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                          (Received June 15, 1970)

                             '
       This paper is concerned with the synthesis of vibration absorber minimizing the

    discomfort felt by a passenger on a vehicle under random excitation. Optimum con.

    trol theory in frequency domain is applied to solve the minimizing problem. Theo-

    retical implementation is accomplished for a single-degree-of-freedom system.

                            1. Introduction

   A purpose of the suspension system for a passenger vehicle is to reduce the

discomfort felt by a passenger. In our previous papers,i,2) an optimum absorber

minimizing the absolute acceleration of the vibratory mass was analytically studied.

It is found, however, that such an absorber does not necessarily minimize the

human discomfort. When a passenger vehicle is designed, the human discomfort

should be minimized rather than the absolute acceleration of the vehicle. The

human discomfort generally depends on the human response to vibration... A human

discomfort criterion has been established for harmonic vibrations, but has not yet

established for random vibrations3). A random vibration, however, can be con-

sidered to be a sum of an infinite number of harmonic vibrations of appropriate,

amplitude and phase. Thus, the criterion established for the harmonic vibration

may be extended to a random vibration.

   In this paper, a criterion is developed to design the absorbers minimizing the

discomfort under random vibrations. Referring to the human vibration sensitivity

curve, a filter or a discomfort criterion function is proposed to represent the

transfer function from the vibration acceleration, to which a passenger is exposed,

to the acceleration felt by the passenger i.e., the perceived acceleration. The

optimum vibration absorber for a passenger vehicle is defined as an absorber

minimizing the perceived acceleration. We apply Chang's optimum control theory4)

                               ito the optimization. Theoretical implementation is proposed on a single-degree-

of-freedom system. The performance of the optimum absorber thus obtained is

compared with that of the absorber minimizing the absolute acceleration of the

vibratory mass.
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                   2. Single-Degree-of-Freedom System

    Let us design the vibration absorbers that will minimize the discomfort felt

by a passenger on the vehicle which is primarily undergoing vertical vibrations.

A schematic diagram of the simple dynaMical model of the vehicle is shown in

Fig. 1. The vibratory mass consists of the mass of the vehicle body and' passen-
gers. The absorber, whose configuration is not specified,. is idealized as a mass-

less element; providing forces between the body and the foundation. The founda-

tion is subjected to the stationary random excitation. The equation of motion of

the system is

                                                '
                                mX,(t)=:]f(t) (2. 1)
where .f(t) is the force generated by the absorber. The characteristic of the

candidate absorbers to be synthesized is assumed to be linear. Then, the absorb-

ing force fls) may be characterized by the relation :

                              fls)= mF(s)Xo(s) (2. 2)

where F(s) is an unspecified transfer function and s is the Laplace transform

variable. Taking the Laplace transform of Eq. (2.1) and substituting it into Eq.

(2.2), we obtain the following transfer functions:

                              Xi(S)
                                  -F(s) ' (2. 3)                              io(S)

                              :-',((S,)) = -ll-, (F(s) - 1) (2. 4)

where x,(=:xi-xo) is the relative displacement between the mass and the founda-

tion. The perceived acceleration representing the discomfort felt by a passenger

is defined by (see Appendix) :

m !
Xl

f(t)

xo

Fig. 1 Single-degree-of-freedom system
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                       Y(s) G(s)Xi(s)=G(s)F(s)Mo(s) (2. 5)

where Y(s) : perceived acceleration,

      G(s) : transfer function from the vibration acceleration to the acceleration

perceived by a passenger.

   Let us define the problem "Design the linear vibration absorber so that the

perceived acceleration may be minimized with a prescribed bound on the relative

displacement." This is formulated as the optimum control problem :

   "Under the constraint

                              <x,2> sgM (2. 6)
                       '
synthesize the vibration absorber to minimize the performance index :

                           I= <N2> -+ z2<x.2> (2. 7)
                                                           'where M : given constant,
       R2 : Lagrange's undetermined multiplier,

       <>: time average." '
   Let dii, Ox, and ¢M, be the power spectral densities of Y, x, afid Xo, respectively.

Using the well-known relationship between the power spectral densities of the

input and the output, we have

                          diy=GFGfoM, (2. 8)
                                 '                          ¢xr=-;,T(F- 1)(Fm l)dik', (2･ 9)
                                                                  '
where the shorthand notation .F; G, F and G are used to represent ,F(s), G(s),'

F(-s) and G(-s), respectively. Thus, the mean square values can be calculated

by the following relations :
                                  '

･ <N2>== 2i.1･ Jti.¢yds (2. io)
                         <x.2>= 2inj Jir. ¢x.ds. (2. ii)

Substituting the above equations into Eq. (2.7), we get

                                             '
                         I= 21.7･ Jloo,. co (¢y+z2¢x,)ds･ ' (2･ 12)

The problem now is to find the unknown transfer function F(s) so as to mini-

mize the performance index Eq. (2.12). Applying the optimization theorem by

S.S.L. Chang4), we get the condition for I to be minimum :

                             a¢y a¢x.                             aF +22 oF =R (2. 13)

where R is a function which does not possess any pole in the LHP (!eft-half-

plane). .
    Substituting Eqs. (2.8) and (2. 9) into Eq. (2. 13) yields
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                           disi,'O {(Gas4+22)F- a2} ==R (2. 14)

                                      '
Solving formally Eq. (2. 14), we have

                            F= Rs`lt/¢Mo+22. (2. 15)
                                GGs` + R2

If the functional form of Oi･o is specified, the complete from of F(s) can be deter=

mined by the procedure developed in our previous papers.i,2)

    Let us now take the simplest case of white noise excitation :

                            ¢s'o=So=const. (2. 16)
Then, Eq. (2. 15) is reduced to the following equation:

                      F.= A3s3+A2s2+Ais+Ao
                                                              (2. 17)                          (s-ri)(s-r2)(s-r3)(s-r4)

where Ao, Ai, A2 and A3 are undetermined coeMcients and ri, r2, r3 and r4 are

the roots of equation GGs`+R2=O, which are in the LHP. Substituting Eq. (2.17)

into Eq. (2. 14), we have

            S, 7>2 7U2          S2( - s)2 ' ( - 71,2s2 + 1)( - 7h2s2 + 1) { (S + ri)(S + r2)(S + r3)(S + r4)

          ×(A3s3+A2s2+Ais+A,)-R2 (M TIi2S2 +71;,l(tz-.;,,71'2S2+1) } ..R (2. Is)

                                                '
where

                       G(s)-;ll'IT7;t,S,'.ii))[77;biS,'.ii)) (2.ig)

(see appendix).

   In the above equation (2.18), the coeMcients Ao, Ai, A2 and A3 are determined

so that all the poles in the LHP may be cancelled out. Therefore, we have

                  Ao = rir2r3r4 A. ro

                  Al = - {rir2(r3 + r4) + r3rd(ri + r2)} A. rl

                  A2 == ( 71i + Tb)ri -( 7>2+ 71i 71i + lk2)ro

                  A3 = 7'li 7bri - 71e 713( 1> + Th)ro.

   Now, we have completely determined the transfer function F(s).

Subsitituting ,F(s) thus obtained into Eq. (2.2), we get the absorbing force f(s) :

                           A3s3+A2s2+Ais+Ao                    f(s)=m                                           Xo(s) (2. 20)                          s4+r3s3+r2s2+rls+ro

where

                      r24rlr2+r3r4+(rl+r2)(r3+re)

                      r32-(rl+r2+r3+r4)･
                                                    r
The performance of this system will be discussed in the following section.
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    3. Comparison of the Performance between the Optimum System

       and Other System

   In the previous paperi), we proposed the absorber configuration which mini-

mized the absolute acceleration of the vibratory m' ass as shown in Fig. 2. In this

paper, the absorber configuration is synthesized so as to minimize the perceived

acceleration. Let us now compare the performance of the two systems from the

view point of passenger comfort.

'm
-IX ia

h
c

･k==mp

c==mvi2Tp ･

                  -d xe

                      .Fig. 2 Optimum suspension system minimizing

      the absolute acceleration

   As shown in the previous paperi), the transfer function of the absorber mini-

mizing the absolute acceleration is given by

                                   VlipTs+p ･ (3. 1)
                           Et (S) == s2+v2-ps+P

and the transfer functions of' the system are

                           Xi.(s) i/2i5s+p
                           Xo(s) tu s2+v2-ps+p (3･ 2)

                           Xra(S) -1                           Xo(s) ="s2+V27ps+p ' (3･ 3)
                                  '
where p2 is a Lagrange's undetermined multiplier and x..(==xia-xo) is the relative

displacement. Thus, the perceived acceleration of the system can be calculated

by the relation:

               y.eGxi. == ;?, .[;lg ++ ll(( ikS, :l .,, +i/i2/JPi;p;I P+p x,. (3. 4)

From Eq. (2.5), we have the perceived acceleration of the system synthesized in

the preceding section :･
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              Y= 71 (7>s+1)(7ks+1) s4+r3s3+r2s2+ris+rO,XO'

For the fair judgement of the performance of the two systems,

and Ya must be compared under the same condition.

   In the following, comparison of the performance of the two

when the mean square values of the relative displacement are

set

                             <Xr2>= <Xra2>

and determine the relation between the Lagrange's multipliers p and

ing the above relation into Eqs. (3. 4) and (3. 5), we get the

of the two systems. The values of the perceived accelerations

displacements are calculated and plotted in Figs. 3 and 4, where

are transformed to the nondimensional ones by the use of the constant

frequency ca2(=1/7;i). From Fig. 3, we see that the value of

the value of Y. when the relative displacements of the both systems

be equal. Therefore, the vehicle with the absorber minimizing

celeration is more comfortable than that with the absorber minimizing

acceleration. '
   The final step to be done for the determination of the optimum

is to specify the value of the Lagrange's multiplier a2. It can

aid of Fig. 4 once the constraint value M for the relative displacement

      N. FuJiwARA'and
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                              4. Conclusions

   Linear optimum control theory enables us to obtain the optimum vibration

absorber minimizing the discomfort felt by a passenger. The theoretical imple-

mentation has been accomplished for a single-degree-of-freedom system. As a

design example, we have synthesized the optimum absorber for the system with

white noise excitation fr6m the foundation. It is found that the optimum absorber

thus obtained can only be mechanized with active elements rather than the con-

ventional spring-dashpot elements and that the human discomfort of the vehicle

with the active elements' optimum absorber is about 8% smaller than that with

the spring-dashpot absorber minimizing the absolute acceleration.

   In this paper, no mention has been made of higher degree-of-freedom system.

The described technique, however, can readily be extended to such systems. Such

a study will be reported in the near future.
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                                Appendix

    In designing the absorber to minimize the passenger discomfor't, the criterion

for discomfort must be first established. Generally speaking, the human discom-

fort is dependent on the arpplitude and the frequency of the acceleration perceived

by a passenger. The perceived acceleration is related to the human response to

vibration or human vibration sensit･ivity. Three types of discomfort criterion have

been proposed for representing the human response :

(1) A curve in which the lower limit of the acceleration perceived by a passenger

   is plotted against frequency,

(2) Frequency response curve of a part of the human body,

(3) A curve plotting an amplitude of acceleration at various frequencies in which

   a passenger perceives the same level of discomfort.

In this paper, the t' hird curve is used for evaluating the human discomfort. Refer-

ing to the standard curve of IS05) for the third criterion, we propose the human

response curve which is plotted in Fig. 5. As seen from the figure, ISO curve

has been defined in the bandwidth:from O.71Ile to 90th and has two corner

frequencies-one at f=2.8 Hiz and the other at f==11.2 Hle. The slope of the curve

from O.71 H]i to 2.8Ile is -10 dB per decade of frequency and that from 11.2H]e

to 90Efe is 20dB. On the other hand, the proposed curve has four corner fre-

quencies at the frequencies of O.71 H]i, 2.8Hz, 11.2 Ife and 90 H]z. The slope of the
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proposed curve from O.71 H]g to

transfer function from vibration

is expressed as follows :

2.8 th is

 absorber

different from that of ISO curve. The

to the perceived acceleration therefore

G(s) =-
7le. (ns+1)(7}s+1)
71 (7>s+1)(7hs+1)

where

71 == 1/(2n × O.71)

T> == 1/(2n × 2.8)

CZle = 1/(2rr × 11.2)

z"u == 1/(2n × 90).

Fig. 6 is the plot of the transfer function against frequency.
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