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' Surface Displacements of the Semi-Infinite Solid

    Subjected to a Paraboloidal Load Distributed

                    over an Elliptical Area

Yoshio WATANABE* and Kozaburo OzAKi**

(Received June 15, 1971)

   We consider the surface displacements of the semi-infinite body by using the general

solutions given by Boussinesq. Within the loaded elliptical area horizontal displacements

are readily obtained, while over the unloaded surface their values are calculated through

the somewhat complicated procedures on the basis of the theory of residue.

    The vertical displacements are given everywhere over the surface in the form of-

elriptic integrals.

    The horizontal displacements direct toward the center of the loaded region at every

point on the surface and have the maximum values at the inner points near the boundary,

while the vertical displacements become maximum in the center of the elliptical area.

                                1. Introduction

    In the theory of elasticity the boundary value problems are obiects to which much

research has been devoted. At an earlier date Boussinesq completed the theoretical

outline, giving the solutions for a more general type of boundary conditions, since then

various practical problems have been dealt with on the basis of his solutions.

    In this paper we deal with the surface displacements of the semi-infinite solid under

the distributed load in the elliptical area by using Love's solution given in the integral

expressions. In practice the loaded area is considered to be elliptical, the assumption of

which seems to be more general than the case of the uniformly loaded circular area which

was solved by Timoshenkoi).

    In the case of rolling, pressing, etc., the results of this problem seem to offer an

effective suggestion of the behavior of the initial surface flow of metals to be compressed.

                                2. Notation

    In this paper the fo11owing symbols are used:

(sc, y, x) coordinate ofa point in the semi-infinite solid

(4, rp, O) coordinate ofaloaded point on the surface of the body

r distance ofapoint (x,y,O) fromapoint (4,op,O)

e angle between generator andr
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rl) r2

es, o2

2a, 2b

e

P

u, v, w

2

2

i

Res(¢(2k))

Imag F(x)

2, pt

EG,ILE,G,,H,
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distances of a point (x,.v,O) from points on the elliptical boundary

angles between generator and two tangents to ellipse

major and minor axis of ellipse

eccentricity of ellipse

pressure acting on the surface of the body

components of displacement

complex variable (=x'+ ly ')

cong'ugate of 2 ( =:x' - iy ')

-=V-1
residue of function ¢(x) at a point '2k

imaginary part of function F(x)

Lame's constants

harmonic functions

                               3. Analysis

3.1. Fundamental equations

    The solutions of this kind problem are given by Boussinesq. When the

solid bounded by plane is subjected to the surface tractions, the expressions

ments are given by Love2) as follows:
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4npt

1

4zpt

OH   +
6x

aH  -+
ay

1

   2
4zpt(Z + pt)

   2

ON6e,

    2zpt

     1
v=    2nlt
      1

62

6G
02

OH

Ox

a9,

w: +
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  4zpt
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Oy

4npt ax 4n(2 + pt)

(1)

where

"F' == SSX,zdedT , ' G = ij Y,xd4drp ,

17: == SSX,2dedn, G, ==ISY,2d4dny,

v-
g."-+-abG,-+O,".,v,=-O,:?+O,G,i

z == log(2+r), 2 == xlog (x+r)

  H = jS z,zdedrp

 Hl =IjZ,2dedop

  aHl
+
  Ox

X,,Y, and Z, are surface tractions acting in the x-, y- and x-directions respectively,

and the double integrations are taken over the elliptical area subjected to pressure.

    Eqs. (1) represent displacements at any point (x,y,x) in the body produced by surface

tractions acting at the point (e,op,O) on the surface of the body.



         Su,:face Displacements of the Semi-1nj7nite Solid Suttiected to a Ptiraboloidal 3
                     Load Distrthuted over an Elliptical Area

3.2 Assumptions

   For solving this problem, we take the fbllowing two assumptions:

i) The area subjected to pressure is the region corresponding to the fbllowing relation

                              Si+Zl$i (2)

                   .ii) The pressure acts solely in the direction of g-axis and is denoted by the fo11owing

   expresslon

                           P=Po(i-t.2,'Zi) (3)

   where p, is the maximum pressure in the center of ellipse.

3.3 Calculation

    With the above assumption ii) eqs. (1) are written as

                                                '
              u=-1OH+ Z 02Hl-1ga2H
                                                OxOx                    4zpt Ox 4zpt(Z+pt)6acOx                                           4zxt

              v... -1 OH+ Z 02Hl-12 a2H
                                                                  (4)                                                Oyax                    4npt ay 4npt(Z+pt)aorOx                                           4zpt

                    2+2op Off 1 62H
              w= -g                  4zpt(R+Jee) Og 4rcpt 022

Substituting eq. (3) into eqs. (4), we obtain

           u -= -,.(,'. .) jIe&X -. ,8))d8dop +,.2,, Sj'(rp,-, ")dedop

           V = -4.(zi+ .) IS P,((:i,op))dedrp '4.X,, !!P(Y,i n)d4dv (s)

           w - ,.Z.'(,2.".) IS =l}dedop +,if. Sj fl,Taedn

Substituting x==O into eqs. (5), finally the surface displacements of the semi-infinite

solid are given as follows;

                     " = - 4.(al+.) SSP(X,- 4)dedop

                     v= -4.(2i+ .) ilP(Yi op)d4dop - (6>

                     w - ,.Zi(ipt,,)SSe-dedny

where the double integrations are taken over the elliptical area.

   For the calculation of eqs. (6) we transfbrm Cartesian coordinates (g, op) to polar

,
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coordinates (r, e). From Fig. 1 we obtain
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             Fig. 1. A model of the region under the paraboloidal load.

                  x-4=rcose, .v-T == rsine.

Using this relation, eq. (3) is written as

                        P =: Po(A +2Br- Cr2)

where

         A= 1-:rm2,-tle2, B .. XCaO,Se+y si,ne, c= gLt£-2ieL+sinie

Substituting these into eqs. (6), we obtain within the ellipse

  u = -4.(-/-+Q ,,,)jl2!ind (A+2Br-Cr2)cose`b'de == -4--.//:2･-gLriisjltG(e)cosede

  v - - 4-i (- //{; .)jl2Si" (A + 2Br - th2)sine drde == -4.(2-eF J-slr G(e)sinOde

  w - #i,',-(i2't' P.3-SI2I:nt (A+2Br- cbu2)dede - f.R,",(?pt.)P.gj:atG(e)de

and without the ellipse

 U = -4.aPI/,sS;ij,e,2 (A+2Br- Cr2)cosedede - - 4.(zPo+ pt)I:i H(e)cosede

 W = m 4.(2P+O ,,,)SIi l gi (A + 2Br - Cr 2)sine`irdO - - 4.(zPO+ pt)Sk H(e)sinede

 w = i.Zii".tt3-jliS:2, (A +2Br - Cr2)dede =: £;(i".)Pi)Igi H(e)de

(3)t

(7)

(8)
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where

      G(e) = Ar, + Br ,2 - f r,3 , H(e) == A(r, - r,) + B(r,2 - r,2) - -S- (r,3 - r,3)

and the fo11owing expressions are used

          - b2x cosO + a2y sine - abVa2 sin2e + b2 cos2e - (x sine -y cose)2

5

4,

4,

4,

        rl                              a2 sin2e +'b2 cos2e

            b2x cose + a2y sine + abVa2 sin2e + b2 cos20 - (x sine -y cosO)2
        r2 =:                              a2 sin2e + b2 cos2e

and angles 6, and e, are given as fo11ows; .

                     0 == tan-i.X.YmV"b2x2+a2y2ma2b2

                      1 x2-a2
                     e,=,tanm'NY-+..-)ylb2ec,L2±=q.i?y2=..Tra..2rt2

                                     x -a
where

                              x2-a2SO.

3.3.1 Horizontal displacements at a point (x,y, O) within the elliptical area

   After integration of eqs. (7), we obtain

                " = 2(RP+' pt) (3bi2b(a++2Z2 X3 + (al?Il)2-.b+scb]

                V= 2(zP+' pt) (3"i2fi+2:2y3+(.M+Yb),-.evb] (9)

                                          '
3.3.2 Horizontal displacements at a point (x,y, O) without the elliptical area

i) Forapoint (x,y, O) inaregion (I) Gx[>a)

   Eqs. (8) can be written in the form

                U - -2.(zP+O i)(-A-3 4,+ glh,)

                                                                  (10)
                v = -2.(RP+O ,,)(Ai 4i+-}4,)

where

iL,= ZiVa2Sin2e+ab,2siC.nO,Se2e+-b5XcoSsi;eeT-YCOSe)2,cosede

   - 4 e2 (b2x cose+a2y sine)2Va2 sin2e+b2 cos2e-(x sine-y cose)2
                                                         cosede                          (a2 sin2e + b2 cos2e)2
                                                                   (11)

2ab j

abj

2ab S

:
b
!

e
l

e
l

e
l

e2 Va2 sin2o + b2 cos2e - (x sine -y cose)2 sin

   a2 sin20 + b2 cos2e

e + a2y sine)2Va2 sin

0dO

e2 (b2oo cos 2e + b2 cos2o - (x sine - or cose)2

(a2 sin20 + b2 cos2e)2
sinOdO
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tane=t, eqs. (11) are expressed as follows;

OZAKI

I., = 2ab ji,

42=
i,Sl,

4, = 2abli,

42 = .4bIl2,

2 V(a2 - x2)t2 + 2ayt + b2 -y2 dt

(a2t2 + b2)(t2 + 1)

2 (a2.vt + b2x)2V(a2 - x2)t2 + 2ayt + b2 -y2 dt

(a2t2 + b2)2(t2 + 1)

2 V(a2 - x2)t2 + 2ayt + b2 - y2 tdt

(a2t2 + b2)(t2 + 1)

(a2yt + b2x)2V(a2 - x2)t2 + 2ayt + b2 - Y2 tdt

                     (a2t2 + b2)2(t2 + 1)

where

                     ay - vlb2x2 + a2y2 - a2b2
             ti = tane, = M-a2 ･

                     ay+Vb2x2+a2y2-a2b2
             t2 = tane2 = x2-a2

Introducing the following new variable K

          V(a2-af)t2+2ayt+b2-y2 = (t,-t)K

eqs. (12) are written

I.i == 2ab(x2-a2)2(t2-ti)2

    ee K2(K2+af-a2)dK

(K>O)

(12)

  ×j-oo

4,-!
   ab
  ×j℃.

(13)

  ×j-co

4, -!
   ab
  ×j:co

 [{t,K2+t,(f-a2)}2+(K2+x2-di)2][a2{t,K2+ti(M-a2)}2+b2(K2+x2-a2)2]

(x2 - a2)2(t2 - ti)2

     {(a2t,y + b2x)K2 + (a2t,y + b2x)(x2 - a2)}2K2(K2 + x2 - a2)dK

      [{t,K2+t,(x2-a2)}2+(K2+x2-a2)2][a2{t,K2+t,(x2-a2)}2+b2(K2+x2-a2)2]2

4, = 2ab(x2-a2)2(t,-t,)2

    eo K2{t,K2+t,(x2-a2)}dK
 [{t2K2 + ti(x2 - a2)}2 + (K2 + x2 - a2)2] [a2{t2K2 + ti(ac2 - a2)}2 + b2(K2 + x2 - a2)2]

(x2-a2)2(t2-ti)2

    {(a2t,y + b2x)K2 + (a2t,y + b2x)(x2 - a2)}2K2{t,K2 + t,(x2 - a2)}dK

     [{t2K2 + ti(x2 - a2)}2 + (K2 + af - a2)2] [a2{t2K2 + ti(x2 - a2)}2 + b2(K2 + x2 - a2)2]2

                                             (12)t

Again replacing the variable K by the complex variable x, we obtain
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                                ooIL,, == 2ab(x2-a2)2(t2mti)2

j
-
.
.

L2 = ib' (X2-a2)2(t2'ti)2S:..

Ib, = 2ab(x2-a2)2(t2-ti)2

j
:
.
.

42 == it (X2-a2)2(t2-ti)2!:..

¢Ul(X)de

¢U2(X)de

¢vl(2)de

¢v2(2)de

7

(12)"

where

dipt1(X) =
g2(22 + rf - a2)

¢pt2(X) =.

[{t2g2 + ti(x2 - a2)}2 + (22 + nc2 - a2)2] [a2 {t2x2 + ti(x2 - a2)}2 + b2(x2 + x2

     {(a2t,y + b2x)x2 + (a2t,y + b2x)(x2 - a2)}2x2(x2 + x2 - a2)

-a2
)
2
]

[{t2X2+t,(x2-a2)}2 + (22 + x2 - a2)2] [a2{t2g2 + t,(X

      22 {t2x2 + ti(x2 - a2)}

2m a2 )}2 + b2(g2 + oo2 - a2)2]2

  ¢Vl(X) =
           [{t222 + ti(x2 - a2)}2 + (22 + x2 - a2)2] [a2{t2g2 + ti(x2 - a2)}2 + b2(x2 + x2 - a2)2]

                  {(a2t,y + b2x)g2 + (a2t,y + b2x)(x2 - a2)} 2x2{t,22 + t,(x2 - a2)}
  ¢V2(X)        - [{t222+ti(x2-a2)}2+(g2+x2-a2)2][a2{t222+ti(x2-a2)}2+b2(x2+x2-a2)2]2

For the calculation of eqs. (12)", we use the residue theorem. The singular points of

the integrand are obtained with the fbliowing equations.

                   a2{t222+ti(x2-a2)}2+b2(x2+x2-a2)2 .. o @

                    {t222+ti(x2-a2)}2+(x2+x2-a2)2 ..., o @

Among the singular points obtained from eqs. (D and @, those which exist in the upper

half of x-plane are given as follows (Fig. 2).

xXl

  XX3

lyt

  x22

xpR

Fig. 2.

              o

Path of integration and positions of singular points.

x'

From eq. @

Xl =
-V

x2 =V

vag-
     2

v/H,-

Hi+,vl

Ht+ivl

V'Hle+H,

     2

VH> + ll,
i

i

2 2

+
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From eq. @

                 x, - - /v/V]it12- H3 + ,vlVH-42+ H, i

                 ., .. ,VVH>-H3+,VtV]ii2+U3 i

where

            H, = b2af+a2y2-2a2b2, ll, = (a2t,2+b2)(v2-a2)2

                                      a2t,2 + b2                   a2t,2 + b2

            H, = X2+Y2-a2'b2, ll, =(v2-y2-a2+b2)2+4x2y2
                                         (t,2 + 1)2                    t,2 + 1

For example, considering the integration S:.. ¢., d2 along the semi-circle CR, we have the

following formula

              S5..¢"i d2 + I.. ¢ui dx = 2zi >, i]l, (Res(¢.,(xk)) ･

Approaching the radius R of semi-circle CR to infinity, the integration along the semi-

circle vanishes, and the above expression becomes

                   S:.. ¢ui dX == 2"i Z,l, Res(diui(2k)) ･

Using this formula, eqs. (12)" are written as

                                       4
           I},, == -16ab(b2x2+a2y2-a2b2)n Imag ?l.], Res(¢.i(gk))

           I., == - 21Z (b2x2+a2y2-a2b2)z Imag X., Res(diu2(Zk))

                           ･ (14)                                       4           I., = -16ab(b2x2+a2y2-a2b2)rr ImagZ Res(di.,(Zk))
                                      letl

           4, == - 2/? (b2x2+a2y2-a2b2)n Imag 2., Res(¢.2(Zk))

where

                        21
   Res(¢.i(xi)) =              2D(a2t,2 + b2)(x,2 - 2,2) (2,2 + R)

   ReS(¢ui(g2)) = 2D(a2t,2+b2)(:2i-2,2)(2,2+R)

   ReS(¢ui(X3)) == 2(t,2+1)(a2.b2){ 32-2,2)(2,2+R)

                          23   ReS(diui(X4)) = -'2(t,2+1)(a2-b2)(x,2-2,2)(2,2+R)



　　　　　8㍑吻6θD瑠）1α‘6〃～8η’3（ゾ痂θ8伽ノ」頭η髭θ301ぎ48Z’彰θ0’θ4診0αPα7αゐ010’dα1　　　　　　　9

　　　　　　　　　　　　　　　　　Loα4　Dゴ∫〃必厩θ40り676iπE’1φ’fcα1∠璽7θα

R。。（φ。，（。、））一．　（α・室・2＋α・R）

　　　　　　　　　　　4（α2ち2＋う2）21）29、（9、2一鳶、2）3（9、2＋1～）3

　　　　　　　　　　　　×［2D（g12一鳶12）（912十1～）｛（2912十R）（α1912十α2jR）十2912（912－1－R）α玉｝

　　　　　　　　　　　　一（α、9、2＋α、R）｛D（5堵、2一鳶、2）（9、2＋1～）2＋49、2（9、2一鳶、2）

　　　　　　　　　　　　・（’，（’，・、2＋’、R）＋・、2＋R）｝］

R。、（φ。、（。，））一　　一（α・鳶・2＋α・R）

　　　　　　　　　　　4（α2ち2＋う2）2D2鳶、（9、2一鳶、2）3（を、2＋R）3

　　　　　　　　　　　　×［21）（912一を12）（を12一｝一R）｛（2を12十1～）（α1鳶12十α21～）

　　　　　　　　　　　　十2鳶12（鳶12十1～）α1｝十（α1を12十α21～）｛D（5を12－912）（を12十1～）2

　　　　　　　　　　　　－4鳶、2（・、2一鳶、2）（ち（ち鳶、2＋’、R）＋鳶、2＋R）｝］

R。。（φ。、（。，））＿　　9・（α・932＋α・R）2

　　　　　　　　　　　2（’22一ト1）（α2一う2）2（932一を32）（932十1～）3

E。。（φ。、（。、））一．．　を・（α・を・2＋α・R）2

　　　　　　　　　　　2（’22一ト1）（α2一ゐ2）2（932一鳶32）（を32十・R）3

況θ8（φ。（。、））一　9・（ち9・2＋’・R）

　　　　　　　　　　　2（α2ち2十ゐ2）1）（921一ヌ…12）（912一｝一1～）2

β・・（φ。、（9，））一 A（鰐＋舞彦認；（犀＋Rア

煽（93））一一
A（げ＋1）（。薯聖斧1毒㌦・＋評

β・・（φ。、（9、））一一 A（轟1聖熱論畔
R・・（φ。、（。、））一　．α・9・2＋α・R

　　　　　　　　　　　4＠22＋ゐ2）2D29、（》一を、2）3（9、2＋R）4

　　　　　　　　　　　　×［2D（912一鳶12）（912十1～）2｛2α1912（ち912十’1R）

　　　　　　　　　　　　十（2ち912十’1・R）（α1912十α21～）｝一（ち912十’11～）（α1912十α21～）

　　　　　　　　　　　　・｛D（5・・2一鳶・2）（・・2＋R）2＋4・・2（・・2一鳶・2）（ち（ち・、2＋ちR）＋・、2＋R）｝］

E・・（φ。、（9，））一 S（曜＋ゲ講誕聲黍｝（郵＋Rア

　　　　　　　　　　　　×［21）（　　2　　－　291　　91）（を12十1～）2｛2α1を12（ち鳶12十∫11～）

　　　　　　　　　　　　十（2ち鳶12十’11～）（α1を12十α21～）｝十（ち鳶12十ちR）（α1鳶12一←α21～）

　　　　　　　　　　　　・｛D（5鳶・2一・・2）（鴛・2＋R）2－4鳶・2（・・2一鳶・2）（ち（ちを、2＋’、R）＋を、2＋R）｝］

R・輪））一、（難燃慧嚇維Rア

鳳（94））一 A（謡畿謙1練馬Ry

　　　　∵D一ゲ・R一・・一・・，・・一・・’、・＋・・…、一・・’、・＋…
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Substituting these expressions into the fo11owing equations, displacements u and v are

obtained as

 . = 8po(b2f(If2ypt2)-a2b2)(abA Imag }l.;, Res(di.,(2k))+ it Imag 2.;, ReS(¢u2(Xk))) l

 . .,, 8po(b2t(+t f2orpt2)-"2b2)(abA imag 2.l;, Res(¢.i(xk))+ iltb imag };.ll, ReS(¢v2(Xk))] 1

                                                                      (15)

li) For a point (x,y, e) in a regien (II) (O$lxl <a)

    We introduce a new variable g by using the fo11owing transformation

                                9 = e-9'

in which

                                 , e,+e,
                                9= 2

e, and e, are calculated in eqs. (13).

Through this transformation, eqs. (11) are written as

IL,i = 2ab j:,2 V6 sin2 g+ v cos2 g ( - sing'cosg + cosp'sing)

                                   dq
×
  (a2

4,=

×

4,

×

4,

×

cos2g

a-`bS

' + b2 sin2g')sin2q + 2(a2 - b2)sing' cosg' sing cosg+ (a2 sin2g' + b2cos2g') cos2g

rp2
 {(b2x sing' - aW cosp')sing - (b2x cosg' + dy sinq')cosg}2VS sin2g +vcos2g

pt1

                ( - sinq' sing + cosg'cosg) dq

{(di cos2g

   2ab S

' + b2 sin2g')sin2q + 2(a2 - b2)

ep2

  V6 sin2q+v cos2g (cosg'
ql

sinq'cosq'singCOS9+(a

sing+ sinq' cosg)

   dq

2sin2ep'+b2cos2g')cos2q}2

(a2 Cos2q

aun`bj

' + b2 sin2g')sin2g + 2 (a2 - b2) sing' cosg'sinq cosg + (a

                        '
ep2

 {(b2x sing' - a2y cosg') sing - (b2x cosg' + a2y sing')

op1

                 (cosg'sing+sing'cosg)dg

2 sin2g' + b2 cos2g') cos2g

cosq}2v'Ssin2g+vcos2g

  {a2

where

cos2g'+b2 sin2g')sin2q + 2( a2 - b2)sing' cosg' sing cosg + (a

           - e,-e,
  9, = -92 - 2

   6 = a2 cos2g'+b2 sin2g'-(xcosgt+ysinq')2

   v == a2 sin2g'+b2 cos2g'-(xsing'+orcosq,)2

2sin2g'+b2cos2g')cos2g}2

             (16)
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Putting tanq =t, then eqs. (16) are expressed as fo11ows;

          ti V6t2 +v (-t sing'+cosg')
4,

4,

.,,,

 2ab jt,

=t,ji2,1

de

11

  ×

..
 2abS

= f,!i2,

t (a2 cos2g

{(b2x sin9

' + b2 sin2g')t2 + 2(a2 - b2) sinq'cosg' . t + a2

' - a2y cosg')t - (b2x cosg' + aaysinq')}2

     V6t2 + y ( - t sing' + cosg')

sin2g t + b2 cos2g

qt}2 '

t' 1+t2

dt

IL,,

4,

{(di Cos2q

   t2t

' + b2 sin2q')t2 + 2(a2 - b2)sing'cos9

              V6t2 +v(t cosgt

' . t + a2 sin2g

+ sinq')

' + b2 cos2 1+t2

   dt
tit (a2 cos2g

t

, {(b2x sing'

' + b2 sin2g')t2 + 2(a2 - b2)sinq' cosg' ･ t + a2

- afty cosg')t - (b2x cosg' + a2y sing')}2

      V5t2 +v(t cosq' + sing')

sin2g         .'+b2cos2g' 1+t2

× {(a2 cos2g'+b2 sin2g')t2 + 2 ( a2 - b2) sing'cos g' . t + a2 sin2g
t + b2 cos2gt}2

  dt
.

 1+t2

(16)r

where

              ti' == tangi == -ivl--lii-, t2' == tang2=

Introducing a complex variabe x and calculatlng in the same

displacements u and v are obtained as fo11ows;

  u=, 8Pe . a2v
      3(Z+pt) (v-6)

                                   4                          abA ImagX Res(th.i(Xk))
                                   k=s1×[ (a2

V-

way

L
S

as mentioned above,

+

cos2g'+b2 sin2g')t
,'2 + 2(a2 - b2)sing' cosg' . t,' + a2

        4 Imag Z Res(V.,(xk))
       k=1

Sin2qt + b2 cos2g'

     ab{(a2

v == 8Po
    3(Z + pt)

cos2g' + b2 sin2q')t

. 62v

 (v - S)

i2 + 2(a2 - b2) sing'cosg' . t,' + a2

× [(a2

          4abA Imag 2 ReS(Vvi(2k))
         k=1

sin2gt + b2 cos2q '}
2
]

      +

in which

cos2g' + b2 sin2g')t
2t2 + 2(a2 - b2)sing'cos g' . t2' + a2

        4  Imag X Res(V.,(xk))
       k"1

sin2g' + b2 cos2q'

ab {(a2cos2g'+b2 sin2g')t
i2 + 2(a2 - b2)sing'cosg' . t,' + a2 sin2g ' + b2cos2p'}

2
]

(17)
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== (t,'cosq' +sing')x2 - S(t,'cosq' +sinq')

= = (cosg)' - t,'sing')x2 + B(t,'sinq' - cosg)')

== {(b2x sing'-a2y cosg')t,'-(b2x cosq'+a2y sinq')}x2

. -6{(b2x sing'-a2y cosg')tl-b2x cosg'-a2y sing'}

... 2, +2(v+ 6)6.2+B,

        v-6

= x`+2k2+9
- 6{(a2 cos2q'+b2 sin2g')tlt,'+a2 sin2q'+b2 cos2g'}

,'2 + 2(a2 - b2)sing'cosg' . t,' + a2 sin2q' + b2 cos2g'

        b2)sinq'cosq' . tl + a2 sin2g'+ b2 cos2q'}

13

w

+

              (a2 cos2g' + b2 sin2q')t

            62{(a2 cos2gt + b2 sin2gt)t,r2 + 2(a2 -

             (a2 cos2g' + b2 sin2g')ti2 + 2(a2 - b2)sinq'cosg' . ti + a2 sin2g' + b2 cos2q'

 Singular points s,, s,, s3 and s, are given as follows;

       s,=:-,vt'iii-Vg.,V,ll2,i, ,,=,v,'iJ-Vg.,vt.6-2,i

       ,,=-,vlV-92-P+,VVM92+Pi, ,,..,,V'Vt'2-P+,v'V-92+Pi

iii) For a point (x, y, O) on a l{ne x==a

    Displacements u and v are readily obtained in the before-mentioned manner

 " == -4(2P+' .)[-3b'(Z,ay-2b,)-{2a- V2(vi,-p,)} +3b(.i"-2 b,)2-

    × ({(b` - aW2)V2(V4, - p,) - 2abWV2(V 4, + p,)} /a+2aly2 + a2b2+ 4bW2 - 3b`l]

                        ' V = - 4(zP; ,,,)[3b(2.ay2 -2 b2){V2(V4, +Pi)m ZJ'} - 3b(.?"- b)2{2ab2YV2(V4, npi)

    + (b` - a2y2)V2(V4, + p,) + y(3a2b2 - 2a2or2 + 3b`)}]

                              '
 where

                      P, =Y2-b2, g, == (y2-b2)2+4a2y2

 3.3.3. Vertical displacement at a point (x,y, O) within the elliptical area

     From the third of eqs. (17), we find

                  '

,..

 i.Rpt+(22pt+ini) [a2b2 - b2f ' a2y2 Slt Val sin2e +dib2,ic.o,se2e+i,(:.s,iie ' y cose)2 de

                                                 t.bl.bs2,a(b2oocose+a2ysine)2(V.i2i'tt/nor2+b+b,bc2iso,2s)2,0-(xsine-ycose)2de

,q

t;? s:a {a2 sin2e + b2 cos2e- (x sine -(:,c,oi 9]21>21,agossi,no2)e,+b2 cos2e - (x sine - pt cose)2de]

(18)

(19)
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Now we consider the displacement w at a point on the x- and y-axis.

(I) Displacement w on the x-axis

    Substituting y=O into eq. (19), we obtain

    zv = (.R,,l,2illllls [("2 -.X2)b jlre V(a,2,, gill;,)eSi.'2be,:lit?,2,eCOS2ede

        - {lb!(a2 - x2)S gR V[:i i,.X,23St"Z9 I.e;,gO, S2e de

        + (3b3f- a2b3ia a`b " a2bx2)sgi2 COS2e}tl,(ginieX+2//i,ngeos;eb)2, COS2e do] (2o)

                                                    '
For the calculation of eq. (20), we consider thd fo11owing cases depending on the value

of x.

 i) The case lxl <ea

             '                    b2
    Putting k2== 1-di-x, , eq. (20) is written as

   ... ;Z,,Iz21:;[b(a2-x22}iCa2-x2sg/2 ><ilt-dik,2.c,o,se2e de .

        -b(a2-x,2).V, a2-figi2 :, ,k,2.C,O,Zie, de

        + b(3b2x2- dib2+3a.` ,- a2f)Va2-Mjgju COS(21e-V!,1, -,te,2eC)O,S2e de] (21)

ii) The case lxl =ea

    Eq. (20) is easily calculated as

                        w=`S,',:".'e;b({l--.£.is,) '(22)

iii) The case lxl)ea

                   a2 - x' ･ '    putting k'2 =: 1- b2 ,                           eq. (20) is given as

. .. (.2,1, ,2.p`)e)o b2("2i x2)Sg'2 v!,ii,,kE2.s,Sn,2e de-b2("g.;x2)jg/2 ll, ltz,kigg,i,niO de

                                                                      (23)
               + b2(3b2x2 - agbi,+ a4 - a2x2)sg/2 COS(2el ll[2,E.eiZs)iin2e de

(II) Displacementwonthey-axis

    Substituting x==O into eq. (19), we obtain
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ai2 Va2 sin2e + (b2 - y2)cos2e

15

w=
(Z + 2,et)Po

zpt(a + pt)

a(b2-y2)

bj
t
c

s
o

+ a3(3y2 - b2)

a2 sin20 + b2 cos2e

op Va2 sin2e+(b2-

de

s y2)cos2e

   3b o (a2 sin2e+b2 cos20)2

a(3aay2 - a2b2 + b` - bZy2)

de

×s:za

3b

Va2 sin2e + (b2 - y2)cos2ecos20

(a2 sin2e + b2 cos2e)2 de

              b2- v2
Putting K2=1- ,' , eq. (24) is expressed as fo11ows;
                a

  w -= (.R.1,2{l)£)o b2iiy2jg/2 V,lj,5,2.c,g,s2e de+(3Ygin, b2)Ig'2 >fl,'i,5,gg?,S)2,e de

                " (3diy2 - a2b32b+ b` - b2y2)j:za cos2(el :l l io£,S)C,OS2e de

3.3.4 Vertical displacement at a point (x,y, O) without the elliptical area

   From the third of eqs. (8), we find

w ,= (Z+2,ee)p, ul- e2 (b2x cose+a2y sinO)2Va2 sin2e+b2 cos2e-(x sinO-y cose)2

(24)

[3abjei

ff

 1)jei

(25)

  zpt(Z + pe)

.{lbL(2+.,2,

(a2 sin20 + b2 cos2e)2

e2 Va2 sin20 + b2 cos2e - (x sine - y cosO)2 de]

ae

a2 sin2e + b2 cos20
(26)

(I) Displacement w on the x-axis

   Substitutingy== O into eq. (26) and putting

       tf-a2
E2=1+        b2 ,

we obtain

    (2 + 2tt)Pe
w=: {2g.`fieie2 cos2eV1 m E2 sin2e

de - ･ll/2( nc2

-- 1a2
)
I
e2 V1-E2

zpt(Z + pt) (1 - e cos2e)2 e
l

1 - e2 cos2e

sin2e de)
(27)

Replacing Esine with sinp, eq. (27) b

    (z + 2pt)P,
w ==

2b4 E3

3a3 e2

(
j
,

-V,

ecomes

  1 .,
-- sm       p  E2 ,p)2 dP - S,

.1, ivl1"!sin2p
   E2

pt n(a + pt)

-gr/2(Zi-i)e,(sgi2

(
1   22 ae- -cos  X2

     1

    221 - g:lt cos2p

    M

dp - S:i2

       V,

dp]

(
1   22  ae- - cos  X2

2p),V1-"sin2p
  1

  1.
- -- sln
  E2

,p dp]](27Y
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(II) Displacement w on they-axis

    Substituting x==O into eq. (26) and replacing e with a-g, eq. (26) is written as

    (R + 2,et)P,

w= zpt(Z + iet)
a33yb2!

-aL
3b-

:
i(y

2 cos2a Va2 cos2a + (b2 - y2)sin2a

(a2 cos2a + b2 sin2a)2
da

 2

b2
-i)
j
"2 Va2 cos2a + (b2 - y2)sin2a

di1
a2 cosa2 + b2 sin2a

da

(28)

in which

a2 = -ai = tan-i a
Vy2 - b2

putting E'2= 1+ Y2 ib2 and E'sina= sinr,

we have

    (R + 2tt)Po

w= [
Zy2 Et

3b e2

i2'((

((.e,,-i)j

f/2 'V/ 1 - k-1,2 sin2r

dr+j

ai2 'Vt 1 - Erm1,, sin2r

zJet(A + pt)

-illbL(xL,2 - 1)

o (1 - igll, sin2r)

            1

o

te,,-1)S:!2

 1 m L2 sin2r

    Et2

.･-
dr
2

drl

t

'jgi,

     Vi-
1

 1 .,
7ti2 Sln r

dr]
]

(1 - ]gel, sin2r),V

1-
iY, 2sin r

(28)'

3.3.5 Special ease

    When the loaded area is circular, zt, v, w are easily obtained with polar coordinates,

as the special case of the elliptical a!ea.

    In this case displacements are symmetrical with respect to the x-axis, so we have

only to consider radial and vertical displacements U and VV respectively. '

(I) Displacement within the circular area

  i) Radial displacement U

   After calculation we obtain

                          U='2(aP+'pt)(RLi-4R.O,32) (2g)

    where a, is the radius of circle and R, is the distance of any point from origin.

    ii) Vertical displacement M

    From the third of eqs. (7), we have

              PV = S;i)(ipt+>tPi3(TII-(i -5,O,2)S:/2 Va,2-R,2 sin2e de



         Sde,:ftiCeDisplaCeMeLn.tidofDtl,f,2i.l$b.7,iallrg,n,it.e.Ssiidi,S,de.,.bj/eA,t,e,d.toaRaraboloicial

                    + -II- 5//i.lgf2 cos2e va,2 -R,2 sin2e de ]

(II) Displacements without the circular area

  i) Radial displacement U

    After calculation we obtain

              U==- Po g,2
                     2(Z+pt) R,

  ii) Vertical dispiacement W

              va=i.apt+(z2pt+lpp,o)(:(1'th:'ii)"ROIj:ravi-CO-.Si2P,i.,pdP

                                            tTt R,2

                   + -i- R,Ig/2 cos2p ,vli - tof,, sin2pap]
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(30)

(31)

(32)

                               4. Results

    The displacements obtained at a point on the x- and .v-axis for various

are shown in Figs.3-6. However, the similar tendencies are recognized at

point on the surface of the semi-infinite solid.

    In p!otting the results the following non-dimensional quantities are used:

                            x-direction 2(a+pt)u

Horizontal
 displaceMent in!the <y-direction 2(2abiliet)w

                                      xla

               O 02 O.4 O.6 O.8 1.0 12 1.4 1.6 1.8 2.0

values of e

 any other

ts
..'-s

z
+
KL"
N

e
""

-O.05

n.lo

O.15

n.2o

--O.25

-O.30
L
Fig. 3. Horizontal displacement on the x-axis

e = O.8

  O.6
   O.4
   O,2
  o'
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o
     - 7fo
.e2 O.4 O,6 O.8 1.0 1,2 1.4 1.6 1,8 2.0

a

z
+

pt

n.os

･-O.1O

e.15
 oAe  n.2o

-O.25

-O.30

n.35

e=O
  O.2
  O.4
  O.6
  O.8

Fig. 4. Horizontal displacement on the y-axis.

. xla

o O.2 O.4 O.6 O.8 1.0 1.2 1.4 1.6 1.8 2.0

3

A=
+
Kv'
qpt

.

O.1

  O.2e
B o.3

O.4

.q o.s

+K O.6
O.7

e = O.8

  O.6
  O.4
  O.2
  Q

Fig. 5. Vertical displacement on th     .e x-axls.

ylo

R

.

a
+
KNw'
=N

o

O.1

O.2

:e, o.3

Q
   O.4

   O.5
apt
+ O.6
K
  O.7

O.8

O.9

O.2 O.4 O.6 O.8 1.0 1.2 1.4 1.6 1.8 2.0

=o
 02
 O.4
 O.6
 O.8

Fig. 6. Vertical displacement on the y-axis.
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                              x-axis 2pt(2+pt) 1 w

                                        2+2pt aPo                            /
vertical displacement on the xx . 2pt(2+pt) 1

                                                  w                              y-axiS ua7+2xt bPe

                                       '
abscissa: X , ordinate: Y

          ab
                     tttttt tt
4.1 Horizontal displacements

    It will be seen that displacement u directs inwards at every point on the surface.

It increases almost lineally to its maximum value at the inner point near the boundary,

then diminishes gradually with the increase of x!a. Although the same tendency is

found for displacement v, the positions of the maximum values for u and v move to the

opposite direction with the increase of e, that is, the former moves rightwards, to the

contrary the latter leftwards.

4.2 Vertical displacement ,
     As shown in Figs. 5 and 6 displacement w has a maximum value in the center of

ellipse and gradually decreases in the concave form with the increase of x!a, turning to

the convex form, as the value of xla approaches 1.

                               5. Experiment

    The fo11owing experiments were performed to ascertain the theoretical results.

5.1 Experimental apparatus

    This apparatus consists of two main parts, one having 7 pressure sensor pins,

another the same number of displacements indicator pirts (Fig. 7, Fig. 8).

    To apply the pressure we have used a moving platen having the plane elliptical

surface, the eccentricity of which is about O.745. A small pin, fitted vertically into the

moving platen and ending flush with its surface, makes contact with the load cell, as a

             1

             2

             3

             4

             5

             6

                    Fig. 7. Skeleton of the experimental apparatus.

1

[H' 234Loadcell

Upper
rnovingplaten

I'ii

/ilvl'i1
iliil･-t 5

Rubbersheet

Rubberplate

Baseplaten

Differential

transformer

'l:
6
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      Fig. 8. Photograph showing the apparatus mounting on the Amsler testing machine.

kind of pressure sensor which provides a measure of the load compressing the surface of

the material.

    The vertical displacement of the surface of material is measured with the differential

transformer through a pin which is inserted vertically into the material and ends at the

same level as its surface. This apparatus is set in the supporting frame.

5,2 Experimental procedure

    We need too high pressure to obtain experimentally the vertical displacement of the

surface of metal in the measurable order, so the rubber plate having the finite thickness

was used instead of a semi-infinite solid to multiply the values to be measured. But

Young's modulus of rubber is extremely small in comparison with metal, so we need to

use the sensitive load cell to measure the feeble pressure corresponding the vertical dis-

placement. For this purpose we have adopted the cylindrical rubber rod as the sensor,

on the surface of which the wire strain gauges are attached.

    Firstly we adhere the rubber plate on the lower base platen, under which the differ-

ential transformers measuring the displacements are set. The upper moving platen having

load cell calibrated previously is placed upon the center of the base platen. On the

process developing the predetermined form of pressure distribution, we coated the surface

of the upper elliptical moving plate with the thin rubber sheet having the various type

of a section of convex lens. In this experiment, firstly the rubber sheet with uniform

thickness have been used. To eliminate the tangential fbrce the soapy lubricant is ap-

plied between the contact surface of the rubber sheet and the rubber plate.

    Under the small load we have made the zero-adjustment of the load cells and differ-

ential transformers. After finishing adjustment, pressure and displacement curves are

obtained with increasing the load stepwise.

5.3 Experimental results

    The measured displacement is shown in Fig. 9. For the comparison of a tendency
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                    Xjo
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. experimental
-.--,-- theoretical･

       Fig.9. Verticaldisplacement.
Experimental restilt refers to the mean pressure po

Maximum value (at ec==O): O.29pt
Total load: 1.9t

of the experimental curve with the theoretical one, the latter is drawn with the dotted line.

Each curve was plotted so as to have the same value in the center of the elliptical region.

As seen from their figures fbr the inner region, the experimental values are larger

than the theoretical, while fbr the outer one the opposite tendency is observed, which

seems to be due to, the character of rubber.

6. Conclusion

    The vertical displacement of the surface compressed with a distributed pressure over

an elliptical area was obtained experimentally. However its data is somewhat scattered,

besides the form of the predetermined pressure distribution was not successfu11y repro-

duced owing to the dithculty of the experimental technique, because the pressure sensor

used in this experiment is sensitive to disturbances and the balancing point is changeable

with time. Therefore the precise comparison of the results obtained experimentally and

theoretically could be scarcely desired. We found that it is very dithcult to perform the

experiment using rubber, since its behaviour of deformation is much complicated.

    In this paper the friction acting on the surface of contact is ignored, which must be

considered practically. The solutions of the more practical contact problem consider-

ing the frictional force will be obtained, if we superpose the solutions of the semi-infinite

solid under the tangential surface tractions upon those given in this paper. When the

pressure measured does not fa11 to zero at the boundary of the loaded area, we have only

to superpose the solutions3) under the uniform pressure upon the present ones.
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