42+ )L 3b(a®—b?) 3b(a® — b*Y

X {{(b“ — &YW 2N g — po)— 2ab’y/ 2(N/ 1+ po)} [ a+2a%y* + a6+ 4b%y* — 3b4}]

2a— /2 qi—p)} +

(18)

_ __ b 2ay’ T o 2 N AT o — D))
v = 4(} +ﬂ)[3b(a2—b2){\/2(\/ql +P1) Zy} 31)((12— b)z{z b y\/z(\/ql Pl)

(B — YN A T pr)+ Y (Ba— 20+ 3b4)}]

7

where

po=y=b, q=(=F)f+4ay

3.3.3. Vertical displacement at a point (x, y, 0) within the elliptical area

From the third of egs. (17), we find

_ (A+2u)p, [azbz— B — a*y* [2%\/ a® sin®0 + b* cos®0 — («x sinf — y cosf)’ 0
YT dnu(2+ n) ab S & sin®0 -+ b* cos®0

1 Sz-tt (b%x cosf +a’y sinB)’\/ g* sin®0 + b* cos’d — (x sind — y cosf)? 40

ab (@° sin®@ + b* cos’0)?

ab (2= {a’ sin®0 + b* cos’d —(x sinf — y cos0)}\/ @ sin6 + b? cos*6 — (x sinf — y cos)’

T3 S (@® sin0 + b* cos*6)? dﬁ] (19)

0

+

0

]
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Now we consider the displacement = at a point on the x- and y-axis.
(I) Displacement = on the x-axis

Substituting y =0 into eq. (19), we obtain

w — A+20)p,[ (& —x%)b S"lz V(@ —.xz)sinzﬁ + &% cos?0 16
zu(2+ p) a 0 @ sin®0 + b? cos®0

ab, 2 \/ (a® — x°)sin®6 + B? cos’0
—3@— )So (@ sin®6 + 7 oy 40
(30°%* — @b’ 4+ a'b — a’bx®) (=2 cos*0\/ (a? — x?)sin®0 + B cos®0
+ 3a S o (@” sin®6 4 b* cos*6)? dﬂ] (20)

For the calculation of eq. (20), we consider the following cases depending on the value

of x.
i) The case |x| <ea

2
Putting A*=1 —a—zb—xz , €q. (20) is written as

@ +2ﬂ)Po|:b(az_xz)\/az—x’$“/2 V' 1— K cos’0 2

T mu(A+p) a’ o 1—¢cos?
b(a*— %)/ a®— x (<12 \/1— k¥ cos®6
B 3a° S o (1—eé*cos®0)

dé

b(3b°x*— a’b’ + a* — &/ i — i? (=2 cos*6\/ 1 — E cos?0
+ 3a’ So (1 — & cos®0y dﬁ] (1)
il) The case |x]| = ea
Eq. (20) is easily calculated as
2
w = (l+2,u)pob<£_x_> (22)
20(A4+u) \3 34
iii) The case |x| Zea
. 2 aF—x .
Putting 2 = 1— , €q. (20) is given as
w = AE2a)p [ B — ) g“’z V1—K’sin®0 Jp_ K@= S"’Z V1—k’sin’ 6
zp(d4- 1) a o 1—e?cos®d T 328 Jo (1—écos?) )

B(3b°s* — &’ + a* — a’?) ez COS°0N/ 1 — p/%5in%0
+ 3 So (1— & cos’6)’

(II) Displacement @ on the y-axis

Substituting #=0 into eq. (19), we obtain
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_ @Q+2mp, [ a®®—5" S"” V@ sin?6 + (B> — y*)cos*0 20 )

zu(A+ 1) baido & sin®0 + b cos?@
L 2By =0) S 2 /@ sin®0 + (B — y*)cos*h

35 0 (@ sin’6 + b® cos®0)?
__a(3a*y’—a’b’ +b* — b’y?)

3b
« Sﬂ ? V& sin®6 + (B° — y*)cos’fcosd

L Jo (a® sin’@ + b° cos?0)?

de
24

de

2

Z_
Putting K? = l—b 2y , ¢©q.(24) is expressed as follows;
a

_ A+2mp, ( B— yzg”/z V1—-K*cosf LBy=p) g"” V'1—K?cos’0
zu(A+ u) b Jo  1—écos’d 3 Jo (1—écos’h)
(38— B+ b — by S"’Z cos?0\/1— K?cos?0
3b 0 (1—e cos®@)

(25)
de

3.3.4 Vertical displacement at a point (x, y, 0) without the elliptical area
From the third of egs. (8), we find

_ @+ 2,a)p0[ S"z (b cos + @’y sinf)’\/ a? sin0 + b? cos?0 — (x sinf — y cosf): a6
3ab

Tu(A+ u) 9 (@ sin0 + b cos®0)?
ab( LY 1>S 2\/ @ sin®0 + b? cos’0 — (x sinf — y co%t?)2 ] (26)
3\ b 0y a® sin’0 + b* cos®d

(I) Displacement = on the x-axis
Substituting y =0 into eq. (26) and putting

E*=

2
+ﬁya,

we obtain

_ A+ 2u)po{2b‘x2 S %2 cos’0+/1— EZ sin%0 2172(

do—
wu(A+ u)

1)892\/1——E23in20
PV (1—¢ cos?0) 3a

6, 1—é*cos®d dﬁ} 27)

Replacing Esinf with sinp, eq. (27) becomes

«/l—lsinzp Vl~lsin2p
_ (A+2p)p, |:2b‘ E? { S"/Z E? Sm E?
0

S do— — e dp
un(A+4) | 34° & (1 - “_z_efcoszpy =l 1— izcosz,o
P &

1

2B« E =2 ,
( >{S ( —cosp)«/1__smp So —*V%I_Elégdp}}(m)
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(II) Displacement w on the y-axis

Substituting x=0 into eq. (26) and replacing 6 with a—%, eq. (26) is written as

_ (A+2u4)p, [ @’y S 2 cos’a /@ cos’a + (B — y*)sin‘a da

Tu(A4+u) | 3b (@ cos’a + ¥ sin®ar)’ 28)
__‘ib,(lz — 1)5% V @ cos’a + (B — y*)sin’a da
3 \p? @y & cosa’ -+ b sin‘a
in which
_ a
az = —Q, = tan 1\/—372__:[]2

Putting E/*=1+ y-¥ and E’sina =sin7,
a

we have

1 .
s V 1— Iz sin’r
dr+g Qg dr}

0

(2+2u)p0[2yEl{<Ezz )S y/1—~—smr

au(A+n)L 35 e 0 (1__ smr>
E”

@(yz E {< & Sﬂﬂ 1
3 kﬁ“l)? F“I) ° (l*isinzr>v1 1'sin27‘
E,z “?2

" «/1_4— arl] (2sy

E,zsm T

3.3.5 Special case
When the loaded area is circular, u, v, @ are easily obtained with polar coordinates,
as the special case of the elliptical atea.
In this case displacements are symmetrical with respect to the z-axis, so we have
only to consider radial and vertical displacements U and W respectively.
I Displacement within the circular area
i) Radial displacement U
After calculation we obtain

R, R}
U - PO o _~"'0 29
2(2—0—,&)( 2 4a02> (29)

where q, is the radius of circle and R, is the distance of any point from origin.
ii) Vertical displacement W
From the third of egs. (7), we have

2 + 2,LL 4_ R 2\ (®/2 e
0
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4_ Rz zf2 5 e
+ _Q‘S cos’f \/¢102——R02 sin?8 d 6 }
3 aldo

(II) Displacements without the circular area
i) Radial displacement U
After calculation we obtain

Ue —_ P 4
2+24) R,

i) Vertical displacement W

_ (A+2u)p,f 8 RA\aj (™ cos’p
W_47zu(l—|—,uo)? 1—7021700 . a? do
' 0" ™o VI—RLL)sian
0

—I—ER Smcosz,oVI e sithdp}
3 o R

4. Results

17

(30)

(1)

(32)

The displacements obtained at a point on the x- and y-axis for various values of e

are shown in Figs. 3-6. However, the similar tendencies are recognized at any other

point on the surface of the semi-infinite solid.

In plotting the results the following non-dimensional quantities are used:

x-direction 2(+4) u
. . . ap,
Horizontal displacement in]the
y-direction 2Ty
bp,
x/a
0 02 04 06 08 10 12 14 16 18 20
003 e=08
0.6
-0.10 } 0.4
2 0.2
F o015t 0
=|5
ol =020}
~0.25
-0.30 ¢

Fig. 3. Horizontal displacement on the x-axis
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) »/b
02 04 06 08 10 12 14 16 18 20

-0.05+
© =0.10}
(=)
3| -0.15¢
+l
-~
ol 020
-0.25
-0.30

-0.35}

Fig. 4. Horizontal displacement on the y-axis.

Xla

@Aty
A+2u

02 04 06 08 10 1.2 14 16 18 20
e

Fig. 5. Vertical displacement on the x-axis.

yib
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e Yo NN Gy 8

ooo00
NN

02 04 06 08 1.0 12 14 16 18 20

0.1t

w
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2uAty)
A+H2u
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Fig. 6. Vertical displacement on the y-axis.

e=

coooo
COOND N



Surface Displacements of the Semi-Infinite Solid Subjected to a Paraboloidal 19
Load Distributed over an Elliptical Area

voaxis  24G+m) 1
/ A+2u0 ap,
Vertical displacement on the
N s 1
y-axis At2u bp,
abscissa: , ordinate: <
a b

4.1 Horizontal displaceménts

It will be seen that displacement « directs inwards at every point on the surface.
It increases almost lineally to its maximum value at the inner point near the boundary,
then diminishes gradually with the increase of x/a. Although the same tendency is
found for displacement @, the positions of the maximum values for # and v move to the
opposite direction with the increase of e, that is, the former moves rightwards, to the

contrary the latter leftwards.

4.2 Vertical displacement
As shown in Figs. 5 and 6 displacement w has a maximum value in the center of
ellipse and gradually decreases in the concave form with the increase of x/a, turning to

the convex form, as the value of x/a approaches 1.

5. Experiment

The following experiments were performed to ascertain the theoretical results.

5.1 Experimental apparatus

This apparatus consists of two main parts, one having 7 pressure sensor pins,
another the same number of displacements indicator pins (Fig. 7, Fig. 8).

To apply the pressure we have used a moving platen having the plane elliptical
surface, the eccentricity of which is about 0.745. A small pin, fitted vertically into the

moving platen and ending flush with its surface, makes contact with the load cell, as a

1 Load cell
Upper
2 moving platen

¥
3 Rubber sheet //’ '/

4 Rubber plate ]

5 Base platen

¢ Differential
transformer qp

I

Fig. 7. Skeleton of the experimental apparatus.
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Fig. 8. Photograph showing the apparatus mounting on the Amsler testing machine.

kind of pressure sensor which provides a measure of the load compressing the surface of
the material.

The vertical displacement of the surface of material is measured with the differential
transformer through a pin which is inserted vertically into the material and ends at the

same level as its surface. This apparatus is set in the supporting frame.

5.2 Experimental procedure

We need too high pressure to obtain experimentally the vertical displacement of the
surface of metal in the measurable order, so the rubber plate having the finite thickness
was used instead of a semi-infinite solid to multiply the values to be measured. But
Young’s modulus of rubber is extremely small in comparison with metal, so we need to
use the sensitive load cell to measure the feeble pressure corresponding the vertical dis-
placement. For this purpose we have adopted the cylindrical rubber rod as the sensor,
on the surface of which the wire strain gauges are attached.

Firstly we adhere the rubber plate on the lower base platen, under which the differ-
ential transformers measuring the displacements are set. The upper moving platen having
load cell calibrated previously is placed upon the center of the base platen. On the
process developing the predetermined form of pressure distribution, we coated the surface
of the upper elliptical moving plate with the thin rubber sheet having the various type
of a section of convex lens. In this experiment, firstly the rubber sheet with uniform
thickness have been used. To eliminate the tangential force the soapy lubricant is ap-
plied between the contact surface of the rubber sheet and the rubber plate.

Under the small load we have made the zero-adjustment of the load cells and differ-
ential transformers. After finishing adjustment, pressure and displacement curves are

obtained with increasing the load stepwise.

5.3 Experimental results

The measured displacement is shown in Fig. 9. For the comparison of a tendency
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x/a
0 02 04 06 08 10 12 14 16 1.8 20
0 T 1 ) 1 t i I J 1 1
0.1} -

< -

¥ 02p
- 0.3+
Fla %
? + 04 experimental
3 ==—~== theoretical

0.5

06+

Fig. 9. Vertical displacement.

Experimental result refers to the mean pressure p,
Maximum value (at x=0): 0.294
Total load: 1.9t

of the experimental curve with the theoretical one, the latter is drawn with the dotted line.
Each curve was plotted so as to have the same value in the center of the elliptical region.
As seen from their figures for the inner region, the experimental values are larger
than the theoretical, while for the outer one the opposite tendency is observed, which

seems to be due to the character of rubber.

6. Conclusion

The vertical displacement of the surface compressed with a distributed pressure over
an elliptical area was obtained experimentally. However its data is somewhat scattered,
besides the form of the predetermined pressure distribution was not successfully repro-
duced owing to the difficulty of the experimental technique, because the pressure sensor
used in this experiment is sensitive to disturbances and the balancing point is changeable
with time. Therefore the precise comparison of the results obtained experimentally and
theoretically could be scarcely desired. We found that it is very difficult to perform the
experiment using rubber, since its behaviour of deformation is much complicated.

In this paper the friction acting on the surface of contact is ignored, which must be
considered practically. The solutions of the more practical contact problem consider-
ing the frictional force will be obtained, if we superpose the solutions of the semi-infinite
solid under the tangential surface tractions upon those given in this paper. When the
pressure measured does not fall to zero at the boundary of the loaded area, we have only

to superpose the solutions® under the uniform pressure upon the present ones.
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